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Abstract 
Passive spacecraft attitude control using spin-stabilization is considered as one 

of traditional and low-cost control strategies. In literature, low-cost state-of-the-

art slew algorithms based on single thruster are designed to perform large angle 

spin axis attitude manoeuvre. The existing research and analysis shows that half-

cone category algorithms are open-loop slew control and they are sensitive to spin 

rate perturbation. In order to improve the tolerance of spin-rate perturbations, the 

work is motivated to introduce closed-loop attitude feedback using sensors. 

For nano-satellites, especially for cubesat missions, thrusters are restricted to 

its size and propellant consumption, so thrusters are not usually chosen as the 

actuators on nano-satellites. Alternatively, other actuators such as magnetorquers 

and momentum wheels are feasible in nano-satellite missions. For nano-satellite 

missions, a novel low-cost slew control algorithm using single-magnetorquer is 

investigated based on the philosophy of single-thruster slew algorithms. 

This thesis gives an overview of the research on single actuator control of a 

prolate spin-stabilised around its minimum moment of inertia axis. Two novel 

feedback slew algorithms using single-thruster have been developed. Thorough 

robustness analyses have been performed to estimate how well these novel 

algorithms perform in the presence of spin-rate disturbances compared with co-

responding open-loop algorithms. The results of these analyses indicate that with 

the help of attitude feedback, these feedback slew algorithms show more robust 

performance compared with their corresponding open-loop algorithms. 

A feedback slew algorithm using single-magnetorquer has also been 

developed based on Half-Cone slew philosophy using single-thruster, dealing 

with large angle attitude manoeuvre problem where magnetorquer is applied for 

the mission. Simulations based on STRaND-1, a 3-U cubesat launched by Surrey 

Space Centre and Surrey Satellite Technology Ltd., was chosen as a use case to 

simulate   attitude manoeuvres parallel with Earth equatorial plane. These 

manoeuvres were carried out at different orbital positions.  

To conclude, the research presented in this thesis has led to two novel slew 

algorithms using single-thruster and thorough analysis proves that these 

algorithms greatly improve the robustness on spin-rate perturbations. A feedback 

algorithm using single-magnetorquer has also been developed dealing with large 

angle attitude manoeuvre problem. Future directions for research in this area is 

also recommended. 

  



 

 
 

  



 

 
 

Acknowledgments  

 

This PhD project has been funded by Surrey Space Centre and China 

Scholarship Council. I would like to show my greatest gratitude to the mentioned 

organizations for their support. 

Firstly, I would like to thank Prof. Giovanni Palmerini and Dr. Chakravarthini 

Saaj, for committing their valuable time to examine my work. 

I would like to thank my supervisor, Prof. Yang Gao for her support and 

constructive mentoring, and his co-supervisor, Prof. Sir Martin Sweeting. I would 

also like to thank his team colleague Mr. Abadi Chanik for his selfless support, 

Dr. Robin Raus, Post-Doctoral Research Associates Dr. Yunhua Wu, visiting 

scholars Prof. Shijie Zhang and Prof.Jingguo Liu. 

Furthermore, I would also like to thank everyone at the Surrey Space Centre 

and the University of Surrey. I sincerely cherish the unforgettable memories and 

great times. 

I want to thank my beloved mother, Cui Limin, who passed away earlier this 

year. I grew up under your love and care, and I am really sorry that I cannot make 

you witness the best moment of me. I also want to thank my father, Si Yanzhi. 

You are always my greatest support.  

Finally, I want to thank my fiancé, Gong Siyuan. Without your love, I cannot 

go through the worst time of my life. I promise to love you heart and soul, and 

make you happy till the end of my life.





 

i 
 

Table of Contents 

 
 

Table of Contents ...................................................................................................................... i 

List of Figures ........................................................................................................................... v 

List of Tables ......................................................................................................................... viii  

List of Abbreviations and Acronyms  ................................................................................... ix 

List of Symbols ........................................................................................................................ xi 

Chapter 1 ................................................................................................................................... 1 

Introduction  .............................................................................................................................. 1 

1.1 Background & Motivations  ..................................................................................... 1 

1.2 Research Gaps ........................................................................................................... 2 

1.3 Project Objectives ...................................................................................................... 3 

1.4 Research Novelties .................................................................................................... 4 

1.5 List of Publications  ................................................................................................... 4 

1.6 Thesis Structure ......................................................................................................... 5 

Chapter 2 ................................................................................................................................... 7 

Literature Review on Slew Algorithms Using Single Thruster  ......................................... 7 

2.1 Reference Mission Parameters ................................................................................ 8 

2.2 Half -Cone Method .................................................................................................. 10 

2.3 Multi -Half -Cone Method ....................................................................................... 14 

2.4 Dual -Cone Method ................................................................................................. 15 

2.5 Sector-Arc Slew ....................................................................................................... 17 

2.6 Extended-Half -Cone Method ................................................................................ 19 



CONTENTS 
 

ii  
 

2.7 Rhumb Line Method  ............................................................................................... 20 

2.8 Spin-Synchronised Method  ................................................................................... 21 

2.9 Sensitivities to Perturbations for Open -loop Slew Algorithms ......................... 22 

2.10 Feedback Control Theory Review ................................................................ 24 

2.11 Summary of State-of-the-art Slew Algorithms  ........................................... 26 

Chapter 3 ................................................................................................................................. 27 

Novel Feedback Slew Algorithms Using Single Thruster  ................................................ 27 

3.1 Mathematical Background  ..................................................................................... 27 

3.1.1 Reference Frames .................................................................................................. 27 

3.1.2 Attitude Kinematics ............................................................................................... 31 

3.1.3 Attitude Dynamics of a Generic Rigid Body ......................................................... 34 

3.1.4 Attitude Dynamics of Spinning Body .................................................................... 34 

3.1.5 Axisymmetric Spinning Rigid Body ...................................................................... 36 

3.2 Proposed Control Scheme ...................................................................................... 39 

3.2.1 Hybrid Slew Control  .......................................................................................... 39 

3.2.2 Feedback Adjusted Slew .................................................................................... 43 

3.3 Feedback Half-Cone Slew ...................................................................................... 44 

3.3.1 Angular Momentum Estimation  ....................................................................... 46 

3.3.2 Spin-axis Attitude Pre diction  ............................................................................ 47 

3.3.3 Cancellation Impulse Timing and Duration  ................................................... 49 

3.4 Feedback Sector-Arc Slew ...................................................................................... 50 

3.5 Slew Performance of FHC and FSAS .................................................................... 51 

3.5.1 FHC Performance ............................................................................................... 52 

3.5.2 FSAS Performance .............................................................................................. 54 

3.6 Summary  .................................................................................................................. 59 

Chapter 4 ................................................................................................................................. 61 

Robustness Analysis on Feedback Half-Cone and Sector-Arc Slew ............................... 61 

4.1 Assumptions and Simulation Parameters  ........................................................... 61 

4.2 Open-loop Half -Cone and Feedback Half-Cone slew ........................................ 63 

4.2.1 Slew Performance over spin-rate perturbations and a range of target slew 

angles .............................................................................................................................. 63 



CONTENTS 
 

iii  
 

4.2.2 Slew Performance over spin-rate perturbations and range inertia ratios  ... 74 

4.3 Open-loop and Feedback Sector-arc slew ........................................................... 81 

4.3.1 Slew Performance over spin-rate perturbati ons and range of target slew 

angles .............................................................................................................................. 81 

4.3.2 Slew Performance over spin-rate perturbations and range inertia ratios  ... 88 

4.4 Comparison between Feedback Half-Cone Slew and Feedback Sector-Arc Slew 

for Large Perturbations  ................................................................................................ 94 

4.5 Summary  .................................................................................................................. 95 

Chapter 5 ................................................................................................................................. 97 

Half -Cone Slew Algorithm Using Single Magnetorquer  ................................................. 97 

5.1 Geomagnetic Field and Magnetic Torque ........................................................... 98 

5.1.1 Geomagnetic Field in Different Orbit  .............................................................. 98 

5.1.2 Magnetic Torque  ............................................................................................... 101 

5.2 Algorithm Identificatio n and Development  ...................................................... 102 

5.3 Simulations and Analysis  .................................................................................... 105 

5.3.1 Mission scenario- STRaND-1 .......................................................................... 105 

5.3.2 Results and Discussions ................................................................................... 107 

5.4 Summary  ................................................................................................................ 117 

Chapter 6 ............................................................................................................................... 119 

Conclusions and Future Work  ........................................................................................... 119 

6.1 Conclusions ............................................................................................................ 119 

6.1.1 Feedback Half-Cone and Sector-Arc Slew Using Single Thruster ............. 119 

6.1.2 Half -Cone Slew using Single Magnetorquer ................................................ 120 

6.2 Demonstrated Novelties  ...................................................................................... 121 

6.3 Recommendations for Future Work  ................................................................... 121 

Appendix A  .......................................................................................................................... 123 

Attitude Determination Methods  ...................................................................................... 123 

A.1 Single-axis Attitude  .............................................................................................. 123 

A.2 Attitude Measurements  ....................................................................................... 124 

A.2.1 Sun angle measurements ................................................................................. 125 



CONTENTS 
 

iv 
 

A.2.2 Earth Width and Nadir Measurements  ......................................................... 127 

A.3 Attitude Determination Algorithms  ................................................................... 130 

A.3.1 Earth-width/ Sun angle method  ................................................................. 130 

A.3.2 Two-Sun-Cone Method ............................................................................... 132 

Appendix B  ........................................................................................................................... 135 

Actuators Comparisons  ...................................................................................................... 135 

B.1 Torque Level ...................................................................................................... 135 

B.2 Torque Direction  ............................................................................................... 136 

B.3 Feasibility for Slew Algorithms  ...................................................................... 136 

B.4 Summary  ............................................................................................................ 136 

Appendix C ........................................................................................................................... 139 

Supporting Software  ........................................................................................................... 139 

Appendix D  .......................................................................................................................... 140 

Control Diagrams  ................................................................................................................ 140 

D.1 Feedback Half-Cone slew .................................................................................... 140 

D.2 Feedback Sector-Arc Slew .................................................................................... 145 

Bibliography  ......................................................................................................................... 149 

 

 



 

v 
 

List of Figures 

Figure 2.1: MoonLITE mission profile and description [21] ...................................................... 10 

Figure 2.2: Sequences of events for Half-cone manoeuvre [12] ................................................. 12 

Figure 2.3: Z-axis and ( vector trajectories in inertial space- Half-Cone ................................... 13 

Figure 2.4: qversusk  for several values of l[12] ..................................................................... 14 

Figure 2.5: Z-axis and ( vector trajectories in inertial space- Multi -half-cone ........................... 15 

Figure 2.6: Dual-Cone design [12] .............................................................................................. 16 

Figure 2.7: Definition of SAS Fundamental Angles ................................................................... 17 

Figure 2.8: Summary of SAS algorithm ...................................................................................... 18 

Figure 2.9: Extended-Half-Cone design [21] .............................................................................. 19 

Figure 2.10: Z axis and ( vector trajectories in inertial space-Rhumb Line[12] ........................ 21 

Figure 2.11: Comparison Rhumb Line- Spin Synch: Z-axis ....................................................... 22 

Figure 2.12: Illustration of closed-loop control ........................................................................... 24 

Figure 3.1: Spacecraft Fixed Body (SFB) Frame ........................................................................ 28 

Figure 3.2: Earth-Centred Inertial (ECI) Frame .......................................................................... 29 

Figure 3.3: Earth-Centred Earth Fixed (ECEF) Frame ................................................................ 30 

Figure 3.4: Spacecraft North-East-Down (Spacecraft NED) Frame ........................................... 30 

Figure 3.5: Z-H plane .................................................................................................................. 38 

Figure 3.6: Modification of EHC according to attitude feedback ............................................... 41 

Figure 3.7: Modification of DC according to attitude feedback .................................................. 42 

Figure 3.8: Modification of MHC according to attitude feedback .............................................. 43 

Figure 3.9: Flow-chart of Feedback Half-Cone slew algorithm .................................................. 45 

Figure 3.10: Angular Momentum Estimation.............................................................................. 46 

Figure 3.11: Spin axis attitude prediction .................................................................................... 49 

Figure 3.12: Final cancellation impulse illustration .................................................................... 50 

Figure 3.13: Z-axis and H-Vector trajectories in inertial space- FHC ......................................... 53 

Figure 3.14: Angular momentum in RI frame-FHC .................................................................... 53 

Figure 3.15: Total angular impulse ............................................................................................. 54 

Figure 3.16:  Z-axis and H-Vector trajectories in inertial space- FHC (k=13) ............................ 55 

Figure 3.17: Z-axis and H-Vector trajectories in inertial space- FHC (k=8) ............................... 56 

Figure 3.18: Calculated nutation angle ɗ vs k for FSAS ............................................................. 57 

Figure 3.19: Fuel consumption during the slew vs. k FSAS ....................................................... 57 

Figure 3.20: Slew error vs k for FSAS ........................................................................................ 58 

Figure 3.21: Total slew time vs k for FSAS ................................................................................ 58 

Figure 4.1: Accuracy: angular momentum error Ў( and residual nutation angle Ў: .................. 62 

Figure 4.2:  Ў( over Ўʖ and ɼ for OHC ..................................................................................... 64 

Figure 4.3: Ў( over Ўʖ and ɼ for FHC ....................................................................................... 64 



LIST OF FIGURES 

vi 
 

Figure 4.4: ȹH for OHC aiming different target angles at zero spin rate perturbation ................ 65 

Figure 4.5: Ў( for OHC aiming different target angles at 1% spin rate perturbation .................. 66 

Figure 4.6: Ў( for FHC aiming different target angles ............................................................... 66 

Figure 4.7: FHC Ў( with -1% ~ 1% ʖ: perturbations for ɼ ωπЈ ............................................ 67 

Figure 4.8: FHC Ў( with -15% ~ 15% ʖ: perturbations for ɼ ωπЈ ........................................ 68 

Figure 4.9: Ў: over Ўʖ and ɼ for OHC ....................................................................................... 69 

Figure 4.10: Ў: over Ўʖ and ɼ for FHC...................................................................................... 69 

Figure 4.11: Ў: for FHC aiming different target angles .............................................................. 70 

Figure 4.12: FHC Ў: with -1% ~ 1% ʖ: perturbations for ɼ ωπЈ .......................................... 71 

Figure 4.13: FHC Ў: with -15% ~ 15% ʖ: perturbations for ɼ ωπЈ ...................................... 71 

Figure 4.14: ʀ  over Ўʖ and ɼ for OHC ................................................................................. 72 

Figure 4.15: ʀ   over Ўʖ and ɼ for FHC ................................................................................. 73 

Figure 4.16: ʀ  over Ўʖ and ɼ for OHC .................................................................................. 73 

Figure 4.17: ʀ  over Ўʖ and ɼ for FHC ................................................................................... 74 

Figure 4.18: Ў( over Ўʖ and ʇ for OHC..................................................................................... 75 

Figure 4.19: Ў( over Ўʖ and ʇ for FHC ..................................................................................... 75 

Figure 4.20 Ў: over Ўʖ and ʇ for OHC ...................................................................................... 77 

Figure 4.21:  Ў: over Ўʖ and ʇ for FHC ..................................................................................... 77 

Figure 4.22: Ў: for FHC for different ʇ values with zero spin rate perturbation ......................... 78 

Figure 4.23: Ў: for FHC for different ʇ values with 1% spin rate perturbation .......................... 78 

Figure 4.24: ʀ   over Ўʖ and ʇ for OHC ................................................................................. 79 

Figure 4.25: ʀ   over Ўʖ and ʇ for FHC ................................................................................. 79 

Figure 4.26: ʀ  over Ўʖ and ʇ for OHC .................................................................................. 80 

Figure 4.27: ʀ  over Ўʖ and ʇ for FHC ................................................................................... 80 

Figure 4.28: Ў( over Ўʖ and ɼ for OSAS .................................................................................. 82 

Figure 4.29: Ў( over Ўʖ and ɼ for FSAS ................................................................................... 82 

Figure 4.30: Ў( for OSAS aiming different target angles at certain spin rate perturbations ....... 83 

Figure 4.31: Ў( for FSAS aiming different target angles at certain spin rate perturbations ....... 84 

Figure 4.32: Ў: over Ўʖ and ɼ for OSAS ................................................................................... 85 

Figure 4.33: Ў: over Ўʖ and ɼ for FSAS .................................................................................... 85 

Figure 4.34: ʀ   over Ўʖ and ɼ for OSAS ............................................................................... 86 

Figure 4.35: ʀ    over Ўʖ and ɼ for FSAS............................................................................... 86 

Figure 4.36: ʀ  over Ўʖ and ɼ for OSAS ................................................................................ 87 

Figure 4.37: ʀ  over Ўʖ and ɼ for FSAS ................................................................................. 87 

Figure 4.38: Ў( over Ўʖ and ʇ for OSAS ................................................................................... 88 

Figure 4.39: Ў( over Ўʖ and ʇ for FSAS ................................................................................... 89 

Figure 4.40:  Ў( over a range of inertia ratios at certain spin rate perturbations......................... 89 

Figure 4.41: Ў: over Ўʖ and ʇ for OSAS ................................................................................... 90 

Figure 4.42: Ў: over Ўʖ and ʇ for FSAS .................................................................................... 91 

Figure 4.43: ʀ  over Ўʖ and ʇ for OSAS ................................................................................ 92 

Figure 4.44: ʀ    over Ўʖ and ʇ for FSAS ............................................................................... 92 

Figure 4.45: ʀ  over Ўʖ and ʇ for OSAS................................................................................. 93 

Figure 4.46: ʀ  over Ўʖ and ʇ for FSAS ................................................................................. 93 

Figure 4.47: Ў( Slew Performance over -15%~15% spin-rate perturbations for FHC and FSAS

 ............................................................................................................................................. 94 



LIST OF FIGURES 
 

vii  
 

Figure 4.48: Ў: Slew Performance over -15%~15% spin-rate perturbations for FHC and FSAS

 ............................................................................................................................................. 95 

Figure 5.1 Positions of the north magnetic pole (left) and the geomagnetic pole (right) between 

1900 and 2015 [63] ............................................................................................................. 99 

Figure 5.2: Positions of the south magnetic pole (top) and the geomagnetic pole (bottom) 

between 1900 and 2015 [63] ............................................................................................... 99 

Figure 5.3: An illustration of Z and H in single-magnetorquer slew ......................................... 103 

Figure 5.4: STRaND-1 CAD model .......................................................................................... 106 

Figure 5.5: The Location of the 3-axis magnetorquers actuation system .................................. 107 

Figure 5.6: Slew trajectory of 90° manoeuvre near equatorial position in orbit ........................ 108 

Figure 5.7: Z axis in RI frame of 90° manoeuvre near equatorial position in orbit ................... 109 

Figure 5.8: Magnetic field in ECEF frame of 90° manoeuvre near equatorial position in orbit 109 

Figure 5.9: Slew trajectory of 90° manoeuvre at medium latitude position in orbit.................. 110 

Figure 5.10: Z axis in RI frame of 90° manoeuvre at medium latitude position in orbit ........... 111 

Figure 5.11: Magnetic field in ECEF frame of 90° manoeuvre at medium latitude position in 

orbit ................................................................................................................................... 111 

Figure 5.12: Slew trajectory of 90° manoeuvre near polar position in orbit ............................. 112 

Figure 5.13: Z axis in RI frame of 90° manoeuvre near polar position in orbit ........................ 113 

Figure 5.14: Magnetic field in ECEF of 90° manoeuvre near polar position in orbit ............... 113 

Figure 5.15: ȹὌ around equatorial regions with positive current in torquer ............................. 114 

Figure 5.16: æZ around equatorial regions with positive current in torquer .............................. 115 

Figure 5.17: Ў( around geomagnetic South Pole and North Pole with negative current in torquer

 ........................................................................................................................................... 116 

Figure 5.18: Ў: around geomagnetic South Pole and North Pole ............................................. 116 

 

  



 

viii 
 

 

List of Tables 

Table 2.1: Characteristics of Earth's Moon .................................................................................... 8 

Table 2.2: Sensitivities overview for open-loop algorithms ........................................................ 23 

Table 3.1: Nominal input parameters for simulations ................................................................. 52 

Table 3.2: Feedback Sector-Arc Slew performance for different k-values ................................. 59 

Table 4.1 Input parameters for simulations ................................................................................. 63 

Table 5.1 Geomagnetic poles predicted location for the year 2015 [63] ..................................... 99 

Table 5.2 Magnetic poles predicted location for the year 2015 [63] ......................................... 100 

Table 5.3 Orbital parameters of STRaND-1 .............................................................................. 106 

 



 

ix 
 

 

List of Abbreviations and Acronyms  

ADCS = Attitude Determination and Control System 

AIAA  = The American Institute of Aeronautics and Astronautics 

AMPTE = Active Magnetospheric Particle Tracer Explores 

AOS = acquisition of signal 

CAD = Computer-Aided Design 

DC = Dual-Cone 

DCM = Direct Cosine Matrix 

DOF = Degree of Freedom 

DSS = Digital Sun Sensors 

ECEF = Earth-Centred Earth-Fixed Frame 

ECI = Earth-Centred Inertial Frame 

EHC = Extended Half-Cone 

EJSM = Europa-Jupiter System Mission 

EKF = Extended Kalman Filter 

ESA = European Space Agency 

FHC = Feedback Half-Cone 

FOV = Fields of View 

FSAS = Feedback Sector-Arc Slew 

HC = Half-Cone 

IAC = International Astronautical Congress   

IEEE = Institute of Electrical and Electronics Engineers 

IGRF = International Geomagnetic Reference Field 

IMU = inertial measurement unit 



LIST OF ABBREVIATIONS AND ACRONYMS 

x 
 

ISI = Inertial Sun Frame 

JUICE = JUpiter ICy moons Explorer 

LCROSS = The Lunar Crater Observation and Sensing Satellite 

LEO = Leo Earth Orbits 

LEOP = Launch and Early Operation 

MATLAB  = Matrix Laboratory 

MHC = Multi -Half-Cone 

MoonLITE = Moon Lightweight Interior and Telecoms Experiment 

MPC = Model Predictive Control 

MSA = Multi -Sector-Arc 

MT = Montana 

NASA = The National Aeronautics and Space Administration 

NED = Spacecraft North-East-Down Coordinate frame 

NEO = Near Earth Object 

NSSDC = National Space Science Data Center 

ODE = ordinary differential equation 

OHC = Open-loop Half-Cone 

OSAS = Open-loop Sector-Arc 

PID = Proportional-Integrative-Derivative 

RI = Reference Inertial Frame 

RL = Rhumb Line 

SAS = Sector-Arc Slew 

SFB = Spacecraft Fixed Body Frame 

SS = Spin-Synchronised 

SSC = Surrey Space Centre 

SSO = Sun Synchronous Orbit 

SSTL = Surrey Satellite Technology Limited 

STRaND-1 =  Surrey Training, Research and Nanosatellite Demonstrator 1 

TDSS = Two-axis Digital Sun Sensor 

TNS = Technologicesky Nanosputnik 

TSC = Two-Sun-Cone method 



 

xi 
 

 

List of Symbols 

║ = Geomagnetic field 

ὄ = Geomagnetic field in X axis 

ὄ  = Geomagnetic field in X axis in equatorial orbit 

ὄ  = Geomagnetic field in X axis in polar orbit 

ὄ = Geomagnetic field in Y axis 

ὄ  = Geomagnetic field in Y axis in equatorial orbit 

ὄ = Geomagnetic field in Y axis in polar orbit 

ὄ = Geomagnetic field in Z axis 

ὄ  = Geomagnetic field in Z axis in equatorial orbit 

ὄ  = Geomagnetic field in Z axis in polar orbit 

╔ = Earth vector 

╗ = Angular momentum vector 

╗  = Final angular momentum vector 

╗  = Angular momentum vector in RI frame 

╗  = Angular momentum vector in SFB frame 

╗  = Target angular momentum vector 

Ὅ = Inertia matrix 

Ὅ = Transverse moment of inertia 

Ὅ = Moment of inertia in SFB X axis 

Ὅ = Moment of inertia in SFB Y axis 



LIST OF SYMBOLS 

xii  
 

Ὅ = Moment of inertia in SFB Z axis 

Ὧ = Number of spin revolutions 

ά = Mass 

▲ = Quaternion 

╢ = Sun vector 

╣ = Torque vector 

Ὕ = Torque (magnitude) 

ὸ = Time of start of slew 

ὸ  = Time at the end of first actuation 

ὸȟ = Time interval between first and second actuation 

ὸ  = Time at the start of second actuation 

ὸ = Time delay after ὸ (SAS) 

ὸ = Time of cancellation impulse 

ὸ  = Thruster firing duration 

ὸ  = Thruster-on time 

ὤ = Initial Z-axis attitude 

ὤ  = Z-axis attitude after first actuation 

ὤ = Final Z-axis attitude 

ὤ = Target Z-axis attitude 

 

 = Azimuth angle 

  = Target azimuth angle 

 = Slew angle 

 = Target slew angle 

‐  = Maximum slew error 

‐  = Minimum slew error 



LIST OF SYMBOLS 
 

xiii  
 

 Ὄ = Cancellation impulse

ЎὌ = Angular momentum error angle 

Ўὸ  = Single Sector-Arc Slew duration 

Ўὤ = Final nutation angle 

‗ = Ratio of inertias 

‚ = Adjustment efficient for magnetorquer HC slew 

— = Nutation angle 

— = Calculated nutation angle 

ⱷ = Angular velocity vector 

  = Inertia nutation rate (precession rate) 

  = Body nutation rate 

  = Transverse angular velocity 

  = Spin rate 

 

 





 

1 
 

Chapter 1  

Introduction  

This chapter introduces the project background and motivations, covering 

reference missions relevant to this research. Research objectives and novelties 

will  be discussed and an overview of the thesis structure will also be given in this 

chapter. 

1.1 Background & Motivations  

Ongoing discovery and exploration of outer space continuously evolve and 

innovate space technology. Satellites and relevant techniques have been 

providing information of terrain and atmosphere of celestial bodies. At the same 

time, the sub-surface of said bodies are also of great importance to be studied 

since it will be more likely to reveal the original body composition.  

The robotic drill techniques are developed to investigate the inner layer of 

celestial bodies. Mission Phoenix Mars Lander [1] employed a robotic drill to 

investigate the Martian subsurface. Curiosity Mars Rover [2] also used drills and 

collected sample powder from inside a rock target on Mars. The second way of 

interior investigation is to use impactor. LCROSS [3], which used a destructive 

impact on the moon to examine the composition of the ejected dust cloud, is a 

successful mission example. Another mission concept considers deflection of a 

Near Earth Object (NEO) by means of a kinetic impactor by European Space 

Agency (ESA) studied in the Don Quijote concept [4] and NEOShield [5]. 

One reference mission concept used throughout this thesis is the Penetrator 

missions. Penetrator is a cylindrical missile-shaped projectile spinning around its 
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minor axis of inertia to penetrate a celestial body, burying itself into the 

subsurface. Onboard seismometers, thermal sensors and other similar equipment 

will be able to take measurements of its interior. Japanese mission Lunar-A [6] 

and British MoonLITE mission [7] used the mentioned Penetrator concept to 

study the lunar subsurface. Another mission concept considered was a penetrator 

carried by the joint NASA-ESA Europa-Jupiter System Mission(EJSM) [8], 

landing on Jupiterôs Galilean moon Europa [9]. Now EJSM has been redesigned 

into a mostly European mission called JUICE (JUpiter ICy moons Explorer) [10]. 

With the benefit of the lack of atmosphere on the Moon in above missions or 

other similar celestial bodies, passive spin stabilization is usually used as it is a 

relatively low-cost means of stabilization. The second reason for choosing 

passive spin stabilization is that it is suitable to achieve large-angle spin-axis 

reorientations with a limited number of actuators available especially with single-

thruster. Normally the spacecraft requires equivalent numbers of actuators to 

conduct the attitude manoeuvre of a certain number of degrees of freedoms. With 

a single actuator firing a certain moment during the passive spin revolutions, some 

slew algorithms can achieve the aim of a large-angle spin-axis attitude manoeuvre.  

This PhD research reviews the state-of-the-art of open-loop slew algorithms 

and develops two novel feedback slew algorithms using single thruster, which 

provides a new and more robust solutions to large-angle attitude manoeuvre for 

prolate spinners. Further, a novel feedback slew algorithm using single-

magnetorquer is also developed to deal with the spin-axis attitude manoeuvre 

problem for nano-satellites such as 3-U STRaND-1 [11]. 

1.2 Research Gaps 

For the reorientation phase of the Penetrator mission, a fast, accurate and low-

cost slew solution is required. Existing research [12-15] on the prolate spinning 

spacecraft attitude manoeuvre has developed a series of slew algorithms using 

single-thruster in two categories: Half-cone derived algorithms and Pulse-train 

algorithms. Half-cone derived algorithms consist of Half-Cone (HC), Multi Half-

Cone (MHC), Dual Half-Cone (DHC), Extended Half-Cone (EHC), Sector Arc 

Slew (SAS) and Multi Sector Arc (MSA) slew, using the precession behaviour of 

a spinning prolate spacecraft. Pulse-train algorithms consist of Rhumb Line (RL) 

and Spin-Synch (SS) algorithms, which use a train of uniform torque pulses to 
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achieve the attitude manoeuvre. The timing between two torque pulses is roughly 

(for Rhumb Line) or exactly (for Spin-Synch) equal to the spin period. Pulse-train 

algorithms can also be used for oblate spacecraft.  

Both Half-cone family algorithms and Pulse-train algorithms are open-loop 

algorithms. There may be some doubts about whether Rhumb Line algorithm is 

closed-loop. Rhumb Line algorithm indeed requires the sun sensor to trigger the 

torque pulses. However, the sun sensor doesnôt provide any attitude nor angular 

velocity information into the loop to calculate the pulse directions nor pulse 

durations. Strictly speaking, Rhumb Line is not a closed-loop algorithm. 

Due to the characteristic of open-loop control, the Half-cone family algorithms 

are very sensitive to the inertia errors, thruster firing time error and especially the 

spin-rate perturbations. Previous analysis [16] shows that even with 1% spin rate 

perturbation, the open-loop slew algorithms can result in more than 50° slew 

errors, which can be treated as the failure of slew. It is motivated to introduce 

attitude feedback to develop feedback slew algorithms to improve the tolerance 

of these perturbations. 

For nano-satellites, especially for cubesat missions, thrusters are restricted to 

its size and propellant consumption, so thrusters are not usually chosen as the 

actuators on nano-satellites. Alternatively, other actuators such as magnetorquers 

and momentum wheels are feasible in these scenarios. Magnetorquers can 

provide sufficient control torque in Low Earth Orbits (LEO) [17] and also has a 

small size, so it is widely used on nano-spacecraft, like STRaND-1 mission. Wu-

Bereder [18] proposed active attitude control system using permanent magnet and 

Karpenko [19] reviewed attitude control system of the First Russian Nanosatellite 

TNS-0 No. 1. Yet not much research has been done to give a solution for prolate 

spinnerôs large angle attitude manoeuvre using single magnetorquer. There is a 

need to develop similar low-cost slew algorithms using single-magnetorquer 

based on single-thruster slew algorithmsô philosophy. 

1.3 Project Objectives 

Motivated by the lack of robustness over spin-rate perturbations and others for 

open-loop slew algorithms, the main goal of this research is to design possible 

novel feedback slew algorithms using single actuator. 

In order to achieve that, the main objectives of this research are: 
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¶ To investigate how attitude information can be applied to slew control 

algorithms for prolate spinnersô attitude manoeuvre. 

¶ To derive novel feedback algorithms using single actuator (single 

thruster, single magnetorquer, etc.) coupled with passive spin 

stabilisation, based on the attitude information or other feedback 

information from the attitude sensors. 

¶ To assess the performance and the robustness of the proposed feedback 

algorithms. Due to the high nonlinearity and complexity of the attitude 

dynamics and controller, software simulation may be applied as the 

major method to approach robustness analysis. The simulation results 

will be included as comparisons with the state of the art open-loop 

algorithms. 

1.4 Research Novelties  

This research contributes to new scientific knowledge in the field of attitude 

dynamics and control. The key novelties are: 

¶ Two novel feedback slew algorithms based on single-thruster have 

been designed and validated: Feedback Half-Cone slew and Feedback 

Sector-Arc slew. 

¶ A comprehensive robustness analysis has been performed on the 

above feedback slew algorithms using simulation tools, and their 

comparison with their corresponding open-loop slew algorithms.  

¶ A novel feedback slew algorithm based on single magnetorquer has 

been designed and validated: Feedback Single-Magnetorquer Half-

Cone slew. A thorough slew performance analysis of the slew 

algorithm for different orbital positions are presented. 

1.5 List of Publications  

Following publications originated from this research: 

1. Juntian Si, Yang Gao, Abadi Chanik, Slew Control of Prolate Spinners 

Using single Magnetorquer, Journal of Guidance, Control, and Dynamics, 

Vol. 39, No.3, 2015, pp. 719, 727. doi: 10.2514/1.G001035.  
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2. Juntian Si, Yang Gao, Abadi Chanik. Slew Performance of Closed-loop 

Half-Cone Algorithm for Prolate Spinners Using Single-Thruster, 

Proceedings of EuroGNC 2015 Conference, 13 April, Toulouse, France.  

3. Juntian Si, Yang Gao, Abadi Chanik. Feedback Slew Algorithms for Prolate 

Spinners Using Single-Thruster, accepted by Acta Astronautica, doi: 

0.1016/j.actaastro.2017.11.044 

4. Abadi Chanik, Yang Gao, Juntian Si, Modular Testbed for Spinning 

Spacecraft, accepted by Journal of Spacecraft and Rockets,54 (1), 2017. pp. 

90-100. doi: 10.2514/1.A33586 . 

5. Abadi Chanik, Yang Gao, Juntian Si, Slew Control algorithms for Prolate 

Asymmetric Spinning Spacecraft, under review by Journal of Guidance, 

Control, and Dynamics, 2016-06-G000692.R1.  

1.6 Thesis Structure 

The thesis has been written into the following chapters: 

Chapter 2 reviews state-of-the-art open-loop slew algorithms using single-

thruster. These algorithms are categorized into half-cone derived family 

algorithms and pulse-train family algorithms based on different working 

principles. The review of feedback control theory is also given in this chapter. 

Chapter 3 firstly introduces the mathematics behind attitude dynamics of 

spacecraft. Then two novel feedback slew algorithm using single-thruster are 

proposed. Each algorithm is characterised by a theoretical discussion followed by 

simulation results. 

Chapter 4 proceeds with the robustness analysis performed on these feedback 

slew algorithms using single-thruster over spin rate perturbations. The robustness 

analysis is compared with the corresponding results of open-loop algorithms. 

Chapter 5 discusses a novel feedback slew algorithm using single-magnetorquer. 

Firstly, Earth Geomagnetic field and magnetorquer working principles are 

introduced in this section. Then a novel half-cone slew algorithm using single-

magnetorquer is developed in this chapter, followed by its slew performance 

analysis.  

Finally, Chapter 6 concludes the PhD thesis and makes recommendations for 

future work. 
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Chapter 2  

Literature Review on Slew Algo-

rithms Using Single Thruster  

 

 

 

Previous researchers studied slew algorithms for prolate spinners based on 

single thrusters. The algorithms can be categorised by working principle: Half-

cone derived or Pulse-train. 

Half -Cone Derived Algorithms 

In this category, slew algorithms are all derived from the basic Half-cone slew 

as they use the precession behaviour [20] of a spinning spacecraft. The philosophy 

of these algorithms is to drive the angular momentum vector of the spacecraft 

away from the spin axis by external torques, and the spacecraft will start a 

precession around the angular momentum. By designing the trajectories of the 

spin-axis and angular momentum vector, the following algorithms are developed. 

¶ Half-Cone 

¶ Multi -Cone 

¶ Dual-Cone 

¶ Sector-Arc Slew 

¶ Extended Half-Cone 
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Pulse-train Al gorithms 

These slew algorithms use a train of uniform torque pulses to achieve the slew 

manoeuvre. The timing between two torque pulses is roughly (for Rhumb Line) 

or exactly (for Spin-Synch) equal to the spin period. These algorithms are also 

usable for oblate spacecraft. 

¶ Rhumb Line 

¶ Spin-Synch 

In this Chapter, firstly the MoonLITE mission concept will be introduced as 

the mission scenario of single-thruster slew research background. State-of-the-art 

slew algorithms using single-thruster will be discussed. Except for Rhumb Line 

slew, all slew algorithms mentioned above are open-loop algorithms, and this will 

be the foundation of developing novel feedback slew algorithms in Chapter 3. 

2.1 Reference Mission Parameters 

Earthôs Moon is the target of the MoonLITE mission. The followings are 

several characteristics of Moon Shown in Table 2.1, obtained from [8]. The 

penetrator is firstly spun up and released into an elliptical orbit from its 

mothership at an approximate altitude of 100km. It will then orbit for half an 

orbital period until it reaches periapsis, which is the closest point to the Moon in 

its orbit. After that, it will perform a de-orbit operation followed by a large-angle 

reorientation (about 90Á), which makes the penetratorôs sharp end facing the 

moon surface. Then the penetrator will performance a free fall under gravity and 

impact the lunar surface. These operation sequences are detailed described as 

follows and illustrated in Figure 2.1.  

Table 2.1: Characteristics of Earth's Moon 

Mass 7.3477 × 1022 kg 

Volume 2.1958 × 1010 km3 

Equatorial radius 1738.14   km      

Polar radius 1735.97   km 

Volumetric mean radius 1737.10   km 

Ellipticity  0.00125 

Surface gravity 1.622       m/s2 
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I. Release from carrier mothership 

In order to keep the stable attitude of the penetrator during the orbiting, the 

most efficient way is that the mothership gives both the spin rate and the first 

delta-V to the penetrator, which is released with rotation vector aligned with the 

positive orbital velocity vector.  In this way, the penetrator will keep the most 

stabilized phase for half orbital period before the de-orbit operation. With the help 

of the passive spin stabilization, the rotation vector does not change with respect 

to inertial space. After the release, the mothership will also require an active orbit 

manoeuvre to avoid possible collision with the penetrator. The mothership will 

then continue with its own mission. 

II.   Keep spin-stabilized inertial position during coasting phase until periapsis 

This is the longest phase of the Penetration mission, lasting approximate 60 

minutes. During this period of time, some low-frequency behaviour (e.g. gravity-

gradient torque) has time to develop. The controller may perform a rough nutation 

control in this phase. Other types of disturbance torque such as solar radiation 

pressure, non-rigid phenomena due to fuel sloshing may take effect. Magnetic 

disturbance torques are negligible for the Moon, however, it could be more severe 

for other targets such as Jupiterôs moon, due to the strong magnetic field of Jupiter. 

III.  Perform de-orbit burn to eliminate the orbital angular velocity 

When the Penetrator reaches the periapsis, a de-orbit burn will be performed 

to deal with the previous delta-V provided by the mothership. A solid rocket 

motor, for instance, will take care of this delta-V. Initial calculations using a lunar 

approach orbit with apoapsis at 100km and periapsis at 27 km may require a 

propellant mass of up to 50% of the total mass. This means that after the de-orbit 

burn, the total mass and inertia tensor of the Penetrator will be significantly 

different from the original Penetrator and it has to be taken into account when the 

slew is calculated. 

IV.  Perform 90° reorientation manoeuvre to make the Penetrator sharp-end 

facing lunar surface 

This is the major design part of the entire penetration for the Attitude 

Determination and Control system (ADCS). After the de-orbit burn, the 

Penetrator will free fall to the lunar surface. There is very limited time left for the 
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Penetrator to perform a 90° reorientation to get nose-first attitude before landing. 

Based on the calculation using the orbital parameters above, there are only 

approximately 3-4 minutes for this phase. The reorientation aims to minimise the 

attack angle of the impact to reduce the impact forces. ADCS is responsible for 

minimising the attack angle as well as to provide nutation damping. Smart slew 

algorithm is required to achieve the reorientation goal in this phase: fast, accurate 

and low cost. 

 

 

Figure 2.1: MoonLITE mission profile and description [21] 

V. Impact 

At the end of the mission, the Penetrator impacts the lunar surface. The slew 

accuracy needs to satisfy the predetermined limits. 

2.2 Half -Cone Method 

Half-cone Method is the basic model of all the Half-cone derived algorithms. 

It uses the fundamental gyro precession [22] activity of a spinning symmetric 
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prolate rigid body. The philosophy of this method is using active control torque 

applied to the spinning axis to drive the angular momentum away from the spin-

axis and to start the precession. The spin-axis rotates around the angular 

momentum and the slew will be cancelled by a cancellation torque of the opposite 

direction with the initiating torque when the spin-axis achieves the target 

direction.   

In order to simplify the illustration, thrust direction is chosen such that it will 

generate a positive torque around the SFB Y-axis. As an example, the thruster 

could be located on the negative Z-axis with thrust vector parallel to the negative 

X-axis. With respect to the Z-H reference frame, the thruster then rotating with 

an angular velocity Nw  (body nutation rate) around the Z-axis and will make one 

half revolution every “Ⱦ  seconds.   is the inertial nutation rate. The 

definitions of body nutation rate and inertial nutation rate will be illustrated in 

Chapter 3. 

 However, this reference frame itself rotates about ╗(fixed if no external 

torques applied) with an angular velocity   and will make a half revolution 

every “Ⱦ  seconds. It is assumed that the torque impulse is comparable to an 

impulsive, which means the firing duration ὸ  is much smaller than the spin 

period. 

The half-cone method implies the following sequence (see Figure 2.2) of 

events where ὤ is the initial attitude of the Z-axis at ὸ π and ὤ is the target 

attitude of the Z-axis: 

i. At 0t<  the spacecraft is in pure spin around its ὤ-axis, no precession is 

applied. H is parallel with ὤ. 

ii.  At 0t=  the spacecraft is aligned such that the X-axis is normal to the plane 

0 tZ Z- and the thrust vector generates an angular impulse (ontŰ ) in +Y 

direction pointing ótowardsô the tZ axis. This impulse displaces the 

angular momentum vector away from the0Z -axis with an angleq equal to 

half the 0 tZ Z- angle. This displacedH  will be called óintermediateô H

later on. 

iii.  For 0t>  the spacecraft start a precession motion around the intermediate 

╗ vector with angular velocityHw . No torque is applied at this phase. 
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iv. When “Ⱦ  (exactly single half precession period later, the instantaneous 

Z-axis is in the desired position: ὤ ὤ). To stop the precession motion, 

a second angular impulse is required, in magnitude equal to the first one 

(from step ii ), in order to realign the H-vector with the Z-axis. Relative to 

the rotating Z- H plane, the second impulse vector is the exact opposite of 

the first impulse. (Note though that relative to the inertial plane the 

enclosed angle is ςʃ). 

 

 

Figure 2.2: Sequences of events for Half -cone manoeuvre [12] 

v. In the meantime, the thruster has rotated relative to the Z-H plane by Ntw  

radians. In order to be in the correct position to generate the second 

angular impulse discussed in step iv, equal in magnitude but opposite in 

sign (relative to the Z-H plane) to the first impulse from step ii , the thruster 

should therefore have rotated (2 1)k+  half revolutions (equal to (2 1)k p+

rad), where k is a nonnegative integer. 

Figure 2.2 displays the trajectory of the Z-axis tip as a solid grey line in the 

inertial frame. The constraint mentioned in step v. can be formulated as a relation 

between k andq: 

 (2 1) (2 1)N H
H N

t k k
p p

w w
w w
= = + Ú = +  ( 2.1) 
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Ú = +
-

H

  (2.2) 

 This last Equation (2.2) gives a relation between the number of half 

revolutions made by the thruster around the Z-axis after half precession of Z-axis 

around intermediate H and q, the nutation angle. Needless to say, this is not a 

time-optimal solution but it is necessary if πȢυ ‗ ρ. 

 

Figure 2.3: Z-axis and ╗ vector trajectories in inertial space- Half -Cone 

 Figure 2.4 plots Equation (2.2) for several values of l, from 0.0121 to 0.5. 

The figure shows a rapid decline in the number of possible nutation angles and 

the maximum possible angles as lincreases.  

The angular impulse that should be delivered at 0t= can be derived: 

0tan( ) tan( )on z zt Iq q w= =Ű H      (2.3) 
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Figure 2.4: qversusk  for several values of l[12] 

2.3 Multi -Half-Cone Method 

The previous discussion and simulation results were for a single half-cone. 

One use of the Multi-Half-Cone manoeuvre is to create a sequence of half-cone 

manoeuvres in order to get to a specified attitude. Figure 2.5 illustrates a Multi-

half-cone slew. Its simplest form consists of two half-cones with identical 

nutation angles q. This would mean torque required to start the next half-cone 

can only be delivered after the torque to end the previous half-cone has been 

delivered. The pointing error increases with each half-cone manoeuvre for 

identical nutation angles. However, it could be overcome by designing different 

nutation angles for each cone, which adds the set of possible accurate slew angles. 

Multi -Half-Cone method increases the range of attainable slew anglesd. 

Aside from that, one advantage of using a Multi-Half-Cone approach can be seen 

in the angular impulse required. Using the double-angle formula for the tangent: 

 0 2

2 tan( )
tan(2 )

1 tan ( )
on z zt I

q
q w

q
= =

-
Ű H  (2.4) 

Equation (2.4) suggests the impulse required for a single half-cone with 

nutation angle ς— will always be ρȾρ ὸὥὲ—  times that of a double half-cone 

with angle —. However, the time required for the manoeuvre will be higher for the 

Multi -halfcone approach as Ὧ increase with decreasing — according to Equation 

(2.2). 
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Figure 2.5: Z-axis and ╗ vector trajectories in inertial space- Multi -half-cone 

2.4 Dual -Cone Method 

One method newly derived at Surrey Space Centre is the Dual-cone method 

[21]. Based on the Multi-half-cone manoeuvre, this method consists of two Half-

cone manoeuvres with identical nutation angles performed in series. The most 

important difference with respect to the Multi-half-cone manoeuvre, however, is 

that the azimuth angle between the two half-cones ( inta as shown in Figure 2.6) is 

not 180 but variable. Combined with an algorithm that can choose a nutation 

angle based on the desired slew angle this method ensures that any final 

slew/azimuth angle combination can be attained, with only a few exceptions for 

relatively large values ofl. 

First of all, the nutation angle qis calculated using the ideal angle / 4t tq d= -the 

ótargetô nutation angle, for which a normal Multi-Half-Cone manoeuvre with two 

half-cones would exactly yield the target slew angletd. Due to Equation (2.2), this 

ideal angle is always not obtainable. The algorithm will choose the closest 

obtainable nutation angle larger than the ideal one. To be precise, a lower value 

for ókô is calculated first with Equation (2.5). 

 



CHAPTER 3. STATE-OF-THE-ART SLEW ALGORIHTMS USING 

SINGLE THRUSTER 

16 
 

 

Figure 2.6: Dual-Cone design [12] 

 
1 1

cos( ) 1
2

tk floor
l

q
l

è ø-å õ
= -é ùæ ö

ç ÷ê ú
 (2.5) 

Assuming identical nutation angles the spherical trigonometric identities can 

now be set up in order to determine the azimuth angles for each half-cone, 1a  and

inta : 

 int int 2

cos( )
cos( ) cos( ) 1

sin (2 )

tdp a a
q

- =- = + (2.6) 

 1 int

sin(2 )
sin( ) sin( )

sin( )
t

t

q
a a p a

d
- = -   (2.7) 

The Dual-cone is significantly more flexible than the Half-cone or Multi-half-

cone manoeuvres as it can attain the required slew angle with a much higher 

accuracy. 

For relatively large values of l, the limited number ofl attainable nutation 

angles may prevent reaching any slew angle. This is most relevant when l lies 

in the next regions: 

1/ ( 2 1) 0.41 1/ 4 0.25( 0)kl+ º > ² = =
 

and 

1/ (3 2 1) 0,1907 1/ 6 0.1667( 1)kl+ º > ² º =
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2.5 Sector-Arc Slew 

The Sector-Arc Slew [23] method is an enhancement of the Half-cone method. 

The difference is that it provides additional degree of freedom of the algorithm 

by not constraining the angular moment to be coplanar with the initial and final 

spin axis vectors, therefore the nutation angle — can be chosen independently 

from the desired slew angle .  

SASs can consist of any number of sector arcs. For the purposes of describing 

the SAS method in detail, we only discuss the slew of only one sector arc. First, 

we must define the four angles that characterize a single sector arc as described 

on a unit sphere with origin at point O where spherical trigonometry [24][25] 

applies. 

 

Figure 2.7: Definition of SAS Fundamental Angles 

As shown in Figure 2.7 the spin axis unit vector translates from point A to 

point C, around the angular momentum vector located at point B. The angles are 

defined as follows: 

Á — (the angle A-O-B): the nutation angle. This is equal to the arc length from 

A to B. 

Á  (the angle A-O-C): the slew increment performed by the sector arc. In the 

case of slew with single sector arc, this represents the target slew angle.  This 

is equal to the arc length from A to C. 

Á  (the spherical angle B-A-C): the óazimuthô angle of the sector arc. This 

defines how far from the idea path the angular momentum vector is 

positioned during the sector arc. 

Á  (the spherical angle A-B-C): the angle through which the spin axis 

precesses about the angular momentum vector during the sector arc. 
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Similar with Half-cone slew, SAS also requires to calculate the thruster time 

profile to guide the slew. Given the staring slew epoch ὸ, the starting firing time 

ὸ and cancelation firing time ὸcan be calculated by: 

 
0s A

f s AC

t t t

t t t

= +

= +D
 (2.8)  

The summary of calculations of referred intermediate variables ὸ and Ўὸ  

and four fundamental angles (—ȟȟȟ) are provided in Figure 2.8. That is all that 

is needed to implement the algorithm for a general single sector arc SAS slew. 

 

Figure 2.8: Summary of SAS algorithm 

From the Ὃ— equation, — cannot be easily solved analytically; however, it is 

possible to perform a numeric solution of the variable — (e.g. via the Newton 

Raphson method). This step could be implemented on-board via a look-up table 

if deemed necessary to avoid on-board numerical iteration. 

Given a target slew angle ɓ, the SAS slew can be tuned by choosing a number 

of spins, k, which makes the SAS algorithm optimizable for minimum slew 

durations, minimum angular impulse magnitude required or least net propellant 
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mass consumed. The parameter k can be tuned either in advance of the slew based 

on a priori knowledge of slew conditions or in real-time via the on-board solution 

of the cost-function minimization problem. 

 

2.6 Extended-Half-Cone Method 

Extended-half-cone is a combination of two partial half cones of the same 

shape and size, as shown in Figure 2.9.  

 

Figure 2.9: Extended-Half-Cone design [1]  

The Extended Half-Cone algorithm recalculates the half-cone properties such 

that the cancellation pulse will always cancel out the precession motion but not 

necessarily after one half Hw  revolutions. The algorithm first calculates the value 

of k that is closest to generating the requested valuetq using: 

 
1 1

cos( ) 1
2

tk round
l

q
l

è ø-å õ
= -é ùæ ö

ç ÷ê ú
 (2.9) 

Then it initiates a half-cone with nutation angle tq as requested, except that the 

cancellation pulse is fired after(2 1) / Nk p w+ seconds. This means that the Z-axis 
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will not traverse exactly 180  on the precession circle as for the Half-cone 

manoeuvre, but slightly more or slightly less, depending on whetherk  is rounded 

off to ceiling or floor, respectively. The difference between the exact half-cone 

angle180  and the angle traversed in reality gis defined as the error angle rwe and 

is calculated in Equation (2.10). Since the inertial nutation rateHw  is constant 

during the precession, the sectiong of the precession circle traversed by the Z-

axis can be calculated as 2 0( )H t tw - .   

 

2
(2 1)

2 1
1

1 cos

r H
N

k

k

w

p
e p w

w

l
p

l q

= - +

+å õ
= -æ ö

-ç ÷

 (2.10)   

 

2.7 Rhumb Line Method  

The Rhumb line manoeuvre is a manoeuvre where an angular impulse is given 

after detection of a certain inertial reference such as the Sun, approximately once 

every zw revolution. The resulting motion is characterised by the fact that when 

plotted in a Mercator plot with the inertial reference at the pole, the trajectory of 

the angular momentum vector would yield a straight line (constant heading angle). 

The time delay between pulse detection and angular impulse generation is tuned 

by the control algorithm to generate a certain heading angle based on the attitude 

reorientation requirements. The angular momentum vector is modified on a very 

regular basis during the manoeuvre (more or less once every2 / zp w seconds), 

usually by very small increments, as opposed to only twice for a single Half-cone 

or Sector Arc Slew. Figure 2.10 is a presentation of RL slew. 

Van der Ha [26] adds that for a major axis spinner ( 1)l> , the spin axis will 

realign itself passively with the angular momentum vector while minor axis 

spinners( 1)l<  tend to have an active nutation damper that takes care of this. 
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As the Rhumb line simulation model used relies on a sun sensor to generate 

the torque pulses, this Inertial Sun Frame (ISI) will be used as the inertial frame 

of reference instead of the RI frame. The Sun vector S is by definition at [12] in 

the ISI frame, while the ISI Y-axis is parallel to the cross-product of Sun vector 

and initial spin axis. The ISI X-axis completes the right-handed orthogonal 

coordinate. 

 

 

Figure 2.10: Z axis and ╗ vector trajectories in inertial space-Rhumb Line[12] 

2.8 Spin-Synchronised Method 

Another potential manoeuvre exhibiting many similarities to the Rhumb line 

is a óspin-synchronisedô manoeuvre (abbreviated to spin-synch in this document), 

in which one pulse per spin revolution is given without using an external reference. 

Though it appears similar to the Rhumb line, the trajectory if its angular 

momentum vector is in general not a straight line in a Mercator plot; neither does 

it have the singularity at the pole. Figure 2.11 shows the trajectories of the angular 

momentum vector and the spin axis for both the Rhumb Line and the Spin-Synch 

manoeuvre. 
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Figure 2.11: Comparison Rhumb Line- Spin Synch: Z-axis  

and H -vector trajectories in inertial space [12] 

 

This method is easily confused with the Rhumb line method, likely due to the 

fact that for small slew angles or trajectories near the ISI equator, the difference 

between Rhumb Line and Spin- Synch is almost invisible. One paper of Furukawa 

[27] starts off discussing Rhumb Line method but then assume a constant inter-

pulse time, which transforms it into a Spin-Synch Slew. Wu and Gao [28] apply 

nonlinear optimization for precise Spin Sync slew control for spinning spacecraft.  

2.9  Sensitivities to Perturbations  for  Open-

loop Slew Algorithms  

In practical space applications, such as spin-rate perturbation, inertia 

perturbation and thruster firing time error exist all the time as described in Yu 

[29]. Usually, the robustness analysis using Taylor series approximation [30], 

Geometric method and Simulations.  Among three methodologies, simulation 

clearly shows how these perturbations influence the slew algorithms and all 

perturbed parameters can be analysed. According to the simulation results from 

[16], the summary of the mentioned open-loop slew algorithms is as follows: 

¶ All half-cone derived algorithms are extremely sensitive to a 

perturbation in the spin rate, including the SS slew control algorithm. 
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As summarised by [16], a 1% deviation in the intended spin rate will 

result in a deviation ofHD and ZD between 50° and 80°. 

¶ The Rhumb Line slew is deemed to be the most robust slew control 

algorithm, with moderate effect in all perturbed parameters. However, 

one significant analysis result worth mentioning is the high HD value 

when the perturbation is introduced within a range of transverse 

moment of inertia, spin-axis moment of inertia and spin rate. The 

maximum value of HD reaches to 20°, 30° and 20° respectively. 

¶ The only two parameters that contribute to a minimum effect of 

perturbation are the spin-axis moment of inertia ZI to Spin Synch slew 

and the thruster firing duration fdt  to the half-cone derived algorithms. 

The sensitivities overview of these open-loop algorithms is listed in Table 2.2. 

Table 2.2: Sensitivities overview for open-loop algorithms 

Algorithms Zw  ZI  tI  fdt
 

HC derived slew High Medium Medium Low 

SS slew High Low Medium Medium 

RL slew Medium Medium Medium Medium 

 

It can conclude the sensitivity analysis from Table 2.2 that Half-Cone derived 

slew algorithms are extremely sensitive to spin rate   perturbations, and even 

1% of perturbation will cause up to 80° of slew error in ЎὌ and Ўὤ. This means 

the failure of the slew. For inertia perturbations, such as Ὅ and Ὅ, the slew error 

is moderate (in [16], sensitivity analysis shows that for 1% inertia perturbations, 

the slew error is around 5°). The thruster firing error ὸ  doesnôt show much 

influence over the slew performance. 
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2.10 Feedback Control Theory Review 

Feedback [31][32] is extensively used in control theory, using a variety of 

methods including state space (controls), full state feedback (also known as pole 

placement), and so forth. Feedback attitude control indicates a control algorithm 

that uses the complete attitude quaternion, and possibly also attitude rates of the 

spacecraft for the control loop. Therefore, Rhumb Line slew is not a rigorous 

Closed-loop algorithm though it uses feedback as the trigger of firing thruster 

from a Sun sensor. However, the feedback in Rhumb Line slew does provide a 

better robustness than other algorithm choices and make RL not that sensitive to 

the perturbations in the spin rate as well as the error of initial attitudes. It also 

confirms the necessity to develop feedback slew algorithms for spinning 

spacecraft.  

In a narrow sense, the variable in closed-loop control is measured and 

compared with a target value. This difference between the actual and desired 

value is called the error. The closed-loop control manipulates an input to the 

system to minimize this error, which is illustrated in Figure 2.12. 
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Figure 2.12: Illustration of closed-loop control 

This type of closed-loop controller is especially suited to deal with minor 

disturbances on the system as they can detect a digression of the reference path 

and take corrective action accordingly. There are several strategies for the 
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calculation of this corrective action, giving several types of closed-loop feedback 

controllers. The most well-known control mechanism (controller) is the 

Proportional-Integrative-Derivative (PID) control as explained in Ogata [33]. A 

PID controller calculates an "error" value as the difference between a measured 

process variable and the desired set-point. The PID controller calculation 

algorithm involves three separate constant parameters and is accordingly 

sometimes called three-term control: the proportional, the integral and derivative 

values, denoted P, I, and D respectively. 

There are several other strategies for the calculation of this corrective action, 

giving several types of feedback controllers. Some of the most widely used ones 

are Model Predictive Control (MPC) as explained in [34][35], and H-infinity 

control as explained by Leigh [36]. 

There is a vital problem faced with PID controllers and other feedback 

controllers that they are linear. Their performance in non-linear systems is 

variable. The dynamics of a spinning spacecraft is a highly non-linear system 

plant [37]. According to Wang [38], only for the deviation not too much from the 

reference, the dynamics of the spinning body can be treated as close to a linear 

one. Thatôs the reason why closed-loop control always deals with minor 

disturbances and attitude stabilization.   

Non-linear control systems use specific theories (normally based on Aleksandr 

Lyapunov's Theory) to ensure stability without regard to the inner dynamics of 

the system. The possibility to fulfil different specifications varies from the model 

considered and the control strategy chosen. There are several well-developed 

techniques for analysing nonlinear feedback system, such as Describing function 

method [39], Phase plane method [40] and Lyapunov stability analysis [41]. 

Control design techniques for nonlinear systems also exist. These can be 

subdivided into techniques which attempt to treat the system as a linear system in 

a limited range of operation and use (well-known) linear design techniques for 

each region, such as Feedback linearization [42] (e.g. applied by Choi in [43]). 

Other designing methods are mostly based on Lyapunov theory such as Lyapunov 

redesign, Backstepping method [44], [45], etc. 

The main precondition for closed-loop feedback control is the availability of 

complete attitude feedback. Complete attitude determination for the spacecraft 

requires additional sensors and a sensor fusion algorithm. Candidate sensor 

packages are e.g. the combination of a Sun sensor and a horizon sensor, which 
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does require the penetrator to be in sunlight, or a star tracker. Accuracy can be 

improved by adding an IMU, at the cost of added complexity. The standard sensor 

fusion algorithms used is an Extended Kalman Filter (EKF), several flavours of 

which are discussed in Crassidis et al. [46] . An EKF version specific for spin-

stabilised spacecraft is the SpinKF detailed in Markley and Sedlak [47]. The 

attitude determination method will be illustrated in Appendix A. 

 

2.11 Summary of State-of-the-art Slew 

Algorithms  

In this chapter, state-of-the-art slew algorithms for spinning spacecraft are 

discussed. The algorithms can be categorised by working principle: Half-cone 

derived or Pulse-train. Except for Rhumb Line slew, all slew algorithms 

mentioned above are open-loop algorithms. The existing trade-off analysis [14] 

indicates that Half-Cone derived algorithms have better slew performance overall 

when perturbations are not applied. However, these algorithms are extremely 

sensitive to spin-rate perturbations. 

The improvement of slew performance of Rhumb Line and Spin Synch slew 

has not been obviously witnessed over years. It is of great interest to develop 

feedback slew algorithms based on Half-Cone derived algorithms from the slew 

performance and robustness concern. 
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Chapter 3  

Novel Feedback Slew Algorithms 

Using Single Thruster 

The existing research reveals the sensitivity of open-loop half-cone family 

slew algorithms over spin rate perturbations. Feedback slew algorithms design is 

motivated since attitude feedback is believed to improve the robustness of the 

control system. In this chapter, some mathematical background is introduced 

firstly for the convenience of describing the algorithms. The feedback slew 

control schemes are also introduced. Then two novel feedback slew algorithms 

using single thruster are introduced: Feedback Half-Cone Slew and Feedback 

Sector-Arc Slew, followed by slew performance simulations of these newly 

developed algorithms. 

3.1 Mathematical Background 

In order to illustrate state-of-the-art slew algorithms and feedback algorithms 

using single-thruster, some of the mathematical backgrounds are required and 

help to understand the algorithms better. This section describes the reference 

frames, attitude kinematics, and dynamics for spinning rigid. 

3.1.1 Reference Frames 

Attitude orientation is always defined with respect to a certain reference fame. 

Usually, the reference frame is defined with the spacecraft body orientation, 

flying directions and the Inertial Reference. However, Earthôs magnetic field is 
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also taken into account sometimes when dealing with magnetic attitude control in 

Chapter 5. In order to specify the orientation of the spacecraft and its position 

during the orbiting, coordinate systems definitions are given first. For a more in-

depth review of the mathematical basis behind reference frames, see Wie [48], 

Section 1.1 to 1.2. 

3.1.1.1 Spacecraft Fix Body (SFB) Frame  

SFB fixes its origin at spacecraft centre of mass. For a prolate spinner, Z axis 

is defined as its spin-axis while X and Y axes are normal to Z axis and form right-

handed orthogonal coordinate system. Within SFB frame, the inertia properties 

can be easily obtained and are constant in most cases. It is used to describe 

spinning spacecraftôs dynamics. 

 

Figure 3.1: Spacecraft Fixed Body (SFB) Frame 

3.1.1.2 Earth-Centred Inertial (ECI) Frame 

ECI coordinate frame has its origins at the centre of mass of the Earth. Its Z 

axis is along the spin axis of the Earth, pointing to the North Pole. Its X axis points 

to the vernal equinox, where the ecliptic crosses the equator going from south to 

north. Y axis forms the right-handed principle with Z and X axes.  
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Figure 3.2: Earth -Centred Inertial (ECI) Frame  

3.1.1.3 Reference Inertial (RI) Frame 

Reference Inertial frame is a pseudo-inertial reference frame with its origin in 

the spacecraftôs centre of mass.  Axes of RI are aligned with the ECI frame. 

3.1.1.4 Earth-Centred Earth-Fixed (ECEF) Frame 

The ECEF coordinate system rotates with the Earth around its spin axis and 

has the following definitions: the origin is located at the centre of the Earth; the 

Z-axis is along the spin axis of the Earth, pointing to the North Pole; the X-axis 

intersects the sphere of the Earth at 0º latitude and 0º longitude; the Y ïaxis is 

orthogonal to Z and X axes with right-hand principle. In this paper, this coordinate 

is used to describe the sub-satellite pointsô location. 
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Figure 3.3: Earth -Centred Earth Fixed (ECEF) Frame 

3.1.1.5 Spacecraft North-East-Down (Spacecraft NED) Frame  

The spacecraft NED frame is associated with the spacecraft. Its origin is 

located at the centre of mass of the spacecraft; the X-axis points toward the 

ellipsoid north (geodetic north); the Y-axis points toward the ellipsoid east 

(geodetic east); the Z-axis points downward along the ellipsoid normal. This 

coordinate system is frequently used to describe spacecraft local magnetic field. 

 

Figure 3.4: Spacecraft North-East-Down (Spacecraft NED) Frame 
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3.1.2 Attitude Kinematics 

Attitude kinematics theory aims to describe the object's attitude as a function 

of time and angular velocity in one coordinate frame. First of all, the question 

should be posed how the attitude is expressed mathematically. There are a number 

of methods for that, such as Euler angles, rotation matrices, attitude quaternions 

and Gibbs parameters. The first three are widely used in practice and the 

following sections will discuss them in detail. For an in-depth illustration of these 

attitude expression method, see Sidi [49], Chapter 4.7.  

3.1.2.1 Rotation Matrices 

A Rotation Matrices (also called Direct Cosine Matrix, or DCM) is commonly 

used to described the relative attitude between two different reference frames (e.g. 

the SFB and RI frames) defined in a three-dimensional space. This square σ σ 

matrix is used to express the rotation required to align the first frame with the 

second. This kind of matrices is useful in obtaining the coordinates of a vector 

relative to the second frame when it is given in the first frame. 

The rotation matrix is also one format of attitude. Though it contains nine 

elements in each, these elements can be reduced to three independent variables, 

which is easy to be understood for a 3-D attitude. However, a matrix is not very 

understandable from a non-professional personôs point of view.  

The rate of change of the DCM over time is a function of the angular velocity

ɤ. It can be shown that this relation is given by Equation (3.1). Combining this 

kinematic equation with the attitude dynamics equation gives a set of equations 

for the change in attitude over time as a result of disturbance torques. This set can 

then be integrated to obtain an equation for the attitude at any time. Numerical 

integration tends to be the only possible option in most cases, but special cases 

may allow analytical integration.  

 

0
( )

( ) 0

0

z y

z x

y x

d DCM
DCM

dt

w w

w w

w w

-è ø
é ù

= -é ù
é ù-
ê ú

 (3.1) 

3.1.2.2 Euler Angles 

Euler angles give the clearest view of the relative attitude and the rotation 

between two frames. The Euler angles are defined as the rotation angles around 
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the body axes as follows: the roll angle j around X-axis, the pitch angle qaround 

Y-axis and the yaw angleyaround Z-axis. As stated in 3.1.2.1, only these three 

independent variables are required to define the rotation matrix. However, 

different rotation orders give different rotation matrices. Usually, a rotation 

matrix is set up by imaging a sequence of rotations such as yaw-pitch-roll, also 

called a 3-2-1 rotation sequence. It means that a pure yaw motion is performed 

first, then pure pitch, the pitch roll. The DCM for 3-2-1 rotation is given by 

Equation (3.2). 

321( )

cos cos cos sin sin

cos sin sin sin cos cos cos sin sin sin sin cos

sin sin cossin cos sin cos cos sin sin cos cos

DCM

q y q y q

j y j q y j y j q y j q

j y q y j y j q y j q

-è ø
é ù
= - + +
é ù
é ù+ - +ê ú

  (3.2) 

  The kinematic equation for the 3-2-1 rotation sequence relates the time rate 

of change of the Euler angles yaw (y), pitch (q) and roll (j) to the angular 

velocity ɤand is given by Equation (3.3). These kinematic equations have a 

singularity at 90q= . This singularity can be avoided by switching to a different 

rotation sequence when in the vicinity, but this only moves the singularity 

somewhere else. 

 

( sin cos ) tan

cos sin

( sin cos )sec

x y z

y z

y z

j w w j w j q

q w j w j

y w j w j q

= + +

= -

= +

 (3.3) 

The advantages of Euler angles are that they are easy to understand and present 

fewer variables to compute than a rotation matrix. The disadvantage of this 

representation is the fact that when computing the rotation matrix starting from 

Euler angles, trigonometric functions (sine, cosine etc.) need to be used, requiring 

additional computing effort. Furthermore, when inverting the calculation 

singularities will occur for some certain attitude. The last not the least, different 

rotation sequences give different Euler angles for the same rotation matrix. 

3.1.2.3 Quaternions 

Quaternions are introduced to eliminate the singularities and ambiguities 

caused by using Euler angles. An attitude is represented by four elements 
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constituting a four-element unit vectorq . The underline is chosen here to 

differentiate this four-element vector from the three-element vectors as force, 

torque, velocity etc. The definition of quaternions uses the Euler eigenaxis 

theorem, which states that any change in attitude in a 3-D space can be 

represented by one rotation axis, the Euler eigenaxis, in combination with the 

angle of rotation around this axis. There are four variables which can be obtained 

from such a representation: the 3-element unit vector 1 2 3[( , , )]e e e pointing the eigen-

axis and the angle of rotationa. A mathematical rearrangement of these variables 

yields the four-element quaternion: 

 

1 1

2 2

3 3

4

sin( / 2)

sin( / 2)

sin( / 2)

cos(( / 2))

q e

q e
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a
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a

a

è øè ø
é ùé ù
é ùé ù= =
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ê úê ú

q  (3.4) 

Of these four elements,1q , 2q , 3q  are called the imaginary components and4q  is 

called the real component of the quaternion. Sometimes, the real part4q is defined 

as the first element of the quaternion. 

When the angular velocity vector [ , , ]Tx y zw w w=ɤ is known, the rate of the 

quaternion can be expressed as in Equation (3.5): 
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Ụ
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 π  
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   πỨ
ủ
ủ
ủ
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▲ (3.5) 

Square brackets around a quaternion[]q denote the quaternion is converted to 

its corresponding 3x3 DCM using Equation (3.6). 

 

[]
2 2 2 2
1 2 3 4 1 2 3 4 1 3 2 4

2 2 2 2
1 2 3 4 1 2 3 4 2 3 1 4

2 2 2 2
1 3 2 4 2 3 1 4 1 2 3 4

( )

2( ) 2( )

2( ) 2( )

2( ) 2( )

DCM

q q q q q q q q q q q q

q q q q q q q q q q q q

q q q q q q q q q q q q

¹

è ø- - + + -
é ù
= - - + - + +é ù
é ù

+ - - - + +é ùê ú

q q

 (3.6) 

Equation (3.6) indicates that the calculation of the rotation matrix using 

quaternions only involve the basic addition, subtraction and multiplication. This 
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is a computational benefit compared to the Euler angles, which require the 

trigonometric functions. 

 

3.1.3 Attitude Dynamics of a Generic Rigid Body  

The general equation of attitude dynamics for a rigid spacecraft are given by 

the Eulerôs moment Equation (3.7), according to Sidi [49]: 

 I I= + ³Ű ɤ ɤ ɤ (3.7) 

where: 

¶ Ὅ is the moment of inertia matrix in SFB; 

¶ [ , , ]Tx y zw w w=ɤ  is the angular velocity vector of SFB with respect to RI, 

expressed in the SFB frame, and ɤis its time derivative. 

¶ [ , , ]Tx y zt t t=Ű is the vector of external torques expressed in the SFB frame. 

For the moment of inertia, it has varied definitions. It could mean area moment 

of inertia in the structural analysis as illustrated by Meriam and Kraige [50], but 

in this thesis and research, it is referred to the mass moment of inertia. In case 

the SFB axes coincide with the principal axes of inertia, the inertia matrix Ὅ is a 

diagonal matrix and the vector Equation (3.7) could be converted to the set of 

scalar Equations (3.8) according to Sidi [49]. 
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 ( 3.8) 

3.1.4 Attitude Dynamics of Spinning Body  

If assuming the body to be in a pure spin around the Z-axis, with xw and yw

small enough (with respect to zw ), their product can be negligible. And if there 

are no external torques applied to the body ( 0x y zt t t= = =), the set of Equations 

(3.7) can be converted to: 

 
y z

x y z
x

I I

I
w w w

-å õ
=æ öæ ö
ç ÷

  (3.9) 



CHAPTER 3. NOVEL FEEDBACK SLEW ALGORITHMS USING 

SINGLE THRUSTER 
 

35 
 

 
z x

y z x
y

I I

I
w w w

å õ-
=æ ö
æ ö
ç ÷

 (3.10) 

 0zw =   (3.11) 

 Equation (3.11) indicates that the spin rate zw is constant under the 

assumption. With this fact in obtaining the derivative of xw from Equation (3.9) 

gives: 
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 (3.12) 

Combining Equations (3.10) and (3.12) gives: 
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 (3.13) 

Equation (3.13) is a second order linear ordinary differential equation (ODE) 

in  . The typical solution method for this kind of ODE is to perform the 

Laplace transform (see [52] for detailed illustration) on both sides, giving: 
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Equation (3.14) gives three possible scenarios: 

(a) 
2

( ) ( )
0

y z z x
z

x y

I I I I
s s i

I I
w

- -
< Ý =°  

In this scenario, the solution in the time domain is shown in Equation   

(3.15) and indicates a harmonic undamped free oscillation. 
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where 0w and 0j are defined by the initial conditions, and a similar identical 

equation can be drawn for yw . 

(b) 
2

( ) ( )
0

y z z x
z

x y

I I I I
s s

I I
w

- -
> Ý =  

Scenario (b) corresponds to an exponentially increasing solution for xw and yw , 

and violates the assumption that xw and yw  are small; the solution is therefore no 

longer valid once their order of magnitude becomes comparable tozw .It is 

interesting to note that this happens in the two distinct cases when the spin axis is 

the axis of the intermediate moment of inertia. In other words, an intermediate 

axis of inertia spin is unstable, while minor or major moment of inertia axis spins 

are stable for a rigid spacecraft. 

(c) 2 0s =  

It is possible only if 0zw = , z yI I= or z xI I=  which invalidates the initial 

assumption thatxw and yw  are small enough compared tozw . 

3.1.5 Axisymmetric Spinning Rigid Body 

Most spinning spacecraft are designed axisymmetric or nearly axisymmetric. 

It is also can be described as x y tI I I= ¹  where tI is called the transverse moment 

of inertia. It is assumed that the body is in pure spin around its symmetry axis (Z). 

To shorten the notations, the parameterl as the ratio of inertias is defined: 
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l¹   (3.16) 

With the definition (3.16), the Equations (3.9) ~ (3.11) can be simplified into: 
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  (3.17) 

As there is no really intermediate moment of inertia due to the symmetry, the 

reduced notation for harmonic oscillator is: 
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  (3.18) 

where 0w and 0jare defined by the initial conditions and 0zw  is the constant spin 

rate. 0w is the initial deviation (in the XY-plane) from a pure Z-axis rotation: 

2 2
0 XY x yw w w w= = + . 

The angular momentum is defined as Equation (3.19) and constant in the 

inertial frame without external torques. In XY-plane there is a relation that

XY t XYI=H ɤ , XYH is the angular momentumôs projection in XY-plane. Equation 

(3.19) also indicates that the spin axis ὤȟ Ὄand .are coplanar  

 I=H ɤ  (3.19) 

ɤcan also be expressed in Z and H-components. Figure 3.5 sketches the plane 

defined by ὤ, Ὄ andis geometrically decomposed into two sets of . 

component vector: 

1. Zɤ and XYɤ  (perpendicular to each other) 

2. Nɤ and Hɤ (not perpendicular-the enclosed angle is defined as the nutation angle 

q) 

In both cases, ɤis the vector sum of its two components. 

The following formulas can be constructed for the nutation angleq when 

looking at the triangle formed by H and z zI w : 

 tan( ) t XY

z z

I

I

w
q

w
=   (3.20) 

 sin( ) t XYI w
q=

H
  (3.21) 

 cos( ) z zI w
q=

H
  (3.22) 

where H  is the magnitude of the angular momentum vector ╗. 
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Figure 3.5: Z-H plane  

Projecting ɤon H  gives: 

 sin( ) XY

H

w
q

w
=    (3.23) 

Substituting the value forsin( )q in the previous Equation (3.21) and solving for 

Hw gives: 

 
cos

XY z
H

t XY tI I

w lw
w

w q
= = =

H H
 (3.24) 

Equation (3.24) is Equation 16-67a of Wertz [53],which is called the inertial 

nutation rate. It is the angular velocity of the Z-axis around the angular 

momentum vectorH , which is fixed in the inertial space. 

A similar approach is used to calculateNw , the projection of on Z parallel to  

H . As a result: 

 tan( ) XY

z N

w
q

w w
=

-
 (3.25) 

Substituting the value fortan( )q  found in Equation (3.20) and solving for Nw

gives: 








































































































































































































































