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Abstract

Passive spacecraft attitude control using-spatilization is considered as one
of traditional andow-cost control strategiesn literature Jow-coststateof-the-
art slew algorithms based on single thruster are designed to péafgemangle
spin axisattitude manoeuvrd.he existing research aadalysis shows thualf-
cone categorglgorithms are opetoop slewcontroland they are sensitive to spin
rate perturbationin order toimprove the tolerance of sprate perturbations, the
work is motivated to introduce closddop attitude feedbackusingsensors

For nanesatellites especiallyfor cubesat missionshrustes arerestricted to
its size and propellant consumpti®g thrusters araot usually chosen as the
actuators omanacsatellites. Alternatively, other actuators such as magnetorquers
and momentum wheels are feasiblen@anosatellite missiong-or nanasatellite
missions a novel lowcost slewcontrol algorithm using singlenagnetorquer is
investigatel based orthe philosophy o§inglethruster slevalgorithms

This thesisgivesan overview of theesearcton single actuator control of a
prolate spirstabilised around its minimum momeuit inertia axis.Two novel
feedbackslew algorithmausing singlethruster have beetevelopedThorough
robustness analyses have been performed to estimate how well these novel
algorithms perform in the presencespinratedisturbances compared with-co
responding opetoop algorithms. The results of these analyses indicatevitiat
the help of attitude feedback, thésedback slew algorithms show more robust
performance compared with their corresponding dpep algorithms.

A feedback slew algorithm 8ing singlemagnetorquer hasalso been
developed based ddalf-Cone slew philosophy using singfleruster, dealing
with large angle attitude manoeuvre problem where magnetorquer is applied for
the missionSimulations based on STRaND a 3U cubesat launched bSurrey
SpaceCentreand Surrey Satellite TechnologylLtd., was chosen as a use case to
simulate  attitude manoeuvres parallel with Earth equatorial plane. These
manoeuvres were carried out at different orbital positions.

To oonclude, heresearclpresented in this thesis has led to two novel slew
algorithms using singhhruster and thoroughanalysis provesthat these
algorithms greatly improve the robustness on-saia perturbations. A feedback
algorithm usiig singlemagnetorquer has also been developed dewalditnglarge
angle attitude manoeuvre problefuturedirections forresearchn this area is
also recommended.






Acknowledgments

This PhD project has been funded by Surrey Space CentteChma
Scholarship Council. I would like to show my greatest gratitude to the mentioned
organizationgor their support.

Firstly, I would like to thank Prof. Giovanni Palmerini abd Chakravarthini
Saaj,for committing their valuable time toxamine my work.

I would like to thankmy supervisor, Prof. Yang Gao for her support and
constructive mentoring, and his-sapervisor, Prof. Sir Martin Sweetinigvould
also like to thank his team colleaght. Abadi Chanik for his déless support,
Dr. Robin Raus, PodDoctoral Research AssociatBs. Yunhua Wu, visiting
scholars Prof. Shijie Zhang and Prof.Jingguo Liu.

Furthermore) would also like to thank everyone at the Surrey Space Centre
and the University of Surrey.sincerelycherishthe unforgettableanemories and
great times.

| want to thank my beloved mother, Cui Limin, who passed away earlier this
year. | grew up under your love and care, and | am really sorry that | cannot make
you witness the bestament of me. | also want to thank my father, Si Yanzhi.
You are always my greatest support.

Finally, | want to thank my fiancé Gong Siyuan. Without your love, | cannot
go through the worst time of my life. | promise to loxeu heart andsoul, and
make yu happy till the end of my life.






Table of Contents

TabIe Of CONENES....ciiiiiiiiiie e I.
LISt Of FIQUIES .veiiiiiiiie i V.
LiSt Of TADIES «.eeiieiiiiieiiie e Viii
List of Abbreviations and ACIONYMS .......coiiiiiiiiiiiiiiii i iX
LiSt Of SYMDOIS ... Xi
CRAPLEE Lt e 1
INEFOAUCHION .veiiiiiii e b 1
1.1 Background & MOtIVALIONS  ....eeviiiiiiiiiiiiei e 1
1.2 RESEAICH GaAPS. .. viiciriiiiiiiii i e 2
1.3 ProjECt ODJECHIVES. ... eveeieeiiiiieeie et ee e 3
1.4 ReSEAIrCh NOVEIIES .. vevviiiiiiiiiiiiiiiie e 4
1.5 List Of PUBHCALIONS +ovvvieeeeeeeiiiieeiee e ee e 4
1.6 THESIS SEIUCLUIE. .. .eeiiiiiiiiiiiii i e 5
CRAPLET 2.ttt 7
Literature Review on Slew Algorithms Using Single Thruster ...........cccccciiiiiiiiinnnnn, 7
2.1 Reference MiSSiON ParameterS . ......cuuuiieeeiiiiiiiiiiiicee e e 8
2.2 Half -Cone Method ..........cuviiiiiiiiiiiiiiiii i 10
2.3 Multi -Half -Cone Method ........oooeiiiiiiiiiiceee e 14
2.4Dual-Cone Method .......c.cooiiiiiiiiiiii e 15
2.5 SECIOFATC SIBW -eeeeeiieiiiiiee et 17
2.6 Extended-Half -Cone Method ...........coociiiiiiiiiiiie e 19



CONTENTS

2.7 RhUMb LiN€ Method . .ccoeeeeieeiee e e 20
2.8 Spin-Synchronised Method ...........oocviiiiiiiiiie e, 21
2.9 Sensitivities to Perturbations for Open-loop Slew Algorithms ....................... 22
2.10  Feedback Control Theory REVIEW.........coccuiiiiiiiiiiiiiiciic i 24
2.11  Summary of State-of-the-art Slew Algorithms ............cocciiines 26
CRAPLEE 3. it 27
Novel Feedback Slew Algorithms Using Single Thruster ............ccccooviiiiiiieee e, 27
3.1 Mathematical Background .........cccocuiiiiiiiiiiiiiiciic e 27
3.1.1 ReferenCe FrameS........uuiiiiiiiiiiiit ettt 27
3.1.2 Attitude KiNEMALICS. .....ueveiiiie it 31
3.1.3 Attitude Dynamics of &eneric Rigid Body............cccoovvviviiiiiieemreeeeeii 34
3.1.4 Attitude Dynamics of SpiNNING BOAY.......cccooeveiiiiiiiiiiieeee e 34
3.1.5 Axisymmetric Spinning Rigid BOAY............ccvvviieiiiimnicceec e 36
3.2 Proposed Control SChEME.......cccuiiiiiiiiiiii e 39
3.2.1 Hybrid SIEW CONLrol ....ccoociiiiiiiiiiiiiie e 39
3.2.2 Feedback Adjusted SIBW.........cocciiiiiiiiiiiiic 43
3.3 Feedback Half-CoNe SIBW........cccoiiiiiiiiiiieee e 44
3.3.1 Angular Momentum EStimation ........ccccccoiiiiiiiiiiii e A6
3.3.2 Spin-axis Attitude Pre diction ..........cccoooiiiiii e a7
3.3.3 Cancellation Impulse Timing and Duration ..........cccccoeveieiiiviriccnnneeeennnn . 49
3.4 Feedback SECIOFAIC SIBW ......ooii i 50
3.5 Slew Performance of FHC and FSAS..........ccociiiiiiiiiiici s 51
3.5.1 FHC PeITOIMANCE .. ueuurttriniiiiiiieet ettt ettt e e e e e e e e e e e 52
3.5.2 FSAS PeIMOIMANCE....cctttiiiiiiieiieiiie it ee e 54
B.B SUMMAIY ettt bbb enr e sra e 59
CRAPLEE 4. .o 61
Robustness Analysis on Feedback HalfCone and SectorArc SIeW ..., 61
4.1 Assumptions and Simulation Parameters .......cccccevievvieiiciiieensciieee e, 61
4.2 Open-loop Half -Cone and Feedback HalfCone slew............ccccuveiieiiiiiienninn) 63

4.2.1 Slew Performance over spin-rate perturbations and a range of target slew



CONTENTS

4.2.2 Slew Performance over spin-rate perturbations and range inertia ratios ...74
4.3 Open-loop and Feedback Sectorarc SIeW ..........cceeevviiiiiiiiicee e 81

4.3.1 Slew Performance over spin-rate perturbations and range of target slew

4.3.2 Slew Performance over spin-rate perturbations and range inertia ratios ...88

4.4 Comparison between Feedback Half-Cone Slew and Feedback Sectoiirc Slew

for Large Perturbations .........cccooiiiiiiiiii e 94
4.5 SUMIMAIY «vveeeintiieiittie et seent ettt eme et e e s eb e e e aae e e s bb e e ane s saae e e nnes 95
CRAPLEL 5. 97
Half -Cone Slew Algorithm Using Single Magnetorquer ..........ccccccooiiiiiiiiiiccceneeinen, 97
5.1 Geomagnetic Field and Magnetic TOrque .......ccccueveeiiiiiiiiie i, a8
5.1.1 Geomagnetic Field in Different Orbit .......cccccocvviiiiiiiiiiiiiii, 98
5.1.2 MAgNELiC TOMQUE «eerieiiiiiiiiiie sttt 101
5.2 Algorithm Identificatio n and Development............ccocoiiiiiiiiinii, 102
5.3 Simulations and ANAIYSIS .......ccveiiiiiiiiiiiiii e 105
5.3.1 Mission scenario- STRAND-1.......ccoociiiiiiiiiiiiiiee e 105
5.3.2 ResUlts and DiSCUSSIONS .. ..cccoiuriiieeeiiiiii e 107
DA SUMMAAIY cooiiieeiii e e 117
L0 g F=T o) =Y S PSP PP 119
Conclusions and FUtUre WOrK .........cccooiiiiiiiiiiiiini e 119
6.1 CONCIUSIONS. ...ttt e e 119
6.1.1 Feedback Half-Cone and SectorArc Slew Using Single Thruster ............ 119
6.1.2 Half-Cone Slew using Single Magnetorquer ..........cccvveeeiiiiiiiicccenee e 120
6.2 Demonstrated NOVEILIES .......cocoveiiiiiiiiiiii i 121
6.3 Recommendations for FUtUre WOrkK .......ceeeeeiiiiiioiiiiieee s 121
APPENAIX A i 123
Attitude Determination MethOdS .......ooiiiiiiiiii i 123
A.1Single-axis AtHtUAE ........cccooiiiiiiiiii e 123
A2AttIIUE MEASUIEMENLS ....veiiiiiiiii ittt 124
A.2.1 Sun angle MEASUIEMENES........coiiiiiiiiiie e 125



CONTENTS

A.2.2 Earth Width and Nadir Measurements ..........cccocceveiiiiiiiiimeniiec e 127
A.3Attitude Determination Algorithms ..o 130
A.3.1 Earth-width/ Sun angle method ..........ccccoiiiiiiiiii e 130
A.3.2  Two-Sun-Cone Method .......cccccviiiiiiiiiiiiiien e, 132
APPENIX B ot 135
AcCtUators COMPATISONS ....oouvrviiiieiiiiiiiiiie s ires e mre s bbb sanne s 135
B.1 TOrque LEVEL ..o 135
B.2  Torque DIirCHON ....ceeiiiiiiiiiiii i 136
B.3 Feasibility for Slew Algorithms ... 136
B.4  SUMMANY ..o 136
APPENAIX € .ot mn e e 139
SUPPOIING SOtWAIE ...ccuvviiiiiiiiiii e 139
APPENIX D weviiiiiiiiiiiiii i 140
(00T 0] 170l BIT=To =10 PP 140
D.1Feedback Half-Cone SIBW .........ccoeiiiiiiiiiiiiieeee e 140
D.2Feedback SECIOTAIC SIBW .....coi it 145
Bibliography ....ooooiiiiiiii 149



List of Figures

Figure 21: MoonLITE mission profile and description [21]}.......ccccoeeeeiviiiiiiieeeececceeeii, 10
Figure 2.2: Sequences of events for Halfie manoeuvre [12].......cccccceeviiiiiiiiiieeeieeeeeene 12
Figure 2.3Z-axis and| vector trajectories in inertial spaddalf-Cone................ccoveveeernes 13
Figure 2.4:qversusk for several values of [12].......cccccoiiieiiiiieiiimeniee e 14
Figure 2.5: Zaxis and| vector trajectories in inertial spaddulti-half-cone....................... 15
Figure 2.6: DualCone design [12]........ccoeeiiiiiiuiii i ceeeies e e e e e e e e e mmmr e e e e e e e 16
Figure 2.7: Definition of SAS Fundamental ANgIes...........oooviiiiiiiicniiiiicee e 17
Figure 2.8: Summary of SAS algorithm..........cooiiiiiiiiii e 18
Figure 2.9: Extendetialf-Cone design [21].........coviiiiiiiiiiiiiiee e 19
Figure 2.10: Z axis an@ vector trajectories in inertial spagumb Line[12]...................... 21
Figure 2.11: Comparison Rhumb LHBpIin SYNCh: ZaXiS..........cccevvveviiiiviiiiininiinn e 22
Figure 2.12: lllustration of closeldop CONtrol.............coovviiiiiiii i 24
Figure 3.1: Spacecraft Fixed Body (SFB) Frame..........cccuevviiiiiemiiiiieiee e 28
Figure 3.2: EartiCentred Inertial (ECI) Frame.........ocuuviiiiiiiiieeieeee e 29
Figure 3.3: EartiCentred Brth Fixed (ECEF) Frame..........ccoocuvviiiiiiiiemnniieee e 30
Figure 3.4: Spacecraft NortBastDown (Spacecraft NED) Frame...........ccocvveiiiiicennnns 30
FIGUIE 3.5: ZH PIANE......coiiiiiiiiiie ettt e et e e e e e een 38
Figure 3.6: Modification of EHC according to attitude feedback...............ccovvvveeeerrennnnns 41
Figure 3.7: Modification of DC according to attitude feedback................cccooeeeri i 42
Figure 3.8: Modification of MHC according to attitude feedback.................cceeeeeeei . 43
Figure 3.9: Flowchart of Feedback Haffone slew algorithm............ccoooooieiiiiiieeen 45
Figure 3.10: Angular Momentum EStimatiQn.............ooooviiiiiiemmriieeecee e eeeen e 46
Figure 3.11: Spin axis attitude prediction...........ccccocviiiiieenee e . 49
Figure 3.12: Final cancellation impulse illustratian............ccooovviiiieeneeennniiee e 50
Figure 3.13: Zaxis and HVector trajectories in inertial spadeHC.............cccceevviviiiiieenenn. 53
Figure 3.14: Angular momentum in Rl fraff@IC...........cceeeiiiiiiiiiicee e 53
Figure 3.15: Total angular iMPUISE.......coiiiiiiiiiiieee e 54
Figure 3.16: Zaxis axd H-Vector trajectories in inertial spadeHC (K=13).........cccceeeern! 55
Figure 3.17: Zaxis and HVector trajectories in inertial spadeHC (k=8)................cceeennee 56
Figure 3.18: Calcul at ed...nu.t.a.t.i.o.n...angl.es57d vs k fo
Figure 3.19: Fuel consumption during the slew vs. K FSAS..........ccoooiiiiienn s 57
Figure 3.20: Slew error VS K for FSAS......ooo e 58
Figure 3.21Total slew time VS K for FSAS ..ot 58
Figure 4.1: Accuracy: angular momentum e¥¢ and residual nutation angle ................. 62
Figure 4.2:Y( overY 5andy for OHC.......ccooviouiiiiiisceeeese et seee s 64
Figure 4.3Y( overY 5andp fOr FHC......cooiiiiiririeeeiseeeec s 64



LIST OF FIGURES

Figure 4.4:qp Hfor OHC aiming different target angles at zero spin rate perturbation......65
Figure 4.5¥( for OHC aiming different target anglat 1% spin rate perturbation...........! 66
Figure 4.6Y( for FHC aiming different target angles............ccovveerieieneeseesieeeieeeenns 66
Figure 4.7: FHQY( with -1% ~ 1%) : perturbations fof @ Tt.d.oeveevererececicreceenen, 67
Figure 4.8: FHQY( with -15% ~ 15%) : perturbations for @ Ttdieoreceririirieicrieennnn 68
Figure 4.9: overY 5and for OHC.......cooiiiirriiinsecee st sneee s 69
Figure 4.10: overY 5andy for FHC........ccccooiiiiiiiiiiiieeec e 69
Figure 4.11Y: for FHC aiming different target angles..............cccccevevveeeeveeeeeveveneneenn 20
Figure 4.12: FH: with -1% ~ 19%) : perturbations for @ T.dueceeveveievceicieeieeenee, 71
Figure 4.13: FH/: with -15% ~ 15%) : perturbations fof @ Th.d..ecveveveeivereiereeeeas 71
Figure 4.14r  overY 5andp fOr OHC .....oooiiiiiiiiiiicieeeee et 72
Figure 4.15R  overY 5andy for FHC........ccccoioiiiiicieencceceees e 73
Figure 4.16R  overY 5andp fOr OHC......ccoiiiiieieieiieeeeeee e 73
Figure 4.17R  overY S5andf for FHC......cccooiiuiuiieueieieiseececeeeeeeveee s U4
Figure 4.18Y( overY 5andl for OHC........cciuiuiuiviriiieeeesreseecres e enense s 75
Figure 4.19¥( overY 5andl fOr FHC ......ccooiiiiiiieeiceerise et 75
Figure 4.207: overY 5andl for OHC ..........ccoiieoviieiceceeeeeecee e eeene e 77
Figure 4.21:¥: overY 5and] for FHC.........cccoovoiiiieieeeeeeeee e 77
Figure 4.22%y- for FHC for differend values with zero spin rate perturbation.................. 78
Figure 4.23y: for FHC for differend values with 1% spin rate perturbation.................... 78
Figure 4.24rR  overY 5and) for OHC.........c.ccoouiiviieeiieceeeee e 79
Figure 4.25R  overY 35and] for FHC ...........cccoiiiiiveieeceeeeeecee e eeee e 79
Figure 4.26R  overY 5and) for OHC .........ocoeiioiiiieecieeeeee e 80
Figure 427:R  overY 5andl fOr FHC........cocvovoiiceeeeeeeeeee e 80
Figure 4.28Y( overY 5andp fOr OSAS......cccoiieiiieeeeeeee et eene s 82
Figure 4.29Y( overY 5andp fOr FSAS......oiiiiiiieieeeeee s senie s 82

Figure 4.30Y( for OSAS aiming different target angles at certain spin rate perturbatio®$
Figure 4.31Y( for FSAS aiming differentarget angles at certain spin rate perturbations84

Figure 4.32Y: overY 5andr for OSAS.........cccoviiiuiuieiriieeeeceeeeessseessssenes s 85
Figure 4.33Y: overY 3andy for FSAS.......ccooiiiiiiiie e 85
Figure 4.34R  overY 3andy for OSAS......cccciiiiiieieee et 86
Figure 4.35R  overY 5andr for FSAS......coviiiiiiiieeeceeeeeeeee et 86
Figure 4.36R  overY 5andp fOr OSAS......cooiiiiiiiiiirieeeeres e 87
Figure 4.37R  overY 5andf for FSAS........ccooiiiiuieiieececeemesc e enenss s 87
Figure 4.38Y( overY 5andl for OSAS .......cooriiiiiirieeeiee et sesie e 88
Figure 4.39Y( overY 5andl fOr FSAS........ooiiiiiirieeeeine s senie s 89
Figure 4.40:¥( over a range of ind# ratios at certain spin rate perturbations................. 89
Figure 4.41Y: overY 5and] for OSAS.........cccvceiiieuieieiiieemie ettt venes e 90
Figure 4.42Y: overY 3and] for FSAS........cccooiovivieeeeeeeeeeeeeeeeeeee s eeanas s s 91
Figure 4.43R  overY 5and] fOr OSAS........ccocciviviiiiie et 92
Figure 4.44R  overY 5andl fOr FSAS.......cooiioiieieieecee et eeean e 92
Figure 4.45R  overY 5andl for OSAS........c.coeieeeeeeieeeeeee e eeee e 93
Figure 4.46R  overY 5andl for FSAS........cocciiiiiiiieiesieeee e ene e 93
Figure 4.47Y( Slew Performance ovet5%~15% spirrate perturbations for FHC and FSAS
................................................................................................................................ 94



LIST OF FIGURES

Figure 4.48Y: Slew Performance ovet5%~15% spifrate perturbations for FHC and FSAS

................................................................................................................................ 95
Figure 5.1 Positions of the north magnetic pole (left) and the geomagnetic pole (right) between

LTI oo B2 0 L [5G | PSP 99
Figure 5.2: Positins of the south magnetic pole (top) and the geomagnetic pole (bottom)

between 1900 and 2015 [B3] ... cceeiiurrrieeeeiiiieeriiii e e et e e et e e e e e snrre e e e 99
Figure 5.3: An illustration of Z and H in singleagnetorquer SIeW..............cccvveeeeiiiceennnns 103
Figure 5.4: STRANEL CAD MOEL........ocuuiiiiiiiiiiie e 106
Figure 5.5: The Location of thedkis magnetorquers actuation System............ccceeeereen. 107
Figure 5.6: Slew trajectory of 90°manoeuvre near equatorial position in.orbit.............. 108
Figure 5.7: Z axis in RI frame of 90°manoeuvre near equatorial position in.orhit.......... 109
Figure 5.8: Magnetic field in ECEF frame of 90°manoeuvre near equatorial position irL0gbit
Figure 5.9: Slew trajectory &0°manoeuvre at medium latitude position in orhit............ 110

Figure 5.10: Z axis in RI frame of 90°manoeuvre at medium latitude position in.orbit.111
Figure 5.11: Magnetic field in ECEF frame of 90°manoeuvre at medium latitude position in

o1 o1 U PPURPR R 111
Figure 5.12: Slew trajectory of 90°manoeuvre near polar position in arbit.................... 112
Figure 5.13: Z axis in RI frame of 90°manoeuvre near polar position in orbit............... 113
Figure 5.14: Magnetic field in ECEF of fianoeuvre near polar position in orbit........... 113
Figure 5.15g50around equatorial regions with positive current in torquetr.................... 114
Figure 5.16 ¢ around equatorial regions with positive current in torquet.................... 115
Figure 5.17¥( around geomagnetic South Pole and North Pole with negative current in torquer

.............................................................................................................................. 116
Figure 5.18Y: around geomagnetic South Pole and North Pole................cccveeeerenen.... 116

vii



List of Tables

Table 2.1: Characteris of Earth's MOON..........ccooiiiiiiiiieiiee e 8
Table 2.2: Sensitivities overview for op&@op algorithms.........ccccceeeviiiiiiiiieee e, 23
Table 3.1: Nominal input parameters for SIEtONS...............ooevviiiiiiiiceeeee e e e 52
Table 3.2: Feedback SectArc Slew performance for differentdalues.................ccceeeeeee 59
Table 4.1 Input parameters for SIMUIAtiONS.............uuriiiiiiiceciiiiee e 63
Table 5.1 Geomagnetic poles predicted location for the year 2015.]63]............ccvvevreunne. 99
Table 5.2 Magnetic poles predicted location for tBarny2015 [63]...........ccveveeeriiiriiennnnen. 100
Table 5.3 Orbital parameters of STRaND...........ccooiiiiiiiiiiiee e 106

viii



List of Abbreviations and Acronyms

ADCS
AlAA
AMPTE
AOS
CAD
DC
DCM
DOF
DSS
ECEF
ECI
EHC
EJSM
EKF
ESA
FHC
FOV
FSAS
HC
IAC
IEEE
IGRF
IMU

Attitude Determination and Control System
The American Institute of Aeronautics and Astronautics
Active Magnetospheric Particle Tracer Explores
acquisition of signal

ComputerAided Design

DualCone

Direct Cosine Matrix

Degree of Freedom

Digital Sun Sensors

EarthCentred Earthixed Frame

EarthCentred Inertial Frame

Extended HaHCone

EuropaJdupiter System Mission

Extended Kalman Filter

European Space Agency

Feedback HalCone

Fields of View

Feedback &ctorArc Slew

Half-Cone

International Astronautical Congress

Institute of Electrical and Electronics Engineers
International Geomagnetic Reference Field
inertial measurement unit



LIST OFABBREVIATIONS ANBCRONYMS

ISI
JUICE
LCROSS
LEO
LEOP
MATLAB
MHC
MoonLITE
MPC
MSA

MT
NASA
NED
NEO
NSSDC
ODE
OHC
OSAS
PID

RI

RL

SAS
SFB

SS

SSC
SSO
SSTL
STRaND1
TDSS
TNS
TSC

Inertid Sun Frame

JUpiter IGy moons Explorer

The Lunar Crater Observation and Sensing Satellite
Leo Earth Orbits

Launch and Early Operation

Matrix Laboratory

Multi-Half-Cone

Moon Lightweight Interior and Telecoms Experiment
Model Predictive Control

Multi-SectorArc

Montana

The National Aeronautics and Space Administration
Spacecraft NorttieastDown Coordinate frame

Near Earth Object

National Space Science Data Center

ordinary differentiakequation

Openloop HaltCone

Openloop SectorArc
ProportionalintegrativeDerivative

Reference Inertial Frame

Rhumb Line

SectorArc Slew

Spacecraft Fixed Body Frame

SpinSynchronised

Surrey Space Centre

Sun Synchronous Orbit

Surrey Satellite Technology Limited

Surrey Training, Research and Nanosatellite Demonstrator 1

Two-axis Digital Sun Sensor
Technologicesky Nanosputnik
Two-SunCone method



List of Symbols

[

= 2 A

O O 0 O

Geomagnetic field

Geomagnetic field in X axis

Geomagnetic field in X axis in equatorial orbit
Geomagnetic field in X axis in polar orbit
Geomagnetic field in Y axis

Geomagnetic field in Y asiin equatorial orbit
Geomagnetic field in Y axis in polar orbit
Geomagnetic field in Z axis

Geomagnetic field in Z axis in equatorial orbit
Geomagnetic field in Z axis in polar orbit
Earth vector

Angular momentum vector

Final angular momentum vector

Angular momentum vector in RI frame
Angular momentum vector in SFB frame
Target angular momentum vector

Inertia matrix

Transverse moment of inex

Moment of inertia in SFB X axis

Moment of inertia in SFB Y axis

Xi



LIST OFSYMBOLS

O = Moment of inertia in SFB Z axis
o) = Number of spin revolutions

a = Mass

A = Quaternion

] = Sun vector

1 =  Torque vector

Y =  Torque (magnitude)

0 =  Time of start of slew

0 =  Time at the end of first actuation
(o] =  Time interval between first and second actuation
0 =  Timeat the start of second actuation
0 = Timedelay afte® (SAS)

0 =  Time of cancellation impulse

0 =  Thruster firing duration

0 =  Thrusteron time

W = Initial Z-axis attitude

@ =  Z-axis attitude after first actuation
@ =  Final Zaxis attitude

@ =  Target Zaxis attitude

| =  Azimuth angle

| =  Target azimut angle

i = Slew angle

) =  Target slew angle

- = Maximum slew error

- = Minimum slew error

Xii



LIST OFSYMBOLS

Cancellation impulse

Angular momentum error angle
Single SectoArc Slew duration

Final nutation angle

Ratio of inertias

Adjustment efficient for magnetorquer HC slew
Nutation angle

Calculated nutation angle

Angular velocity vector

Inertia nutation rate (precession rate)
Body nutation rate

Transvere angular velocity

Spin rate

Xiii






Chapter 1

|ntroduction

This chapterintroducesthe project background and motivatiorsvering
reference missiongelevant tothis research Research objectives amdvelies
will be discussed and an overview of the thesis structure will also be given in this
chapter.

1.1 Background & Motivations

Ongoing discovery and exploration of outer space continuously evolve and
innovate space technologySatellites and relevant techniques have been
providing information of terrailmnd atmosphere of celestial bodies. At the same
time, thesub-surfaceof said bodiesare also of great importance to be studied
since it will be moreikely to reveal the original body composition.

The robotic drill techniques are developed to investigdie inner layer of
celestial bodiesMission Phoenix Mars Land¢t] employed a robotic drill to
investigate the Martian subsurface. Curiosity Mars Rfjealso used drills and
collected sample powder from inside a rock target on Mdrs.€condway d
interior investigation is to use impactor. LCROB$ which used a destructive
impact on the moon to examine the composition of the ejected dust cloud, is a
successful mission exampl&nothermission concept considers deflection of a
Near Earth Object (NEO) by means of a kinetic impactoEbsopeanSpace
Agency (ESA)studied in the Don Quijote concdg] and NEOShield5].

Onereferencemission concept used throughout this thesithésPenetrator
missions. Penetrator is a cylindrical missiteaped projectile spinning around its

1



CHAPTER 1. INTRODUCTION

minor axis of inertia to penetrate a celestial body, burying itself th&

subsurface. Onboard seismometers, thermal sensors and other similar equipment

will be able to take measurementsitsfinterior. Japanese mission LurAr([6]

and British MoonLITE missionj7] usedthe mentionedPenetrator concept to

study the lunar subsurfacgnother mission concepgbnsideredvas a penetrator

carried bythe joint NASA-ESA Europalupiter System Mission(EJSMB3],

l anding on Jupit er[9.NowEIM hbhsebaen resesigned Eur op a
into a mostly European mission called JUICE (JUpiter ICy moons Exp[@r

With the benefit of the lack of atmosphere on the Moon in above missions or
other similar celestial bodies, passive spin stabilization is ususdiglas it is a
relatively lowcost means of stabilization. The secondso for choosing
passive spin stabilization is that it is suitable to achieve Jangée spiraxis
reorientations witlalimited numberof actuatorsavailableespecially with single
thruster.Normally the spacecraft requires equivalent numberscbfators to
conduct the attitude manoeuvre of a certain number of degrees of freedoms. With
a single actuator firing a certain moment during the passive spin revolutions, some
slew algorithms can achieve the aimadargeangle spiraxisattitude manoeuwer.

This PhD researcheviews the statef-the-art of openloop slew algorithms
and develops two novéeedback slew algorithms using single thruster, which
provides a new and more robust solutions to lamgygle attitude manoeuvre for
prolate spinney. Further a novel feedback slew algorithnusing single
magnetorquer is also developed to deal with the-gpigattitude manoeuvre
problem fornanoesatellites such &&U STRaND1 [11].

1.2 ResearchGaps

For the reorientation phase of the Penetrator mission, a fast, accurate and low
cost slew solution is required. Existing resear@:J%] on the prolate spinning
spacecraft attitude manoeuvre has developed a series of slew aigouging
singlethruster in two categories: Hatbne derived algorithms and Pulsain
algorithms. HaHcone derived algorithms consist of H&lbne (HC), Multi Half
Cone (MHC), Dual HaHCone (DHC), Extended Halfone (EHC), Sector Arc
Slew (SAS andMulti Sector Arc (MSA) slew, using the precession behaviour of
a spinning prolate spacecraft. Pulsin algorithms consist of Rhumb Line (RL)
and SpirSynch (SS) algorithms, which use a train of uniform torque pulses to
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achieve the attitude manoeuvre eltiming between two torque pulses is roughly
(for Rhumb Line) or exactly (for SpiSynch) equal to the spin period. Pulssn
algorithms can also be used for oblate spacecratft.

Both Halfcone family algorithms and Pulsein algorithms are opeloop
algorithms. There may be some doubts about whether Rhumb Line algorithm is
closedloop. Rhumb Line algorithm indeed requires the sun sensor to trigger the
torque pulsesdowevert he sun sensor doesnd6t provide
velocity information nto the loop to calculate the pulse directions nor pulse
durations. Strictly speaking, Rhumb Line is not a cldseg algorithm.

Due to the characteristic of opéop control, the Haltone family algorithms
are very sensitive to the inertia errors, Hteu firing time error and especially the
spinrate perturbationreviousanalysig16] shows that even with 1% spin rate
perturbation, the opeloop slew algorithms can result in more than 50°slew
errors, which can be treated as the failure of slews. motivated to introduce
attitude feedback to developddbackslew algorithmgo improvethe tolerance
of these perturbations

For nanesatellites especiallyfor cubesat missionshrusters areestricted to
its size and propellant consumptiamg thrusters araot usually chosen as the
actuators omanaosatellites Alternatively,other actuators such as magnetorquers
and momentumwheels are feasible in these scenarios. Magnetorquers can
provide sufficient control torque in Low Earth Orbits (LEQY] and also has a
small size, so it is widely used on nasacecratft, lik6sTRaND1 mission. Wu-
Beredel[18] proposed active attitude control system using permanent magnet and
Karpenkg[19] reviewed &itudecontrol system of the First Russian Nanosatelli
TNS-0 No. 1 Yet not much research has been done to give a solution for prolate

spinnerods | arge angle attitudhereimanoeuvr e
needto develop similar lowcost slew algorithms using singheagnetorquer
based orsinglet hr uster sl ew al gorithmsoé phil osoj

1.3 Project Objectives

Motivated by the lack of robustness over sgte perturbations and others for
openloop slew algorithms, the main goal of this research is to design possible
novel feedback slew algorithmsiag single actuator.

In order toachieve that, the main objectives of this research are:

3
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1 Toinvestigatehow attitudeinformationcan beapplied to slew control
algorithms for prolat.e spinners?o

1 To derive novel feedback algorithms using single actuator (single
thruster, single magorquer, etc.)coupled with passive spin
stabilisation basedon the attitude information or other feedback
information from the attitude sensors.

1 Toassesshe performance and the robustness of the proposed feedback
algorithms. Due to the high nonlinearity and complexity of the attitude
dynamics and controlte software simulation may be applied as the
major method to approach robustness analysis. The simulation results
will be included as comparisons with the state of the art -tgugm
algorithms.

1.4 Research Noveltes

This researclcontributes to newgcientific knowledge in the field of attitude
dynamics and controlThe key novelties are

1 Two novelfeedbackslew algorithms based on singlguster have
been designed and validated: Feedlddak-Cone slewandFeedback
SectorArc slew

1 A comprehensive robustness analysis has been performed on the
above feedbackslew algorithms using simulation tools, and their
comparison with their agoesponding opetoop slew algorithms

1 A novel feedbackslew algorithm based on singheagnetorquer has
been designed and validatdeeedbackSingle-Magnetorquer Half
Cone slew A thorough slew performance analysis of the slew
algorithmfor different orbital positioaare presented

1.5 List of Publications

Following publicationsoriginated from this research

1. Juntian Si, Yang Gao, Abadi Chanik, Slew Control of Prolate Spinners
Using single Magnetorquedournal of Guidance, Control, and Dynamjics
Vol. 39, No.3, 2015, pp. 719, 7270i: 10.2514/1.G001035
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2. Juntian Si, Yang Gao, Abadi Chanik. Slew Performance of Cliosgxl
Half-Cone Algorithm for Prolate Spinners Using Singléruster,
Proceedings oEuroGNC 2015 Conferenc&3 April, Toulouse, France

3. Juntian Si, Yang Gao, Abadi Chanik. Feedback Slew Algorithms for Prolate
Spinners Using Singl&hruster, accepted ¥ Acta Astronautica doi:
0.1016/j.actaastro.2017.11.044

4. Abadi Chanik, Yang Gao, Juntian Si, Modular Testbed for Spinning
Spacecraftacceptedby Journal of Spacecraft and Rocké (1) 2017 pp.
90-100. doi: 10.25141.A33586.

5. Abadi Chanik, Yang Gao, Juntian Si, Slew Control algorithms for Prolate
Asymmetric Spinning Spacecraft, under reviewJoyrnal of Guidance,
Control, and Dynamic201606-G000692.R1

1.6 Thesis Structure

The thesis has been written into the following chapters:

Chapter 2 reviews stateof-the-art openloop slew algorithms using single
thruster. These algorithms are categorized into {tale derived family
algorithms and pulstain family algorithms based on different working
principles.The review of feedback control thgas also given in this chapter.

Chapter 3 firstly introduces the mathematics behind attitude dynamics of
spacecraftThen two novelfeedbackslew algorithm using singléhrusterare
proposedEach algorithms characterised by a theoretical discussion followed by
simulation results.

Chapter 4 proceeds with the robustness analysis performethesefeedback
slew algorithmauising singlethrusterover spin rate perturbations. The robustness
analysis is compared with the corresponding results of-tmmgmalgorithms.

Chapter 5discusses a novidedbaclslew algorithm using singlmagnetorquer.
Firstly, Earth Geomagnetic field and magnetorquer working principles are
introduced in this sectiorthena novel halfcone slew algorithm using single
magnetorquer is developed in this chapter, followed bgléw performance
analysis

Finally, Chapter 6 concludes the PhD thesis and makes recommendations for
future work.
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Chapter 2

Literature Review on Slew Algo-
rithms Using Single Thruster

Previous researchers studied slew alpang for prolate spinners based on
single thrusters. The algorithms can be categorised by working principle: Half
cone derived or Pulsteain.

Half-Cone Derived Algorithms

In this categoryslewalgorithms are all derived from the basic Hadihe slew
as they use tharecessiobehaviouf20] of a spinning spacecrafthe philosophy
of these algorithms is to drive the angular momentum vector of the spacecraft
away from the spin axis by external torques, and the spaftewill start a
precession around the angular momentum. By designing the trajecibties
spinaxis and angular momentum vector, the following algorithms are developed.
9 Half-Cone
9 Multi-Cone
9 DualCone
9 SectorArc Slew
1

Extended HaHCone



CHAPTERS. STATEOF-THE-ART SLEW ALGORIHTSIUSING

SINGLE THRUSTER

Pulsetrain Al gorithms

These slew algorithms use a train of uniform torque pulses to achieve the slew
manoeuvre. The timing between two torque pulses is roughly (for Rhumb Line)
or exactly (for SpifSynch) equal to the spin period. These algorithms are also

usable for blate spacecraft.
9 Rhumb Line
1 SpinSynch

In this Chapter, firstly the MoonLITE mission concept will be introduced as

the mission scenario of singlBruster slew research background. Stdtthe-art

slew algorithms using singiruster will be discusse&xcept for Rhumb Line
slew, all slew algorithms mentioned above are dpep algorithms, and this will
be the foundation of developing novel feedback slew algorithms in Clgapter

2.1 Reference Mission Parameters

Eart hos Mo o n i s

t he

gsianr Tipee follownds are h e
several characteristics of Moon Shown in TaBlg, obtained from [8]. The

penetrator is firstly spun up and released into an elliptical orbit from its
mothership at an approximate altitude of 100km. It will then orbit for half a
orbital period until it reaches periapsis, which is the closest point to the Moon in

its orbit. Afterthat it will perform a deorbit operation followed by a laregngle

reorientation (about
moon sirface. Then the penetrator will performance a free fall under gravity and
impact the lunar surface. These operation sequences are detailed described as

follows and illustratedn Figure 2.1.

90A) ,

Table 2.1: Characteristics of Earth's Moon

Mass

7.3477 x10?kg

Volume

2.1958 x10° km?3

Equatorial radius

Polar radius

Volumetric mean radius
Ellipticity

Surface gravity

1738.14
1735.97
1737.10
0.00125
1.622

km
km
km

m/s

whi ch

makes

t

MoonLI

h e



CHAPTERS. STATEOF-THE-ART SLEW ALGORIHTMS USING
SINGLE THRUSTER

l. Release from carrier mothership

In order to keep the stable attitude of the penetrator during the orbiting, the
most efficient way is that the mothership gives both the spin rate and the first
deltaV to the penettor, which is released with rotation vector aligned \thih
positive orbital velocity vector. In this way, the penetrator will keep the most
stabilized phase for half orbital period before th@dat operation. With the help
of the passive spin stalziéition, the rotation vector does not change with respect
to inertial space. After the release, the mothership will also require an active orbit
manoeuvre to avoid possible collision with the penetrator. The mothership will
then continue with its own missi.

Il. Keep spinstabilized inertial position during coasting phase until periapsis

This is the longest phase of the Penetration mission, lasting approximate 60
minutes. During this period of time, some ldn®quency behaviour (e.g. grawty
gradient torquefas time to develop. The controller may perform a rough nutation
control in this phase. Other types of disturbance torque such as solar radiation
pressure, nonigid phenomena due to fuel sloshing may take effect. Magnetic
disturbance torques are negligitbor theMoon, howeverjt could be more severe

A

for other targets such as Jupiterods moon

lll.  Perform deorbit burn to eliminate the orbital angular velocity

When the Penetrator reaches the periapsis;ahdeburn will be performed
to deal with the previous defa provided by the mothership. A solid rocket
motar, for instancewill take care of this delt¥. Initial calculations using a lunar
approach orbit with apoapsis at 100km and periapsis at 27 km may require a
propellant mass of up to 50% of the total mass. This means that afterdHatde
burn, the totamass and inertia tensor of the Penetrator will be significantly
different from the original Penetrator and it has to be taken into account when the
slew is calculated.

IV. Perform 90°eorientation manoeuvre to make the Penetsitarpend
facing lunar suice

This is the major design part of the entire penetration for the Attitude
Determination and Control system (ADCS). After the-odeit burn, the
Penetrator will free fall to the lunar surface. There is very limited time left for the
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Penetrator to performm 90°reorientation to get noskrst attitude before landing.
Based on the calculation using the orbital parameters above, areeonly
approximaté/ 3-4 minutes for this phase. The reorientation aims to minimise the
attack angle of the impact to reduthe impact forces. ADCS rssponsiblgor
minimisingthe attack angle as well as to provide nutation damping. Smart slew
algorithm is required to achieve the reorientation goal in this phase: fast, accurate
and low cost.

Release and drift -
from Orbiter Deceleration

Manoeuvre

Reorientation

Penetrator i
Separation

«MoonLITE

(Moon
:.Itght.we:g?ht Penetrator & PDS

L surface Impact
Telecom

Experiment) e

Figure 2.1: MoonLITE mission profile and description [21]
V. Impact

At the end of the mission, the Penetrator impacts the lunar surface. The slew

accuracy needs to satisfy the predetagdilimits.

2.2 Half-Cone Method

Half-cone Method is the basic model of all the Hadhe derived algorithms.
It uses the fundamentglyro precessiorj22] activity of a spinning symetric

10
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prolate rigid bodyThe philosophy of this method is using active control torque
applied to the spinning axis to drive the angular momentum away from the spin
axis and to start the precession. The spiis rotates around thangular
momentum and the slew will be cancelled by a cancellation torque of the opposite
direction with the initiating torque when the siris achieves the target
direction.

In order to simplify the illustration, thrust directidéchosen such that will
generate a positive torque around the SFBx¥. As an example, the thruster
could be located on the negativeaXis with thrust vector parallel to the negative
X-axis. With respect to the-A reference framehe thruster then rotating with
an anglar velocity wy (body nutation ratedround the Zaxis and will make one
half revolution every* Xl  seconds] is the inertial nutation rate. The
definitions of body nutation rate and inertial nutation rate will bestitated in
Chapter 3

However, this reference frame itself rotates ap(ftxed if no external
torques applied) with an angular velogity and will make a half revolution
every“ T  secondslt is assumed that the torque impulse is comparabhn
impulsive, which means the firing duration is much smaller than thgpin
period.

The haltcone method implies the following sequence (Begire 2.2) of
events wher@) is the inifal attitude of the Zaxis ato mand® is the target
attitude of the Zaxis:

i. At t<0 the spacecraft is in pure spin aroundijtsaxis, noprecessioris
applied. H is parallel withd) .

ii. At t=0 the spacecraftis aligned such that thex¥s is normal to the plane
Z,- Z,and the thrust vector generates an angular impulse (n +Y
direction p oi n £ axis.gThi® impulse digplacés the h e
angular momentum vector away from #eaxis with an angle equal to
half theZ,- Z ande. This displaceth wi | | be callwled o0interl
later on.

iii. Fort>0 the spacecraft start a precession motion around the intermediate
7 Vvector with angular velocity; . No torque is applied at this phase.

11
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iv. When“ X (exactlysinglehalf precession period later, the instantaneous
Z-axis is in the desired positiods & ). To stop the precessianotion
a second angular impulse is required, in magnitude equal to the first one
(from stepii), in order to realign thEl-vector with the Zaxis. Relative to
the rotating ZH plane the second impulse vector is the exact opposite of
the first impulse. (Note though that relative to the inertial plane the
enclosed angle is ).

1,2

4,5

Figure 2.2: Sequences of eves for Half-cone manoeuvrd12]

v. In the meantime, the thruster has rotated relative to-#Helane bywt
radians. In order to be in the correct position to generate the second
angular mpulse discussed in stég equal in magnitude but opposite in
sign (relative to the A plane) to the first impulse from stepthe thruster
should therefore have rotatéek +1) half revolutions (equal t¢2k+1p
rad), wherekis a nonnegative integer.

Figure 2.2 displays the trajectory of the-@xis tip as a solid grey line in the
inertial frame. The constraint mentionedtepv. can be formulated as a relation
betweenk andg :

t=-P_ sk B)Wp @, (% 1) (2.1)

W

12
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wy=(2k 9wy Ul -y (X 1}||+H—"
l (2.2)
U cos@)= (%« +1)1_/—/

This last Equation (2.2) gives a relation between the number of half
revolutions made by the thruster around thexis after half precession ofakis
around intermediatéd and g, the nutation angleNeedless to sa this is not a
time-optimal solution but it is necessary® _ p.

X H

0.5

-0.5

-1

Figure 2.3: Z-axis ands) vector trajectories in inertial space Half-Cone

Figure 2.4plots Equation2.2) for several values of , from 0.0121 to 0.5.

The figure shows rapid decline in the number of possible nutation angles and
the maximum possible angles a&creases.

The angular impulse that should be deliveret=dtcan be derived:

U,, =tan@)|Ho| =tan(q, ; (2.3)

13
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1 1 1 1 1 1
0 5 10 15 20 25 30 35 40
k[

Figure 2.4: gversusk for several values of/ [12]

2.3 Multi -Half-Cone Method

The previous discussion and simulation results were for a singledradt
One use of the MuliHalf-Cone manoeuvre is to create a sequence ofcoalé
manoeuvres in order to get to a specified attitéifgure 2.5 illustrates a Multi
half-cone slew. Itssimplest form consists of two hatbnes with identical
nutation angleg. This would mean torque required to start the nextdaie
can only be delivered after the torque to end the previouscbad has been
delivered. The pating error increases with each hatine manoeuvre for
identical nutation angles. However, it could be overcome by designing different
nutation angles for each cone, which adds the set of possible accurate slew angles.

Multi-Half-Cone method increasesetirange of attainable slew angtés
Aside from that, one advantage of using a MHkilf-Cone approach can be seen
in the angular impulse required. Using the dotbigle formula for the tangent:

_ 2tan@) |

G,, =tan(2g )|H,| m z

(2.4)

Equation 2.4) suggests the impulse required for a single-baife with
nutation angle—will always bep¥ p o & é— times that of a double hatone
with angle—However, the time required fidre manoeuvre will be higher for the
Multi-halfcone approach &increase with decreasingaccording to Equation
(2.2.

14
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Z
X H

Figure 2.5: Z-axis ands vector trajectories in inertial space Multi -half-cone

2.4 Dual-Cone Method

One method newly derived at Surrey Space Centre is thedonal method
[21]. Based on the Muklhalf-cone manoeuvre, this methoahsists of two Half
cone manoeuvres with identical nutation angles performed in series. The most
important difference with respect to the Mtitlf-cone manoeuvre, however, is
that the azimuth angle between the twogalfies &;,; asshown inFigure2.6) is
not 180 but variable. Combined with an algorithm that can choose a nutation
angle based on the desired slew angle this method ensures that any final
slew/azimuth angle combination can be attained, with ofiéyvaexceptions for
relatively large values df.

First of all, the nutation angleis calculated using the ideal angle ¢ 4-the
Otargetd nutati on a nkalf-€ne mMameuvrewhithteedr a nor
half-cones would exactly yield the target slew angl®ue to Equatio2.2), this
ideal angle is always not obtainable. The algorithm will choose the closest
obtainable nutation angle larger than the ideal. do be precise, a lower value

f okb 6 s calcul atedb.first with Equation (

15
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Figure 2.6: Dual-Cone design12]

e1ra 1- / G
k = floor & os@g F— -1 4
gagéi @ / g (2.5

Assuming identical nutation angles the spherical trigopnometric identaies
now be set up in order to determine the azimuth angles for eaetohalfa; and

aint :

_ cosi)
cosp- &) = eos(;g ) m (2.6)
Sinta, - ) =in( p - @5 @27

The Duaicone is significantly more flexible than the Hatine or Multihalf-
cone manoeuvres as it can attain the required slew angle with a much higher
accuracy.

For relatively large values of |, the lited number of attainable nutation
angles may prevent reaching any slew angle. This is most relevant/wires
in the next regions:

1/(f2+1) °0.41 & B4 02K
and

1/(3/2+1) ©0,1907 # 2/6 166K(

16
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2.5 SectorArc Slew

The SectoiArc Slew[23] method is an enhancement of the Haihe method.
The difference is that it provides additional degree of freedom of the algorithm
by not constrainig the angular moment to be coplanar with the initial and final
spin axis vectors, therefore the nutation argtan be chosen independently
from the desired slew angle

SASs can consist of any number of sector arcs. For the purposes of describing
the SAS method in detail, we only discuss the slew of only one sectdiiratc.
we must define the four angldsat characterize a single sector arc as described
on a unit sphere with origin at point Wehere spherical trigonometf24][25]

applies
A C
A m

Figure 2.7: Definition of SAS Fundamental Angles

As shown inFigure 2.7 the spin axis unit vector translates from point A to
point C, around the angular momentum vector located at point B. The angles are
defined agollows:

A —(the angle AO-B): the nutation angle. This is equal to the arc length from
Ato B.

A 1 (the angle AO-C): the slew increment performed by the sector arc. In the
case of slew with single sector arc, this represents the target slew angle. This
is equal to the arc length from A to C.

A | (the spherical angle-B-C) : the O6azimuthdé angl e
defines how far from the idea path the angular momentum vector is
positioned during the sector arc.

A | (the spherical angle 8-C): the anglethrough which the spin axis
precesses about the angular momentum vector during the sector arc.

17

of



CHAPTERS. STATEOF-THE-ART SLEW ALGORIHTSIUSING

SINGLE THRUSTER

Similar with Haltcone slew, SAS also requires to calculate the thruster time
profile to guide the slew. Given the staring slew epockhe starting firiig time

0 and cancelation firing timé can be calculated by:

tS:tO {A
t =t +the

(2.8)

The summary of calculations of referred intermediate variablaadYo

and four funamental anglesfi h fi ) are provided ifFigure2.8. That is all that
is needed to implement the algorithm for a general single sector arc SAS slew.

INPUTS

COMPUTE PARAMETERS

! Slew Angle B

.1 2x
A== r!: .
1, (1-A)w,

iNumberofSpins \"?'/ P -

P .
G(8) = cos(#)+sin’ (@) cos| (24 +1)-—
L

A

T
. —c -0
1-4 cos(f))J cos(f)

Numerical Solution of 6 (Newton Raphson etc.)

! Slew Epoch th

L 3 i y=a [lk+l}-]”—'q-.~uc(01
i -4

i

i Principal
; |
i Momentums Ty

i of Inertia I

: |
i Spin rate S
;

COMPUTE THRUSTER PROFILE

Figure 2.8: Summary of SAS algorithm

From the'O— equation,—cannot be easily solved analytically; however, it is
possible to perform a numeric solution of the variable.g. via the Newton
Raphson method). This step could be implementebloand via a lookup table

if deemed necessary to avaid-board numerical iteration.

Given a

target

sl ew angl e

18

‘ |
Ao =412 w |

|

| sin(p)sin(é) ;== !
N J [ u !
1

1

b ,anumbee SAS
of spins, k, which makes the SAS algorithm optimizable for minimum slew
durations, minimum angular impulse magnitude required or least net propellant

s |

ew
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mass consumed. The parameter k can be tuned either in advance of the slew based
on a priori knowledge of slesonditionsor in reattime viatheon-boardsolution
of the costfunction minimization problem.

2.6 Extended-Half-Cone Method

Extendedhalf-cone isa combination of two partial half cones of the same
shape and size, as showrFigure2.9.

Figure 2.9: Extended-Half-Cone design1]

The Extended Hal€one algorithm recalculates the hatine properties such
that the cancellation pulse will always cancel out the precession motion but not

necessarily after one hatf; revolutions. The algorithm firsiaéculates the value

ofk that is closest to generating the requested valusng:

k= roundglg,gosq )u 18 (2.9
é2¢ / =

Then it initiates a hal€one with nutabn angleg as requested, except that the

cancellation pulse is fired aft€k+1p/ seconds. This means that thexds

19
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will not traverse exactlygsg on the precession circle as for the Haihe
manoeuvre, but slightly more or slightly less, depending on wheteepunded
off to ceiling or floor, respectively. The difference between the exacichak
angletgog and the angle traversed in repalitis defined as the error angég and
is calculated in Equatio(2.10). Since the inertial nutation ratg is constant
during the precession, the sectfoaf the precession circle traversed by the Z

axis can be calculated &s(t, - t) .

2
€ = P- 2k B

i / 2k+f (2.10)
—pg 1-/ cosgqg

2.7 Rhumb Line Method

The Rhumb line manoeuvre is a manoeuvre where guianmpulse is given
after detection of a certain inertial reference such as the Sun, approximately once
everyw, revolution. The resulting motion is characterised by the fact that when
plotted in a Mercator plot with the inertiadference at the pole, the trajectory of
the angular momentum vector would yield a straight line (constant heading angle).
The time delay between pulse detection and angular impulse generation is tuned
by the control algorithm to generate a certain headimge based on the attitude
reorientation requirements. The angular momentum vector is modified on a very
regular basis during the manoeuvre (more or less once &very secondyj
usually by very small increments, as opposed to evietfor a single Haltone

or Sector Arc Slewkrigure 2.10s a presentation of RL slew.

Van der Hg[26] adds that for a major axis spinnér>1), the spin axis will
realign itself passively with the angular momentum vector while minor axis

spinnerg/ <1) tend to have an active nutation daenthat takes care of this.

20
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As the Rhumb line simulation model used relies on a sun sensor to generate
the torque pulses, thisdrtid Sun Frame (ISI) will be used as the inertial frame
of reference instead of the RI frame. The Sun vector S is by dafimit[12] in
the ISI frame, while the ISI Yxis is parallel to the croggoduct of Sun vector
and initial spin axis. The ISI Jé&xis completes the rigitanded orthogonal

coordinate.

Z axis (SFB) in RI = colour-coded for time

Figure 2.10: Z axis andg vector trajectories in inertial spaceRhumb Line[12]

2.8 Spin-Synchronised Method

Another potential manoeuvre exhibiting nyagimilarities to the Rhumb line
i's asyvysphnoni sedd man o esynchirethifdachnente vi at ed
in which one pulse per spin revolution is given without using an external reference.
Though it appears similar to the Rhumb line, the trajgctb its angular
momentum vector is in general not a straight line in a Mercator plot; neither does
it have the singularity at the pole. Fig@r&l shows the trajectories of the angular
momentum vector and the spin axis for both the Rhumb Line ar@pth&ynch

manoeuvre.
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= Spin axis RL
* HRL
‘== Spin axis S-S
H S-S

Figure 2.11: Comparison Rhumb Line- Spin Synch: Zaxis

and H -vector trajectories in inertial space[12]

This method is easily confused with the Rhumb line method, likely due to the
fact that for small slew angles or trajectories near the ISI equator, the difference
between Rhumb Line and SpBynch is almost invisibl®ne paper of Furukawa
[27] starts off discussing Rhumb Line method but then assume a constant inter
pulse time, which transforms it into a Sgiynch SlewWu and Gad28] apply
nonlinear optinization for precise Spin Sync slew control for spinning spacecratft.

2.9 Sensitivities to Perturbations for Open-
loop Slew Algorithms

In practical space applicationsuch asspinrate perturbation, inertia
perturbation and thruster firing timegror exist all the time as described in Yu
[29]. Usually, the robustness analysis using Taylor series approximpg@n
Geometric method and Simulations. Among three methodologies, simulation
clearly shows how these perturbations influence the slew algorithms and all
perturbed parameters can be analysed. According teirthdation results from
[16], the summary of the mentioned odenp slew algorithms is as follows:

M All half-cone derived algorithms are extremely sensitive to a
perturbation irthe spin rate, including the SS slew control algorithm.
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As summarised bji6], a 1% deviation in the intended spin rate will
result in a deviation aiH and Dz between 50°and 80°?

9 The Rhumb Line slew is deemed to be the most robust slawot
algorithm, with moderate effect in all perturbed parameters. However,
one significant analysigesultworth mentioning is the highH value
when theperturbationis introduced within a range of transverse
moment of inertia, gp-axis moment of inertia and spin rate. The
maximum value obH reaches to 205 30°and 20°respectively.

9 The only two parameters that contribute to a minimum effect of
perturbation are the spaxis moment of inertid, to Spin Synch slew

and the thruster firing duratiohy to the halfcone derived algorithms.

Thesensitivitiesoverview of these opeloop algorithms is lied inTable2.2.

Table 2.2: Sensitivitiesoverview for opentloop algorithms

Algorithms ", P I, L

HC derived slew| High Medium | Medium  Low

SS slew High Low Medium  Medium
RL slew Medium | Medium | Medium  Medium

It can conclude thsensitivityanalysis from Tabl@.2 that HalfCone derived
slew algorithms are extremely sensitive to spinjratgerturbations, and even
1% of perturbation will cause up to 80°f slew error¥fOandY¢ This means
the failure of the slew. For inertia perturbations, sucioasnd’Q the slew error
is moderate (ii16], sensitivityanalysis shows that for 1% inertia perturbations,
the slew error is around 53. The thruster firing errd o e s n 0 t show muc
influence over the slew performance.
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2.10 Feedback Control Theory Review

Feedbac31][32] is extensively used in contrdheory, using a variety of
methods including state space (controls), full state feedback (also known as pole
placement), and so fortkeedbaclattitude controindicates a control algorithm
that uses the complete attitude quaternion, and possibly atsdl@ttates of the
spacecraft for the control loofherefore,Rhumb Line slewis not a rigorous
Closedloop algorithmthough ituses feedback as the trigger of firing thruster
from a Sun sensoHowever, the feedback in Rhumb Line slew does provide a
better robustness than other algorithm choices and make RL not that sensitive to
the perturbations in the spin rate as well as the error of initial attitudes. It also
confirms the necessity to develop feedback slew algorithms for spinning
spacecratft.

In a narrow sense, the variable iolosedloop control is measured and
compared with a target value. This difference between the actual and desired
value is called the sor. The closedloop control manipulates an input to the
system to minimize this error, which is illustratedrigure2.12.

Initial Attitude Angular
Velocity andAttitude

Desirec d
Attitude v¥, I
T ] Atitude Attitude
Controller » Dynamicsand
[ T Kinematics ¥
P =
h Attitude .
g Determination| Filters | Sensors
) ) Orbit Paramete

Figure 2.12: lllustration of closedloop control
This type of closedoop controller is especially suited to deal with minor

disturbances on the system as they can detect a digression of the reference path
and take corrective actioaccordingly. There are several strategies for the
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calculation of this corrective action, giving several types of ciksep feedback
controllers. The most weknown control mechanism (controller) ithe
ProportionalintegrativeDerivative (PID) controbs explained in Oga{&3]. A

PID controller calculates an "error" value as the difference between a measured
process variable anthe desired setpoint. The PID controller calculation
algorithm involves three separate constgmérametersand is accordingly
sometimes called threerm control: the proportional, the integral and derivative
values, denoted P, |, andrBspectively

There are several other strategies for the calculation of thisctioe action,
giving several types of feedback controllers. Some of the most widely used ones
are Model Predictive Control (MPC) as explained3d][35], and Hinfinity
control as explained by LeidB6].

There is a vital problem faced with PID controllers and other feedback
controllers that they are linear. Their performance in-lhar systems is
variable.The dynamics of &pinning spacecraft is a highly ndnear system
plant[37]. According to Wang38], only for the deviation not too muchomn the
referencethe dynamics of the spinning body can be trta@® close to a linear
one. That 0s t h e-loop eantsob alwaysv deals with onsar d
disturbances and attitude stabilization.

Non-linear control systems use specific theories (normally based on Aleksandr
Lyapunov's Theory) to ensure stabilitytout regard to the inner dynamics of
the system. The possibility to fulfil different specifications varies from the model
considered and the control strategy chosen. There are severaewalbped
techniques for analysing nonlinear feedback system,asi€rescribing function
method[39], Phase plane methdd0] and Lyapunov stability analysigl1].
Control design techniques for nonlinear systems also .eXis¢se can be
subdivided into techniques which attempt to treat the system as a linear system in
a limited range of operation and use (Wealbwn) linear design techniques for
each region, such as Feedback linearizgd@j (e.g. applied by Choi if43]).
Other designing methods are mostly based on Lyapunov theory such as Lyapunov
redesign, Backstepping methget], [45], etc.

The main precondition for closddop feedback control is the availability of
complete attitude feedbackomplete attitude determination for tepacecraft
requires additional sensors and a sensor fusion algorithm. Candidate sensor
packages are e.g. the combination of a Sun sensor and a horizon sensor, which
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does require the penetrator to be in sunlight, or a star tracker. Accuracy can be
improvedby adding aniMU, at the cost of added complexity. The standard sensor
fusion algorithms used is an Extended Kalman Filter (EKF), several flavours of
which are discussed in Crassidis et[46] . An EKF version specific for spin
stabilised spacecraft is the SpinKF detailed in Markley and S¢digk The
attitude determination method will be illustrated in Apperlix

2.11 Summary of State-of-the-art Slew
Algorithms

In this chapter, statef-the-art slew algorithms for spinning spacecraft are
discussedThe algorithms can be categorised by working principle: -Elatfe
derived or Pulsérain. Except for Rhumb Line slew, allew algorithms
mentioned above are opéop algorithmsThe existing tradeff analysis[14]
indicates that HalCone derived algorithms have better slew performance overall
when perturbations are not appliddowever, thesalgorithms are extremely
sensitive to sphmate perturbations.

The improvement of slew performance of Rhumb Line and Spin Synch slew
has not been obviously withessed over years. It is of great interest to develop
feedback slew algorithms based on Hatfne derived algorithms from the slew
performance and robustness concern.

26



Chapter 3

Novel FeedbackSlew Algorithms
Using Single Thruster

The existing research reveals the sensitivity of efmap haltcone family
slew algorithms over spin rate perturbations. Bee#l slew algorithms design is
motivated since attitude feedback is believed to improve the robustness of the
control system. In this chapter, some mathematical background is introduced
firstly for the convenience of describing the algorithimbe feedbackslew
control schemes are also introduc&ten two novel feedback slew algorithms
using single thruster are introduced: Feedback-Balie Slew and Feedback
SectorArc Slew, followed by slew performance simulations of these newly
developed algorithms.

3.1 Mathematical Background

In order to illustrate statef-the-art slew algorithmsndfeedback algorithms
using singlethruste, some of the mathematical backgrounds are required and
help to understand the algorithms betfEhnis sectiondescribs the reference
frames, attitude kinematics, and dynamics for spinning rigid.

3.1.1 Reference Frames

Attitude orientations always defined with respect to a certain reference fame.
Usually, the reference frame is defined with the spacecraft body orientation,
flying directionsand the Inertial Referencelowever,Earthd smagnetic field is
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also taken into account sometimes when dealing with magnetic attitude aontrol
Chapter 5In order to specify the orientation of the spacecraft and its position
during the orbiting, coordita systems definitions are given firBbr a more in
depth review of thenathematicabasis behind reference frames, see Wg],
Section 1.1 to 1.2.

3.1.1.1 Spacecraft Fix Body (SFB) Frame

SFB fixes its origin at spacecragntreof massFor a prolate spinner, Z axis
is defined as its spiaxis while X and Y axes are normal to Z axis and form fight
handed orthogonal coordinate system. Within SFB frame, the inertia properties
can be easily obtained and are constant in most cdsesused to describe
Sspinning spacecraftods dynamics.
V4

SFB
3

D)

0 Yo

ANNARR

Figure 3.1: Spacecraft Fixed Body (SFB) Frame

3.1.1.2 EarthCentred Inertial (ECI) Frame

ECI coordinate frame has its origins at the centre of mass of the Esarzh
axis is along the spin axis of the Earth, pointing to the North Pole. Its X axis points
to the vernal equinox, where the ecliptic crosses the equator going from south to
north. Y axis forms the rightanded principle with Z and X axes.
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North Pole

Earth Celestial sphere

Ve

Vernal Equinox Ecliptic plane

Equator plane

X

ECI

Figure 3.2: Earth-Centred Inertial (ECI) Frame

3.1.1.3 Reference Inertial (RI) Frame

Reference Inertial frame is a psetidertial reference frame with its origin in
the spacecraftodos centr e thole EQli&ans.. Axes

3.1.1.4 EarthCentred EartiFixed (ECEF) Frame

The ECEF coordinate system rotates with the Earth around its spin axis and
has the following definitions: the origin is located at the centre of the Earth; the
Z-axis is along the spin axis of therlg pointing to the North Pole; the-ais
intersects the sphere of the Earth at O9atitude and 09ongitude; theaXis is
orthogonal to Z and X axes with righéind principle. In thipaperthis coordinate
is used to describe the saatellite pointdé | ocat i on.
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North Pole

Earth Celestial sphere

> Yecer

Greenwich Meridian

Equator

ECEF

Figure 3.3: Earth-Centred Earth Fixed (ECEF) Frame

3.1.1.5 Spacecraft NortftastDown (Spacecraft NED) Frame

The spacecraft NED frame is associated with the spacecraft. Its origin is
located at the ceére of mass of the spacecraft; theaXis points toward the
ellipsoid north (geodetic north); the-&kis points toward the ellipsoid east
(geodetic east); the-2xis points downward along the ellipsoid normal. This
coordinate system is frequently used ésctribe spacecraft local magnetic field.

Earth Celestial sphere

-------

Figure 3.4: Spacecraft North-East-Down (Spacecraft NED Frame
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3.1.2 Attitude Kinematics

Attitude kinematics theory aims to describe the object's attitude as a function
of time and angular velocity in one coordinate frame. First of all, the question
should be posed how the attitude is expressed mathematically. There are a number
of methods for that, such as Euler angles, rotation matrices, attitude quaternions
and Gibbs paraeters The first three are widely used in practiaed the
following sections willdiscusghem in detailFor anin-depthillustration of these
attitude expression method, see $4di], Chapter 4.7.

3.1.2.1 Rotation Matrices

A Rotdion Matrices (also called Direct Cosine Matrix, or DCM) is commonly
used to described the relative attitude between two different reference frames (e.g.
the SFB and RI frames) defined in a thodmensional space. This square o
matrix is used to expreske rotation required to align the first frame with the
second. This kind of matrices is useful in obtaining the coordinates of a vector
relative to the second frame when it is given in the first frame.

The rotation matrix is also one format of attitudéough it contains nine
elements in each, these elements can be reduced to three independent variables,
which is easy to be understood for-®attitude. However, a matrix is not very
understandable fromangnr of es si onal personbés point

The rae of change of the DCM over time is a function of the angular velocity
¥ . It can be shown that this relation is given by Equatit). Combining this
kinematic equation with the attitudgrthmics equation gives a set of equations
for the change in attitude over time as a result of disturbance torques. This set can
then be integrated to obtain an equation for the attitude at any time. Numerical
integration tends to be the only possible aptiio most cases, but special cases
may allow analytical integration.

60w u
=(DCM)gw, 0 - 3.2)

d(DCM)
dt
g—Wy w O

3.1.2.2 Euler Angles

Euler angles give the clearest view of the relative attitude and the rotation
between tw frames. The Euler angles are defined as the rotation angles around

31

0]



CHAPTER3. NOVEL FEEDBACK SLEW ALGORITHMS USING
SINGLE THRUSTER

the body axes as follows: the roll anglearound Xaxis, the pitch anglearound
Y-axis and the yaw angtearourd Z-axis.As stated ir8.12.1, only these three
independent variables are required to define the rotation matrix. However,
different rotation orders give different rotation matricelsually, a rotation
matrix is set up by imaging a sequence of rotatsuth as yawpitch-roll, also
called a 32-1 rotation sequence. It means that a pure yaw motion is performed
first, then pure pitch, the pitch roll. The DCM fo¥23l rotation is given by
Equation(3.2).

(DCM) 3

e cosg cosy cos gsin y - sin g
24:05/’ siny $in jsin gos y cOS ¢os jsin sjn sig  J8in co
é sin/ sin y+ cossin gcos y - sSin £0S ¥ COS gin Sin  )€0S CG

(3.2)

The kinematic equation for theZ1 rotation sequence relates the time rate
of change of the Euler angles yaw ), pitch (¢) androll (+ ) to the angular
velocity ¥ and is given by EquatiofB8.3). These kinematic equations have a
singularity ay=90". This singularity can bavoided by switching to a different
rotation sequence when in the vicinity, but this only moves the singularity
somewhere else.

S = W K pysin j+,ems )tAn
g= ycos j- ,8in ] (3.3
Y =(wsin j+ ,wo0s )sec g

The advantages of Euler angles are they Hire easy to understand and present
fewer variables to compute than a rotation matrix. The disadvantage of this
representation is the fact that when computing the rotation matrix starting from
Euler angles, trigonometric functions (sine, cosine etcd teebe used, requiring
additional computing effort. Furthermore, when inverting the calculation
singularities will occur for some certain attitude. The last not the least, different
rotation sequences give different Euler angles for the same rotatiar. matr

3.1.2.3 Quaternions

Quaternions are introduced to eliminate the singularities and ambiguities
caused by using Euler angles. An attitude is represented by four elements
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constituting a fowelement unit vectol . The underline is chosenete to
differentiate this fowelement vector from the thredement vectors as force,
torque, velocity etc. The definition of quaternions uses the Euler eigenaxis
theorem, which states that any change in attitude inla space can be
represented by onetation axis, the Euler eigenaxis, in combination with the
angle of rotation around this axis. There are four variables which can be obtained
from such a representation: thel@ment unit vectdfe. &, &)] pointing the eigen

axis and the arlg of rotatior? . A mathematical rearrangement of these variables
yields the fourelement quaternion:

eq, @éesin@/2)
q= ng 3__292 sin@ /2)

ég, Uéesin(a/2)

é " ué

&y | éecos(@ /2)

(3.4)

Of these four elements, 9,,0; are called the imaginary components @nd
called the real component of the quaternion. Sometimes, the realpdefined
as the first elementf éhe quaternion.

When the angular velocity vect®r=[w, w. &' is known, the rate of the
guaternion can be expressed akquation 8.5):

A -ma A (3.5)

Square brackets around a quaterfiiddenote tk quaternion is converted to
its corresponding 3x3 DCM using Equati(36).

[q]  DCM(q)
“-% & & 2a% % 24 9
=€ 204 ~%0h) ¢ & ¢ g+ 2(pq qor
6 2%+ %d)  2A%%-q4a) 4 & & &

(3.6)

Equation (3.6) indicates that the calculation of the rotation matrix using
guaternions only involve the basic addition, subtraction and multiplication. This
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IS a computational benefit compared to the Euler angles, which require the
trigonometric functions.

3.1.3 Attitude Dynamics of @&eneric RigidBody

The general equation of attitude dynamics for a rigid spacecraft are given by
the Eul er 6s (Bd)naecarding ® &idi40F i o n

U=1"v+ YB3 (3.7)

where:

1 "Osthe moment of inertia matrix in SFB;

¢ ¥=[w, w. & is the angular velocity vector of SFB with respect to RI,
expressed in the SFB frame, and its time derivative.

¢ U=[z,, ¢ JJis the vector of exrnal torques expressed in the SFB frame

For the moment of inertia, it has varied definitions. It could nae@aamoment
of inertia in thestructuralanalysis as illustrated by Meriam and Kraj§6], but
in this thesis andesearchit is referred to thenassmoment of inertia. In case
the SFB axes coincide with the principal axes of inertia, the inertia Nasrex
diagonal matrix and the vector Equati(@7) could be converted to the set of
scalar Equation€3.8) according to Sidj49].

[lex.'ﬁ/'(ly I'z) WA
ty=lyy «l, 1) wy (3.8)
l‘zzlz.W-l(lx I')) W)}‘

3.1.4 Attitude Dynamics of Spinning Body

If assuming the body to be in a pure spin around taiZ, withw, andw,
small enough (with reget tow; ), their product can be negligible. And if there
are no external torques applied to the body"({ = €), the set of Equations
(3.7) can be converted to:

Wx=§|— gy Z (3.9
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P Pl P (3.10)
y (? |y 9 .
Ww. =0 (3.1)

4
Equation (3.11) indicates that the spin rate, is constant under the
assumptionWith this fact in obtaining théerivative oi% from Equation(3.9)

gives:

I, -1 9
iy = g Gy v (312
C X -

al ,, - - 0
i, =gt — g gf)wil (3.13

Equation(3.13) is a second order linear ordinary differential equation (ODE)
in17 . The typical solution method for this kind of ODE is to perform the
Laplace transfornisee[52] for detailed illustrationpn both sides, giving:

al, - - 0
gl gL g D (3.14)

Equation 8.14) gives three possible scenarios:

(y-1)(1,-1)

¥ ly

(@) <0 Vs= iﬂ/z\/

In this scenario, the solution in the time domain is shown in Equation
(3.15) and indicates a harmonic undamped free lagi@h.

X I Yy

w, = WCOS%/(Iyl- IZ) (Iz' Ix) W - O/ (315)
¢
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where 1y and/ o are defined by the initial conditions, and a similar identical
equation can be drawn fof, .

(y-12) (1,- 1

X I y

(b) s*>0 Ys =WZ\/

Scenaridb) corresponds to an exponentially increasing solutiomf@nd % ,
and violates the assumption thgtand %, are small; the solution is therefore no

longer valid once their order of magnitude becomes comparabig.ltois
interesting to note that this happens in the two distinct cases when the spin axis is
the axis of the intermediataoment of inertia. In other words, an intermediate
axis of inertia spin is unstable, while minor or major moment of inertia axis spins
are stable for a rigid spacecraft.

() <=0

It is possible only ifw,=0,1,=1y0rl,=1, which invalidates the initial
assumption that and#, aresmall enough compared itg.
3.1.5 Axisymmetric Spinning Rigid Body

Most spinning spaceaft are designed axisymmetric or nearly axisymmetric.
It is also can be described bs=!y Yt wherel;is called the transverse moment

of inertia. It is assumed that the body is in pure spin around its symmesiZaxi
To shorten the notations, the parameteass the ratio of inertias defined

/12 (3.16)

With the definition (3.16) the Equation§3.9) ~ 3.11) canbe simplifiedinto:

l/.Vx:(:]- '/) Wz'
W= 1) (317)
W, =0

As there is no really intermediate moment of inertia due to the symmetry, the
reduced notation for harmonic oscillator is:
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W (t) = wcosg( - /) W -,
w,(t) = wsingl - ) w - (3.18
w,(t) = vy

where 1 and/ o are defined by the initial conditions amg is the constant spin
rate. np is the initid deviation (in the X¥plane) from a pure -Axis rotation:

Wo = Wy = % "’@"-

The angular momentum is defined as Equa(i®@i9) and constant in the
inertial frame without external torques. In X¥)¥ane thee is a relation that
Hx =l¥xy,Hxi s t he angul ar mo meplaheubméton pr oj ect
(3.19) also indicates that the spin akl§Cand, are coplanar.

H=Iv (3-19)

¥ can also be expressed in Z andgdiponents-igure3.5 sketches the plane
defined by, Oand .7 is geometrically decomposedtiantwo sets of
component vector:

1.¥; and¥yy (perpendicular to each other)

2.¥yandyy (not perpendiculathe enclosed angle is defined as the nutation angle
q)

In both casesY is the vector sum of its two components.

The following formulas can be constructed for the nutation angtben
looking at the triangle formed by and!,w;:

tan@)= —';WXY (3.20)
. |
sin(g) = hf:x"Y (3.21)
_ IZM/Z
COS@ - "H" (322)

where[H| is the magnitude of the angular momentum vegtor
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Body cone

\ﬂé._/Spacecong /
Figure 3.5: Z-H plane
Projecting¥ on H gives

sin(g)=— < (3.23)

H

Substituting the value fem(@)in the previous Equatio(8.21) and solving for
Wy gives:

Hime JHI 2w 320

Wy I, cosgqg

w, =

Equation(3.24) is Equation 167a of WertZ53],which is called the inertial
nutation rate. It is the angular velocity of theaxis around the angular

momentum vector , which is fixed intheinertial space.
A similar approach is used to calculate, the projection gf on Z parallel to

H . As a result:

tan@)= ﬁ (3.25

Substituting the value féan@) foundin Equation(3.20) and solving forw

gives:
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