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Abstract We consider interpolation inequalities for imbeddings of the />-sequence
spaces over d-dimensional lattices into the /§° spaces written as interpolation inequality
between the /2-norm of a sequence and its difference. A general method is developed
for finding sharp constants, extremal elements and correction terms in this type of
inequalities. Applications to Carlson’s inequalities and spectral theory of discrete
operators are given.
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20 A. Ilyin et al.

1 Introduction

In this paper we study imbeddings of the sequence space [2(Z%) into I5° (Z%) written
in terms of a interpolation inequality involving the /?>-norms both of the sequence
u € 1*(Z%), and the sequence of differences Vu, where for u € 1>(Z)andn € Z

Du(n) =u(n + 1) — u(n),

and for u € (2(Z%) and n € 74
d
Vu(n) = {Diu(n). ..., Dau()}, |IDul* = [[Vu|* =D |Djul.
i=1

Before we describe the content of the paper in greater detail we give a simple but
important example [16], namely, let us prove the one-dimensional inequality

supu(n)* < ||ul[[|Du. (1.1)
n

The proof repeats that in the continuous case. For an arbitrary y € Z we have

ry—1 00
2 (y) = ( > —Z)Duz(m

n=—00 n=y

y—1 1)
= ( Z - Z) (u(n + DDu(n) + u(n)Du(n))

n=—00 n=y

< Z (lu(n + 1)Du(n)| + [u(m)Du(n)|) < 2||u|/{|Dul|.

n=—oo

Below we consider separately interpolation inequalities of the form

sup u(m)? < Kg (@) ull® |Vu )=, 0<6 <1 (1.2)

nez¢

in dimensiond = 1, 2 and d > 3. By notational definition K, (0) is the sharp constant
in this inequality. This inequality clearly holds for & = 1 (with K;(1) = 1), and if it
holds for a & = 0, € [0, 1), then it holds for 8 € [0, 1], when the ‘weight’ of the
stronger norm | u|| is getting larger [see (1.11)].

For d = 1 we show that (1.2) holds for 1/2 < 6 < 1 and find explicitly the
corresponding sharp constant:

Ki(0) =

N =

2 %
(5) (26 — 1)/=172, (1.3)
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Interpolation inequalities for discrete operators 21

In the limiting case & = 1/2 we have K;(1/2) = 1, and we supplement inequality
(1.1) (which is, in fact, sharp) with a refined inequality

w2 < L[4 IDul?
EA AT

[l |l Dul, (1.4)

which forany d € (0, 4) has a unique extremal sequence u* with |Du*||?/|u*||> = d.
In the 2D case (1.2) holds for 0 < 6 < 1 and the sharp constant is given by

0 4
Ko@) = 2 1 MK (m) (L5)
= — - max .
2 T00(1—0)—0 550 ad+xr

where K is the complete elliptic integral of the first kind, see (3.8). The constant K ()
logarithmically tends to oo as & — 0T, and for # = 0 we have the following limiting
logarithmic inequality of Brezis—Gallouet type:

1 | Vul|? Vu|? 16
u(0,0)2§—|| ull (l_ll ull) In
4 flu|)? 8llul? M(g_ HWMZ)
flull? flull?
16

In{1+1In 2 |, 1.6
* BT (8—”V””2) * (0

llull? llull?

where the constants in front of logarithms and 27 are sharp. The inequality saturates
for u = §, otherwise the inequality is strict.

Finally, in dimension three and higher the inequality holds for the limiting exponent
6 =0:

u(0)? < Kq||Vul?, (1.7)

where the sharp constant is given by

o L /2” /277 dxy - dxq 1.8
Taend o )y sl g s i '

In the three dimensional case the constant K3 can be evaluated in closed form since it
is expressed in terms of the so-called third Watson’s triple integral:

1
K; = EWS =0.2527..., (1.9)
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22 A. Ilyin et al.

where (see [3] and the references therein)

/// dxdydz
3 —cosx —cosy —cosz

= 20n )3F(24)F(24)F(24)F( - (1.10)

It is natural to compare interpolation inequalities for differences and inequalities for
derivatives in the continuous case. While in the continuous case the L,,-norm is the
strongest (at least locally), in the discrete case the / I_norm is the strongest. Obviously,
llullie < |lull;» for p > 1, and therefore ||u|l;» < ||lull;a for g < p:

lullfy < lloellfo @ Naellfy < Nl locllf, .
Also, unlike the continuous case, the difference operator is bounded:

DUl g0y < 4 llull}s (1.1D)

(z4 = (z4
Roughly speaking, the situation (at least in the one-dimensional case) is as follows.
The discrete inequality (1.2) ford = 1holds for6 € [1/2, 1], while the corresponding

continuous inequality

If1Z < CL@OIFIPIF 17D, fe HY(Q)

holds only for & = 1/2 incase when Q = R, and for 6 € [0, 1/2] for periodic function
with zero mean, Q = T!. Hence, it makes sense to compare the constants at a unique
common point 8, = 1/2 where both constants are equal to 1. For n-order derivatives
and differences, n > 1, the constants in the discrete inequalities are strictly greater
than those in the continuous case, the corresponding 6, = 1 — 1/(2n).

For example, the second-order inequality on the line R and the corresponding
discrete inequality are as follows

2
117 @ < f_ NIV f e HAR),
V2

el o 2y < —||u||3/2||Au||”2 u € 1*(Z).

Both constants are sharp, the second one is strictly greater than the first. Up to a
constant factor (and shift of the origin) the family of extremal functions in the first
inequality is produced by scaling x — Ax, A > 0 of the extremal f,(x), where

oo —ixyd 2
/,oo % - #f(%fz) fil) = e Ml(cos x + sin [x]),
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Interpolation inequalities for discrete operators 23

In the discrete inequality the unique extremal sequence is {ux(n)}0o _ .,

T cosnxdx 16
uyx(n) = — where A, = —;
0 Ax+16sin” 5 3

see (5.7) for the explicit formula for u (n).

In two dimensions in the continuous case the imbedding H! C L, holds only with
a logarithmic correction term involving higher Sobolev norms (and 6 = 0), which is
the well-known Brezis—Gallouet inequality. On the contrary, in the 2D discrete case
inequality (1.2) holds for 8 € (0, 1] and also requires a logarithmic correction for
6 =0, see (1.6).

In higher dimensional case d > 3 the imbedding H' C L fails at all, while
inequality (1.2) holds for all 6 € [0, 1].

Next, we consider applications of discrete interpolation inequalities. Using the
discrete Fourier transform and Parseval’s identities we show that each discrete inter-
polation inequality is equivalent to an integral Carlson-type inequality. For example,
in the 1D case, setting for a function g € L»(0, 27)

2 2 R 2
I ::/ g(x)dx, 122 :=/ g(x)zdx, 122 ::/ 4sin2§g(x)2dx,
0 0 0
we obtain that inequality (1.1) is equivalent to the sharp inequality
112 <2m Iziz,

with no extremal functions, while the refined inequality (1.4) is equivalent to the

inequality
;.
If <m |4— 2 Db,
12

saturating for each A € (—oo, —4) U (0, co) at

1

X)= ——5—.
a1(x) A+ 4sin’ &

Developing further this approach we prove a Sobolev /9-type discrete inequality
for a non-limiting exponent

lullyazay = Clg, d)|[Vull forgq > 2d/(d —2). (1.12)

Our explicit estimate for the constant C(q, d) is non-sharp, moreover, it blows up as
q — 2d/(d — 2) however, it is sharp in the limit ¢ — oo.
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24 A. Ilyin et al.

Finally, we apply the results on discrete inequalities to the estimates of negative
eigenvalues of discrete Schrodinger operators

—A-V (1.13)

actingin/ 2 (Zd). Here —A := D*Dand V (n) > 0. Each discrete interpolation inequal-
ity for the imbedding into /°° (Z?) produces by the method of [7] a collective inequality
for families of orthonormal sequences, which, in turn, is equivalent to a Lieb—Thirring
estimate for the negative trace. For example, we deduce from (1.7) the estimate

>l L Y V@,

2j<0 acZd

which holds for d > 3.
We finally point out that in the continuous case the classical Lieb—Thirring inequal-
ity for the negative trace of operator (1.13) in L>(R?) is as follows (see [6,13,14])

S il = Lo [ VIR @,
R4

)L_/' <0

2 1D case

Sinceu, — Oas|n| — oo, without loss of generality we can assume that sup,, u(n)> =
u(0)?.

We consider a more general problem of finding sharp constants, existence of
extremals and possibly correction terms in the inequalities of the type

u(0)? < Ky(@) lul® IDu|*=, 0<6 <1, (2.1)

including, to begin with, the problem of finding those 6 for which (2.1) holds at all.
Here

o o0
Il =" u®)? [Du|*= D Du(k)’.
k=—00 k=—00

Since |a — b| > ||a| — |b||, we have

IDlulll < [Dull, where [u] := {lu(n)|};2 2.2)

n=—0o0’
and we could have further reduced our treatment to the case when u(n) > 0. However,

we shall be dealing below with a more general problem (2.4) which has both sing-
definite and non-sign-definite extremals. We have the following ‘reverse’ Poincaré
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Interpolation inequalities for discrete operators 25

inequality:

20ull?,  uis sign definite;

Du|® < .
IDu]l” = 4|lu||®, otherwise.

(2.3)

The adjoint to D is the operator:
D*u(n) = —(u(n) —u(n — 1)),
and
D*Du(n) = DD*u(n) = —(u(n +1) —2u(n) +un — 1)).

To find the sharp constant K; (6) in (2.1) we consider a more general problem: find
V(d), where V(d) is the solution of the following maximization problem:

V(d) == sup{u(0)® : u € (*(Z), |ul* =1, |Dul* =d}, (2.4)

where 0 < d < 4.

Its solution is found in terms of the Green’s function of the corresponding second-
order self-adjoint positive operator, see [1,18]. The spectrum of the operator —A =
D*D is the closed interval [0, 4], and we set

D*D + A, forA > 0;
AQ) = [ —D*D — A, for\ < —4. 2.5)
Then A(A) is positive definite

IDull> + Aflull> > Allull?, for A > 0;

oo = | o T T e, s 2

Let § be the delta-sequence: §(0) = 1, §(n) = 0 for n # 0, and let G, =
{Gr(n)}e2 € [%(Z) be the Green’s function of operator (2.5), that is, the solu-

n=—0o0
tion of the equation:

AM)G; =34. (2.6)
Then we have by the Cauchy—Schwartz inequality

u(0)* = (8, u)? = (AW G, u)?
= (AW2G1, AW ?u)? < (AQ)G, G)(AG)u, u)
=G 0)(AM)u, u). 2.7

Furthermore, this inequality is sharp and turns into equality if and only if # = const-G}.
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26 A. Ilyin et al.

We find in Lemma 2.2 explicit formulas for V(d) and G, (n). Nevertheless, we
now independently prove the following two symmetry properties of V(d) and G, (n),
especially since their counterparts will be useful in the two-dimensional case below.

Proposition 2.1 Ford € (0, 4)
Vd)=V@4-d). (2.8)
ForA>0andn € Z
0<Gim) = (=D"G_4(n). 2.9)
Proof For u € 1>(Z) we define the orthogonal operator T

Tu=u* = {(—D)"um)®

o oo
Then clearly ||u||> = |u*||> and, in addition,
IDu* |1 = 4| — |Due]*. (2.10)
Therefore if for a fixed d and u = u,; we have
V(d) =u(0? |u|®>=1 and [Dul®=d,
then for u™ = Tu it holds
u*(0)? =u0)? =V, |u*)*>=1 and |Du*|*>=4—d,
which gives that V(4 — d) > V(d). However, the strict inequality here is impossible,
since otherwise by repeating this procedure we would have found that V(d) > V(d).
This proves (2.8).
Turning to (2.9) we note that 7~! = T* = T and we see from (2.10) that
(D*Du, u) = (T (=D*D +4)Tu, u),
and, consequently,
DD =T(-D*D +4)T.
Therefore, if for A > 0, G, solves
AMG; = (D*D+1)Gy =6,

then

T(-D*'D+ 4+ MTG; =3.

@ Springer



Interpolation inequalities for discrete operators 27

Since 7718 = 6, using definition (2.5) we obtain
(=D*D 44+ MTG; = A(—4 — VTG, =8,
which gives
TG =G4,

and proves the equality in (2.9).

It remains to show that for A > 0 G, (rn) > 0 for all n. Since A(}X) is positive
definite, it follows that G, (0) = (A(X)G,, G,) > 0. We use the maximum principle
and suppose that for some n # 1, G, (n) < 0. Since G, (n) — 0 asn — oo and
G, (0) > 0, it follows that G, attains a global strictly negative minimum at some point
n > 1 (the case n < —1 is similar). Then the sum of the first three terms in (2.20) is
non-positive and the fourth term is strictly negative, which contradicts § (n) = 0. This
proves that G (n) > 0 for all n. Finally, to prove strict positivity, we suppose that
G (n) = 0forsomen > 1. Then we see from (2.20) that G, (n — 1)+ G (n+1) =0,
and what has already been proved gives G, (n — 1) = G, (n + 1) = 0. Repeating this
we reach n = 1 giving that G, (0) = 0, which is a contradiction. O

To denote the three norms of G, we set
f0):=G(0), g =Gl h():=I[DG,|. (2.11)
Lemma 2.1 The functions f, g and h satisfy
g() = —sign(W) f'(), () =sign()(fA) + Af (V). (2.12)

Proof Let A > 0. Then A(L) = D*D + A. Taking the scalar product of (2.6) with G,
we have

f0) = G(0) = IDG|* + MGl = h(A) + Ag (). (2.13)
Differentiating this formula with respect to A we obtain

') =2A0)G5, G) + g
= —=2(Gr, Gp) +g(1) = —g(Q), (2.14)

where we used that G, + A(X)G; = 0, which, in turn, follows from (2.6). The case
A < —4 is treated similarly taking into account that now A(L) = —D*D — . O

Corollary 2.1 The function d(A) defined as follows

IDGAI> k(M)
dA) = = —
@ 1G22 g

(2.15)
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28 A. Ilyin et al.

satisfies the functional equation
d(—4—1)=4—-4dO). (2.16)
Proof Tt follows from (2.9) and (2.11) that
f(=4=1) = f).
Hence, f'(L) = — f'(—4 — A) and we obtain from (2.12)

h(—4—2)  f(=4—= 1)+ (=4 =) f'(—4— 1)

d(—4— ) = =
_ IO EENSD) OB e
110 F10)

Next, we find explicit formulas for f, g and A.

Lemma 2.2 The Green’s function G, belongs to 12(Z), and both for A € (—o0, —4)
and A € (0, 0c0)

£ 1 *) G e 2
e g = . = -
VAL +4) A+HVA3+4) VA +4)3
(2.17)
Furthermore, the elements G, (n) can be found explicitly: for A > 0
1 [T cosnxdx 1 A2 — VAo FH\ "
Gi(n) = — — = . (2.18)
0 A+dsin®5 A+ 4) 2
forx < —4
Gy = 1 /ﬂ cos nx dx 1 ()»+2+«/)»()\+4))|"|
n)=—— = .
* 7 Jo rt4sin?i T A+ H) 2
(2.19)

Proof In view of (2.12), for the proof of (2.17) it suffices to find only f (1) = G,.(0).
We consider two cases: A > 0 and A < —4. For A > 0 the sequence G solves (2.6),
which takes the form (D*D + 1)G; = §, or component-wise

—Gu(n+1)+2Gy(n) — Gy(n — 1) + LGy (n) = &(n). (2.20)
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Interpolation inequalities for discrete operators 29

We multiply each equation by ¢/"* and sum the results from n = —o0 to co. Setting

G = D Gume™,

n=—o0
we obtain

— Z e”le)\(n + 1) + (2 +)\') Z el"xGx(n) _ Z ell’le)\(n _ 1) — 1

n=-—00 n=—o00 oo
or
l=20)A—e ™ +2—¢")
= BW( = @2 =) =00 (4 dsin D).

which gives g5 (x) = 1/(A + 4sin? ).

In the case when A < —4 Eq. (2.6) becomes (D*D + A)G, = —§ and we merely
have to change the sign of g (x) and we obtain:

1
———, A >0
G2 X0 ’
() = [ Bk 4 2.21)
A+4 sin? 5’ ’
and
1 T
Gy(n) = —/ 2.(x) cosnx dx. (2.22)
2 ) _»

Since g5 € L»(0, 27), it follows that G, € 12(7).

Using the integral
2 .
T dx B Ak b > 0, (2 23)
bsin2t | -2, b<-I '
- 2 Jb(b+1)’ ’

we finally obtain both for A > 0, and A < —4

T

1
09 =G0 = 5 / (224)
T

_ 1
. gx(x)dx = \/ﬁ

Finally, to obtain the explicit formula (2.18) (which will not be used below) we
observe that the Eq. (2.20) for positive (and negative) n is a homogeneous linear
recurrence relation with constant coefficients. The characteristic equation is

> —Q2+Mg+1=0
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30 A. Ilyin et al.

with roots
A+2—/AA+4
q(A) = i 5 @+ ), 0<qi(x) <1 fori >0,
A+2+/A(A+4
@) = i +2 @+ ), —1 <qy(}) <0 for A < —4.

For A > 0 the general 12-solution of (2.20) is G;.(n) = c1(M)g1(A)" forn > 0 and
Gi(n) = ca(M)q1 (W) for n < 0. Since we already know that G, (n) = G, (—n), it
follows that c1(A) = c2(A) =: a(}). Substituting G (n) = a(r)q; ()" into (2.20)
with n = 0 we obtain —2a(A)q1(A) + (2 + A)a(r) = 1, which gives

1 1
24 A-201(0)  JAG 14

and proves (2.18). The proof of (2.19) in the case A < —4 is totally similar, we only
have to use the second root g2 (1) with |g2(1)| < 1.

We finally point out that the equality (2.9) can now be also verified by a direct
calculation: go(—4 — A) = —q1(A). O

a(A) =

We can now give the solution to the problem (2.4).

Theorem 2.1 For any 0 < d < 4 the solution of the maximization problem (2.4) is
given by

V) = %\/d(4—d). (2.25)

The supremum in (2.4) is the maximum that is attained at a unique sequence ui( o=

1Ga@) |~ Gy, where

2d
M) = 57— (2.26)

ford #2; ford =2, u* = 3.

Proof 1t follows from (2.7) that for any u € 1%(Z)
u(0)* < GO (AW, u),

and, furthermore, for

1
uj = .
Gl

G
with [|u} > = 1 the above inequality turns into equality.
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Next, using (2.17) we find the formula for the function d (1) defined in (2.15)

d(k)_IIDGAIIZ_h(X)_ 2% [ 0,00) = (0,2),
THGUPE T gy 2447 T [(mo0, —4) = (2,4).

The inverse function A(d) is given by (2.26) and with this A(d) we have

IDuj > (@) 20d)
lufg > g@)  2+id)

Therefore uj< ) is the extremal sequence in (2.4) and its solution is
f@)? 1
V(d) = uf4)(0)* = ———— = =/d(4 — d).
M@ g((d) 2
O
Remark 2.1 Itis worth pointing out that in accordance with Proposition 2.1 and Corol-
lary 2.1 we directly see here that V(d) = V(4 — d) and d(—4 — X) =4 — d(A). For

the inverse function A(d) we have the functional equation A(4 — d) = —4 — A(d).

Corollary 2.2 For any u € 1>(Z) inequality (1.1) holds, the constant 1 is sharp and
no extremals exist. The following refined inequality holds:

) _ 1 IDu]|?
u(0)” = 5, /4 = ——= llull[Du]. (2.27)
2 Jlae]|?

For any 0 < d < 4 the inequality saturates for u;f(d) = Gu), where A(d) = 24

2—d
[see (2.26)] with |Dus |7/ lu} ) I* = d. Ford =2, u* = 5.
Proof Inequality (2.27) follows from (2.25) by homogeneity.

Since V(d) < /d, we obtain inequality (1.1), and since V(d)/«/ﬁ — lasd - 0
the constant 1 is sharp. In view of the refined inequality (2.27) there can be no extremals
in the original inequality (1.1). O

We now consider (2.1) for 6 # 1/2.

Theorem 2.2 Inequality (2.1) holds only for 1/2 < 6 < 1. The sharp constant K (6)
is

_1 (2 ’ _1\6—-1/2
K1(9)_§ 7 26 —-1) . (2.28)

For each 1/2 < 6 < 1 there exists a unique extremal sequence.
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32 A. Ilyin et al.

Proof The proof is similar to the proof of Theorem 2.5 in [18] where the classical
Sobolev spaces were considered. For convenience we include some details.

We first observe that inequality (2.1) cannot hold for & < 1/2, since otherwise we
would have found that V(d) < ¢d”,n =1 —6 > 1/2, a contradiction with (2.25):
V(d) ~d"*asd — 0.

The case 8 = 1/2 was treated above and we assume in what follows that 6 > 1/2.
We set

0 ||Du|? (2.29)
=0 ful?” '
Then, using (2.7), we have
2 2 ||D”||2 1 04,10 2
u(0)* < G1(0)||ul| T = 5 GO0 A u]
1-6
1, 6 | Dul? )
=-71G, 0| ——
5+ O )(1_9 B flull
1 _
= Ao 27 Gy.(0) |ul|*? [ Due 2=
1
- - . 2G4 (0 201Dy 112(1=0)
< A=) i‘i‘é[ m]nun [[Du||
= K1 (@) ||| || Duf 9. (2.30)

We have taken into account in the last equality that

1
Gr(0)=f(r) = NarET ik

Hence, the supremum in the above formula is a (unique) maximum on A € R™ of the
function

0—1/2

Jita

attained at A, = (40 — 2)/(1 — 0), which gives (2.28). To see that the constant K; (9)
is sharp we use that %(Aef(k))|kzk* = 0, and Ay f'(Ay) + 0f (Ay) = 0. In view of
(2.12) this gives

Ao =

IDGs 1> _ hGs) _ fOD)+aef'(Ge) 16

dy ;= d(hy) = = =
() G, 117 g(Ay) S () 0

Ase.

Hence (2.29) is satisfied for u,. = G, the two inequalities in (2.30) become equalities,
and u, is the unique extremal. O
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1.0 1 1.00 -
0.98 -
0.9 1
0.96 1
0.81 0.94 1
07 0.92 1
0.90 1
0.61
0.88 -
01 02 03 04 05 05 06 07 08 09 1.0

0

Fig. 1 Graphs of sharp constants in one-dimensional first-order inequalities on complementary intervals:
periodic functions (left) (5.18), discrete case (right) (2.28)

The graph of the function K () is shown in Fig. 1 on the right. Here K (1/2) = 1
corresponds to (1.1),and K (1) = 1 corresponds to the trivial inequality u(0)? < |Ju?
with extremal u = §.

Remark 2.2 Inthis theorem we do not use the formula (2.25) for V(d). However, if we
do, then finding K; (@) for 6 € [1/2, 1] becomes very easy. In fact, by the definition of
V(d) and homogeneity, K;(6) is the smallest constant for which V(d) < K;(8)d'~?
for all d € [0, 4]. Therefore

1
Ki(0) = V(d)/d'? = —d? 124 — )'/? = rhs.(2.28).
1(0) d?[%,’i] d)/ dren[gﬁ] 3 ( ) r.h.s.(2.28)

The corresponding d, = (46 —2)/6 < 2 and A(d,) > 0, see (2.26). This also explains
why the region of negative A does not play a role in Theorem 2.2.

3 2D case
In this section we consider the two-dimensional inequalities
u(0,0)* < Ko@) ull | Vu|*=7, 0<6 <1, 3.1

and address the same problems as in the previous section.
We set

A= —DTD] — D;Dz.

Then (—Au, u) = ||Vul|> < 8|lu||®> for u € [»(Z?*). As in the 1D case we shall be
dealing with the following extremal problem:

V(d) := sup{u(0,0)* : u € I*(Z%), |lul* =1, |Dul* = d}, (3.2)
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where 0 < d < 8.
The resolvent set of —A + X is (—oo, —8) U (0, co) and as before we consider the
positive self-adjoint operator operator

| =A+Ax, fori>0;
A(M_[ A — A, fori < —8.

Our main goal is to find the Green’s function of it:

AM)G; =3, (3.3)
more precisely, G, (0, 0).
Proposition 3.1 Ford € (0, 8)
V(d)=V(@®&—d). 3.4)
For A > 0 and (n, m) € 7Z*
0 < Gi(n,m) = (=DI"™G_g_3(n,m). (3.5)
Finally, the function d(A) = % satisfies
d(—8—1) =8—dH). (3.6)

Proof The proof is completely analogous to that of Proposition 2.1 and Corollary 2.1,
where the functions f (), g(A) and h(}) have the same meaning as in (2.11) and
satisfy (2.12). The operator T is as follows

Tu(n,m) = (—D)"™ym, m).

m}

Lemma 3.1 For ) € (—oo, —8) U (0, o0) the Green’s function Gy, € 1>(Z*) and

4
c(oo>—2K(m) 3.7)
T T A '
where K (k) is the complete elliptic integral of the first kind:
1
dt
K = / . (3.8)
0 V(1 =21 —k%2)
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Proof Setting
oo ‘ ‘
?)\(x, y) = z G)L(k,l)elkx_Hly’
k,l=—00
and acting as in Lemma 2.2 we find that

sign(A)
A+ 4(sin? 5 + sin® §)

ox,y) =

and

G,(n,m

sign(A) [2" [ cos(nx + my)dxd
)= i 0 /0 yaxdy (3.9)

T 4x? A+ 4(sin? § +sin? )

Therefore for A > 0, using (2.23)

o (0 O) 11 /an /271 dy
s = ——F X
» 4472 J, 0 (& +sin®%) +sin®d
1 /277 2mdx
2
1675 Jo & sin? )¢+ 1+sin? )
1 /ﬂ dx
o [ 4 sin? 5% 1 +sin? §)
B 1/1 dt
o i -nG 4nG F 140

L
2 (74)

-\ 3.10
e (3.10)

where the last integral was calculated by transforming general elliptic integrals to the
standard form (see formula 3.147.7 in [8]).

Since K (k) is even, we see from (3.5) that formula (3.7) works both for A > 0 and
A< =8. O

Remark 3.1 The equality in (3.5) also follows from (3.9) by changing the variables
(x,y) = (x’ + 7, y' + 7) and using the fact that the integrand is even.

Theorem 3.1 The inequality

(0, 0)% < Ko () |ul|*? || Vue >
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2.5+

1.5

0.5 1

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Fig.2 Graph of K»(9) on 0 € (0, 1]

holds for 0 € (0, 1]. For 0 € (0, 1) the sharp constant K, (0) is

K2(0) = : glgg(xe G3.(0,0)),

96 (1 _ 9)1—0
and for each 0 < 0 < 1 there exists a unique extremal sequence
u, = Gy,, wherei, = argmax()\eG;L(O, 0)).

Finally, Ko (1) = 1 with u, =68, and

K@:L 1 0 — 0t
2(6) 4ne9+0 ) as — 0.

The graph of the function K, (0) is shown in Fig. 2.
Proof Similarly to Theorem 2.2, we have

Kz (0) = -sup(A?G;.(0,0)),
A>0

1
69(1 — )10

3.11)

(3.12)

(3.13)

(3.14)

where, of course, G (0, 0) is given by (3.7). We have the following asymptotic expan-

sions

G(()O)—i(zl 4v2) +log(1)) + 0 1og(L A —0
10,0) = 0g(4v2) +log(s)) + O(rlog(3)), asi — 0,

1 4
G,(0,0) = oY + O(A%), as A — 0o.
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Hence, for 0 < 6 < 1 we see that .G, (0, 0) = 0 both at A = 0 and A = oo, and the
supremum in (3.14) is the maximum, which proves (3.11) and (3.12).

We also see from the first formula that for small positive 6 the leading term in the
second factor in (3.14) is

1
max — A7 log(%) =

0<i<l 47 4red’

while the first factor tends to 1. This proves (3.13). For example,

] 1
K»(0.01) = 3.205.. ... whil —3.09. ...
2(0.01) W 0.990.990 01001 477 - 0.01

O

In the limiting case & = 0 inequality (3.1) holds with a logarithmic correction term
of Brezis—Gallouet type [1,4].

The solution of the extremal problem (3.2) is given in terms of the functions f (1),
g(A) and h(A):

B 2K ()
f)=6Gi0.0) = — ata
2E()
800 = IGAI* = —sign() f'(3) = =40,

2K 2B
T o442 7L +8)’

h(w) = [VGII? = sign(W) (fF () +Af' (V) =

(3.16)
where E (k) is the complete elliptic integral of the second kind:
U /T —i212
E(k) = / —dt,
0 1—1¢2
and where we used dlgl((k) = k(’fikk)z) - %
Theorem 3.2 The solution V(d) of problem (3.2) is
2 2K (g5575) M) O(d) + 8)
M(d
V(d) = u 4 (0)* = ffad) _ 2 ana —— (1D
g(r(d)) (4 + M) E(z5m)
where L(d) is the inverse function of the function d(A):
(D) A +8) K()
doy = M) _ A0 +8) Blga) (3.18)

g A EGE)
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20 -
7<
6 101
5<
0 .
4 1 2 3 4 5 6 7
34 d
,IOA
2<
1<
_20<
-30 -20 -10 0 10 20 30
A

Fig. 3 Graphs of d(A) and A(d)

and where uj(d) = G, /I|Gy|l. Here d(1) is defined on (—oo, —8) U (0, 00), satisfies
(3.6) and monotonically increases from d(—oo) = 4 to d(—8) = 8 and then from
d(0) = 0 to d(oco) = 4. The inverse function \(d) is defined on d € [0, 8]\{0} and
satisfies

A8 —d) = —8 — A(d).

Their graphs are shown in Fig. 3. Finally, V(4) = 1 and u* = §.

Proof We act as in Theorem 2.1, the essential difference being that we now do not
have a formula for the inverse function A(d), by means of which we construct the
extremal element for each d. Although d() is given explicitly, the monotonicity of
it required for the existence of the inverse function is a rather general fact and can be
verified as in [18, Theorem 2.1], where the continuous case was considered. O

We now find an explicit majorant Vo (d) for the implicitly defined solution V(d).
In view of the symmetry (3.4) it suffices to study the case d — 0 only and then, by
replacingd — d(8—d)/8 we getthe symmetric expansions valid for both singularities.
We have the following expansions

dX) = GIn2 —Ink — DA+ 05-0((A1n1)3),
d0) = 4 — ; + Oraoo(1/22). (3.19)

Truncating the first expansion and solvingd = (51In2 —In A — 1)A, we have

d
W_i(—5yed)

where W_ (z) is the — 1 th branch of the Lambert function. Using the known asymptotic
expansions for the Lambert function, we get the following expression for A(d)
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d
rd) = e (320)
5In2—-1—-1In(d)+In(5In(2) — 1 —Ind) + O(T)
Using
2 5 _ 1 2
o) Ga= g, b o2,
g b4
ffoy 4 1
- I- 5+ omoo(p) (3.21)

and substituting (3.20) into the first expansion we get

1
V(d) = ;—d(=Ind +In(1 = Ind) +y + 04-0(1))
s

where y = 5In(2) + 1 < 2. This justifies our choice of the approximation to V(d):

B Ld(S—d) 16 16
Vo(d) = (ln a6 —d) + ln(l + In —d(8 — d)) + 271’)

4 8
The constant 27 instead of y (and the numerator 16) are chosen so that for d = 4 we
have V(4) = Vp(4) = 1.
The asymptotic expansion of Vo(d) at d = 0 shows that V(d) < Vy(d) for 0 <
d < dyp, where dy is sufficiently small.
Using the expansions at . = oo in (3.19) and (3.21) we find that

4 —d)?
Vd) =1 - % + Ouaa((b— )P,

Since

2
Vo) =1 — (1 _ l) @A) | Opa(d—ar),
T 16

it follows that V(d) < Vp(d) for d € [4 — dy, 4] for a small d; > 0. Corresponding
to [do, d1] is the finite interval [Ag, A1] on which computer calculations show that the
inequality V(d) < Vp(d) still holds. This gives that

V(d) = Vo(d)
for all d € [0, 4] and hence, by symmetry, for d € [0, 8].
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Thus, we have proved the following inequality.

Theorem 3.3 Foru € 1»(Z?)

5 1 Ivul? [Vl 16
u(0,0)* < — 1- In
4 |ul? ik (Va2 (8 _ uwn2)
fluel? fluel?
16

1 141 2 , 3.22
+In{1+1In e (8— IIVullz) + 27 (3.22)

llu]? llue]

where the constants in front of logarithms and 21w are sharp. The inequality saturates
for u =6, otherwise the inequality is strict.

4 3D case

In the three-dimensional case the following result holds which is somewhat similar to
the classical Sobolev inequality for the limiting exponent.

Theorem 4.1 Let u € 12(Z3). Then for any 6 € [0, 1]
u(0,0,0)? < K3(0) [lu||* [ Vuu |20, (4.1)

where K3(0) < oo for 6 € [0, 1], and its sharp value for 0 € (0, 1) is given by

K3(0) =

K(—‘. )
1 9/” A4+1+sin® 3 dx. 42)
0

1
— ———————— max A
277 07(1 = 0)'7 320 T4 1 tsin?}

and there exists a unique extremal element, which belongs to 1*(Z3).
In the limiting case 6 = 0 inequality (4.1) still holds:

u(0,0,0)* < K3(0)[|Vul?, 4.3)
where
1 dx
K3(0) =
30) )3 /T3 4(sin? 5+ sin? 3+ sin? 3)
K| —r
1 /” I+sin® 5 J 4.9887... 0.2527 @.4)
272 Jo 1+sin?3 272

The constant is sharp and there exists a unique extremal element, which does not lie in
12(Z3), but rather in I5° (Z3), but whose gradient does belong to 1*(Z3). Furthermore,
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as we already mentioned in Sect. 1, we have the closed form formula for K3(0) (see

(3D
V6

K3(0) = 240y

T GPTGPT (T (57).-
Proof We have to find the fundamental solution G, (k, [, m) of the equation

A(W)G), = (DiD; + D3D; + DiDs3 + )G, = 6. (4.5)

Similarly to the 1D and 2D cases we find that the function

o0
Zg\x(x, v, Z) = Z G, (k,1, m)eikx+ily+imz’
k,l,m=—00
satisfies
1
gk(‘x9 y! Z) = A‘ . 4. . M
i+ sin? z+ sin? % + sin? 5

As before we have the inequality

u(V, U, = G, (0,0, ull” 4+ Aljull®), .

(0,0.0)> < G5(0,0,0) ([ Vul|* + Afjul|*) (4.6)

which saturates for u = const - G;,.
For A > Oasinthe 1D and 2D cases we have g, € L>(T3), and, hence, G, € I2(Z?)
for A > 0. In particular, using (3.10) we find

1 s T T N
—3/ / / gn(x, y, 2)dxdydz
87° ) nJ—n Jn
1

- dx. 4.7

272 0 %—i—l—i—sinz%

G,.(0,0,0)

However, unlike the previous two cases, now g;, is integrable for all A > 0 including
A=0:g, € Ll(T3) for A > 0. Therefore the Green’s function G is well defined
and belongs to [§° (Z3). We point out, however, that since gy ¢ L»(T3), it follows that
Go ¢ I2(Z%).

For A = 0, the integrand has only a logarithmic singularity at x = 0 and we obtain

dx.

1
Go(0.0.0) = — "K<1+Si“2 )
B T

ol | NI=
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We now see that f(A) := G,(0, 0, 0) is continuous on A € [0, co) and is of the order
1/ at infinity. This gives that for 8 € (0, 1) the function A% f (1) vanishes both at the
origin and at infinity. Hence, it attains its maximum at a (generically) unique point
A«(0), and the claim of the theorem concerning the case 6 € (0, 1) follows in exactly
the same way as in Theorem 2.2.

Setting A = 0 in (4.6) we obtain (4.3) with (4.4). It remains to verify that VG €
12(Z3). To see this we use notation (2.11) and Lemma 2.1. We obtain

IVGII? = h(X) = fF(A) +Af (M)

1 T T T
= 8_3/ / (gr(x,y,2) +Ag0(x, y, z)/k)dxdydz
T —ndJ-—nJ-—m
1 /,, /ﬂ /,, 1(sin? £ +sin? § +sin §) e
=23 X zZ.
873 -7 J—nJ-m (% + sin? % + sin? % + sin? %)2 B

Since the integral on right-hand side is bounded for . = 0 we have |[VGg||> < oo.
Finally, G, has strictly positive elements for A > 0, since we have as before the
maximum principle. In the case when A = 0 we use, in addition, the fact that G € l(‘)’o .
The proof is complete. O

The graph of K3(6) is shown in Fig. 4.

Remark 4.1 Higher dimensional cases are treated similarly, in particular, for d > 3
and9 =0

u(0)> < Kg(0)|[Vul®, Kq(0) = d/ s
(2m)® Jya 4(sin” 5 + - - - 4 sin” %)

In Sect. 6 we give an independent elementary proof of this inequality.

1 027
0.9 0.265
08 0.26
07 0.255
06 0.25
05 0.245
04 0.24
03 0.235
02 0.23

0 0.2 04 06 0.8 1 0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16

Fig. 4 Graph of K3(8) on the interval 6 € [0, 1] (left) with a closer look at its behavior near 6 = 0 (right)
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5 Higher order difference operators

The method developed above admits a straight forward generalization to higher order
difference operators. We consider the second-order operator in the one dimensional
case:

1(0)* < Ki2(0) ]| Auf >, 5.1
where
—Au(n) :=D*Du(n) = —(u(n + 1) —2u(n) +u(n — 1)).
Accordingly, the operator A (1) is

A2+, fori>0:;

—AZ— ), forir < —16. (5.2)

A = l

Here
Azu(n) =umn+2)—4dun+1)+6un)—4un—1) +uln —2).

As before, we have to find the Green’s function G, _solving A(A)G; = §. Furthermore,
for finding K 2(0) it suffices to solve this equation for A > 0. Setting

o
Q) = D Gume™,
n=—oo

and arguing as in Lemma 2.2 we get from (5.2)

1 =300 + e ™ —de™™ 46— 4e'* + )

= B (0 + (@ — )N = 3 (x) (A + 16sin* %) , (5.3)
so that
1 [7 dx V2 1 [ JAFI6+2
G1.(0) = —/ R e Y S L N € 1)
21 J_x A+ 165in* 5 2 A3 A+ 16

Now a word for word repetition of the argument in Theorem 2.2 gives that

Ki200) = -iugkeG,\(O).
>

1
90 (1 _ 9)1—9
Therefore we see from (5.4) that K »(6) < oo if and only if

3

- <6 <1.
7 50=
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For example, for 6 = 3/4 supremum is the maximum attained at A,(3/4) = 16/3,
giving

4 V2
Ki203/4) = 3377 21 GOy a1 = 5

We only mention that in the general case

VA 16+ /A

A+16

640 — 3207 — 29 + /320 — 23

202 —50 +3

A+(0) = argmax, o A7 73/4

) (5.5

however, the corresponding substitution produces a long (but explicit) formula for
Ki.2(0), and instead we present in Fig. 5 the graph of the sharp constant K 2(6),
where K; 2(3/4) = +/2/2 and K 5(1) = 1.

Finally, it is possible to find G, (n) explicitly. In fact, the free recurrence relation
A%G; + G, = 0 has the characteristic equation

q*—4q+6+1) —4g " +47> =0,

or (q/* — g~1/?)* = —, which decomposes into two quadratic equations

1 1
g+——2=ivA and g+ — —2=—iVa,
q q

1.00 b
0.95 -
0.90 -
0.85 -
0.80 -

0.75 4

T T T T T 1
0.75 0.80 0.85 0.90 0.95 1.00

Fig. 5 Graph of Ki 7(0) on 6 € [3/4, 1]

@ Springer



Interpolation inequalities for discrete operators 45

with four roots g1, ¢2, g3, g4, where g2 = 1/q1, g3 = ¢2, g4 = q1, where

AA 16 — A = («/X AT 16 + ﬁ)

272 2

a1 =q() > Wi

(5.6)

Since |g(A)| < 1 for A > 0, it follows that any symmetric />-solution of (5.2) is of the
form a(A)g ()" + b(1)g (M), and since, in addition G (n) is real, we have

Gr(n) = a(gM)" +a(ygm)".
Setting n = 0 and n = 1 we obtain a linear system for a ()

G (0) = 2Rea(r)
Gi(1) = a(M)g() +ar)g (),

where G, (0) is given in (5.4) and

Gl 1/71 cosx dx V2 1 VA F16 — /A
A = —
T

)u+165in4%_ 2 A3/4 /n+ 16 + VA /)\.+16.

Solving this system we find a(}):

a(k)=£ ! («/)»+16+«/X+4i),

4 W34+ 167V VK + 16 + /A

and, consequently, the formula for G, (n) with A > 0:

G(n) = — T = . (5.7
T Jo A416sin*3 /2234 /% F 16V VA + 16 + VA

where g (1) is given in (5.6).
Thus, we obtain the following result.

1 /” cos nx dx Re[(vk+16+ﬁ+4i)"1()‘)lnl]
0

Theorem 5.1 Inequality (5.1) holds for 6 € [3/4, 1]. In particular, in the limiting

case 8 =3/4
V2
u(0)* = == [lul*Z | Au 2. (5.8)
In the general case,
Kis(®) = ——— 32(0) Gy ) (0)
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where L. (0) is given in (5.5) and G, (0) in (5.4) (see also (5.7)). For 0 € [3/4, 1) the
unique extremal is uy, ) = Gy, @) For0 =1, Ay (1) = oo and uy = 4.

Remark 5.1 1t is not difficult to find the function V(d), that is, the solution of the
maximization problem

V(d) = sup{u(0)* : u € I*(Z), |ull* =1, |Aul?® = d}, (5.9)

where d € [0, 16]. For this purpose we also need the expression for the Green’s
function G, (0) in the region A < —16, which is as follows

I N dx I R ey N
MU T J o i 1esint S T 2(—0)3 —*— 16 '

(5.10)

Using (5.4), (5.10) we can write down a parametric representation of V(d) as in
Theorem 3.2, but instead we merely show its graph in Fig. 7.

This time we do not have the maximum principle, and the Green’s function G (n)
is not positive for all n, but is rather oscillating with exponentially decaying amplitude,
see Fig. 6. Nor do we have the symmetry V(d) = V(16 — d) in Fig. 7 that we have
seen in the first-order inequalities in the one- and two-dimensional cases, see (2.8)
and (3.4). The maximum is attained at d = 6 corresponding to u = §. The component
A € (0, 00) of the resolvent set corresponds to d € (0,6) and A € (—o0, —16)
corresponds to d € (6, 16).

It is worth to compare the results so obtained in the discrete case with the corre-
sponding interpolation inequalities for Sobolev spaces in the continuous case. It is
well known that the interpolation inequality on the whole line R

2 20 2(1—-6
IA1Z, < Cra@IF I ™02, (5.11)
0.10 4 0.00006 -
0.08 J 0.00005
0.00004 -
0.06
0.00003 +
0.04 4
0.00002 -
0.02 1 0.00001 1
0 - - - ] 0 T T ~———T———
1 2 3 4 5 6 7 8 9 10 11 12
n n

Fig. 6 Graph of the maximizer G 16 (n) for n € [0, 6] (left) and n € [6, 12] (right)
3
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1

0.6 +

0.4 4

0.2 +

Fig. 7 Graph of V(d) defined in (5.9)

where f € H"(R), holds only for6 =1 — % The sharp constant was found in [17]:

Coe) = 1 1/00 dx 1 Ll s
T 00— 0 Jo T4+x T 601 —6) 0 2msing

Thus, for first-order inequalities both in the discrete and continuous cases the con-

stants are equal to 1, while for the second-order inequalities we see from (5.8) and
(5.12) that

4\t V2
Ci123/4) = (f) < \/7— =Kj2(3/4).

The next theorem states that for higher order inequalities the constants in the discrete
case are always strictly greater than those in the continuous case.

Theorem 5.2 Letn > 1 and let u € 1>(Z). The inequality

u(0)* < Kpn(O) ] D" ul>"=?, (5.13)
where
A2 for n even,
no.__ ’ g
Dhi= [ VA®=D2 " forn odd, (5.14)

holds for 0 € [1 — 1/(2n), 1] and

Kln(9)=;lsupkg/n A (5.15)
' (1 —0)=97 ;0 Jo Ar+22sin>" 5
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Forall 0 € [1 — 1/(2n), 1] supremum is the maximum. If n > 2, then for 0 = 0, :=
1 — 1/(2n) the constants in the continuous and discrete inequalities satisfy

Cin(0:) < Ky ,n(0s). (5.16)
Proof Following the scheme developed above we look for the solution of the equation
(=D'A"G) + 1G; =4,

and as in (5.3) find that

1 [T dx
G,.(0) = —/0 — 5

bid A + 221 gin2" 3

which proves (5.15) (whenever the supremum is finite). Using sin? 5 = tan2 5/(1+
tan? %) and changing the variable tan 5 = ,/jit, where 1 = A1/ we have

2 /” dx /°° 2d1 S
* - = n+2n = H’ °
0 A+2sin 5o (1 )+ E)

Clearly S(oo) = 0, and we have to study S(u) as u — 0. The integral converges
uniformly for p € [0, 1], since the denominator is greater then 1 for ¢ € [0, 1] and is
greater then 1 +e(n)i fort > 1 observing that 2 /(L4 ut®) =1 > ey (n)e? uniformly
for u € [0, 1]. Therefore

lim 5 )—S(O)—/OO 2t —/Oo dx
u—0 = B 0 1 42220 0 14 x2n’

which proves, in the first place, that the right-hand side in (5.15) is finite if and only
if 0 € [0, 1] and, secondly, that non-strict inequality (5.16) holds. Finally, for n > 2
we have strict inequality since

00 n22nt2n+2 t2 1 T
S,,(0) :2/ [ i|dt > 0.
0

(14227202 1422020 |7 16n sin 32

Forn = 1 we have A = p, S,,(0) < 0 and

T
S(p) =
Ju+4
is strictly decreasing not only at # = 0 but for all u > 0, the fact that we have already
seen in (2.24). O

Remark 5.2 Inequality (5.13) holds for 8 € [1 — 1/(2n), 1], that is, when the weight
of the stronger norm, which is the />-norm, increases. Accordingly, inequality (5.11)
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for periodic functions with mean value zero holds for 6 in the complementary interval
0 € [0,1 — 1/(2n)], when the weight of the stronger norm, which is the L-norm of
the n-th derivative, increases:

2 er
£z, <C}

— ~l,n

OO0, 6 e0,1— 2], (5.17)

where

2
f € Hj (Sh), f(x)dx =0.
0

A general method for finding sharp constants in interpolation inequalities of Lso-L2-
L>-type was developed in [1,11,18], which was also used in the discrete case in the
present paper. For example, forn = 1

supA’G(r), 6 e[0,1/2], (5.18)

1
O =
11 09(1 — )10 ;2

ik(x—&) . s . .
where G, (x, £) = % 2 xeZ\ (0} “eg5 s the Green’s function of the equation

—Gu(x,8)" +2G,(x,£) =8(x —§), x,& €[0,27],

and
1 & 1 1 X coth A —1
G = Gy (£, §) = ;Zkhrx :Eﬁx/_cot inx/_) .
k=1

For the limiting 6 = 6, = 1/2 the constant is the same as on R: C’f?{ 0y) =
C1.1(6x) = 1. The graph of C}"| (6) on the interval 6 € [0, 1/2] is shown in Fig. I on
the left. Observe that C; {(0) = 7/6.

6 Applications
6.1 Discrete and integral Carlson inequalities

We now discuss applications of the inequalities for the discrete operators, and our first
group of results concerns Carlson inequalities. The original Carlson inequality [5] is

as follows:
00 2 00 12 / oo 1/2
(Z ak) < (Z a,f) (Z k%,%) , 6.1)
k=1 k=1 k=1

where the constant 7 is sharp and cannot be attained at a non identically zero sequence
{ar}72 ;. This inequality has attracted a lot of interest and has been a source of general-
izations and improvements (see, for example, [10,12] and the references therein, and
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also [18] for the most recent strengthening of (6.1)). Inequality (6.1) has an integral
analog (with the same sharp constant)

0 2 ~ 12, oo 12
(/ g(t)dt) <x (/ g(t)zdt) (/ tzg(t)zdl) . (6.2)
0 0 0

As was first observed in [9], inequality (6.1) is equivalent to the inequality

113 < L IAIFI, (6.3)

for periodic functions f € leer 0, 2m), fozn f(x)dx = 0, by setting for a sequence
{ak }](3021

o
fx) = Z ape™, ap = 0.

k=—o00

Accordingly, inequality (6.3) for f € H'(R) is equivalent (as was first probably
observed in [15]) to (6.2) by setting g = F f and further restricting g (and f) to even
functions. Furthermore, the unique (up to scaling) extremal function f,(x) = ¢ in
(6.3) on the whole axis produces the extremal function g, (r) = 1/(1 + %) in (6.2).

In the similar way, discrete inequalities have equivalent integral analogs. Let .% be
the discrete Fourier transform .% : {a(n)} — a(x), where

ZZ\(X) = Z Cl(l’l)einx’ a(n) = (27-[)_‘1 /Td Zl‘(x)e—inxdx.

neZd

Then fore; = (0,...,0,1,0,...,0) with 1 on the jth place
Dja(n) =a(n+e;) —a(n) = Qm)~? /Td A(x) (e ity _ pminxy gy
= Q7)™ /w a(x)e /2 (=2i)sin 5 e 7" dx.
Therefore
IDjall* = 7)™ /w |a@(x)[*4sin® 5 dx. (6.4)

and, finally,

lall® = @m) =@, 1Val* = @m)~ /T a4 ijl sin? 3§ dx. (6.5)
Thus, we have proved the following result.
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Theorem 6.1 Let 1/2 < 6 < 1. The inequality
u(0)? < Ki@)lul® Dull*"=, u e l(Z)

established in Theorem 2.2 is equivalent to the inequality

2
([ o)
0

forg € Ly(0,27). Here K1 (0) = 1 (2/6)? (20 — 1)?~1/2 [see (2.28)]. In the limiting
case inequality (2.27) is equivalent to

2 1-6

2w o 2w
< 27K (9) (/ g(x)zdx) (/ 4sin2§g(x)2dx) :
0 0

(6.6)

2 2 2 22X 2
(/ g(x)dx) <m |4— fo 428:1 28W)7dx
0 o gx)2dx
27 172 27 1/2
x ( / g(x)zdx) ( / 4 sin? %g(x)zdx) (6.7)
0 0

Proof The proof follows from Theorem 2.2 and (6.4). We also point out that for
0 € (1/2, 1) inequality (6.6) saturates for

) 1 N 3 (0) 46 — 2

X) = E———— = = .

8y o —|—4sin2% * * 1—o

for & = 1/2 no extremals exist and maximizing sequence is obtained by letting

Ay — 0; finally for 8 = 1, (6.6) saturates at constants.
Foreachd,0 <d < 4 and A(d) = % inequality (6.7) saturates at

2 .
1 ) fo ™ 4 sin? 5 8A(d) (x)%dx

—————  with =d.
A(d) + 4sin® 3 fozﬂ (@) (X)2dx

&) (x) =

Ford =2, g = const. O

Remark 6.1 Corresponding to (5.8) is the integral inequality

2
([ o)
0

which turns into equality for

2 1/4

2 3/4 2
<72 ( / g(x)2dx) ( / 16 sin* £ g(x)zdx) ,
0 0

(6.8)

1

x)=———"—.
8 13—6 + 16 sin* %“
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Remark 6.2 The integral analog of the two dimensional discrete inequality is

2 0
(/ g(x,y)dxdy) < 271)*Ka(0) (/ g(x,y)zdxdy)
T2 T2

1-6
X (/11‘2 4(sin® %—i—sinz 3 g(x, y)zdxdy) , (6.9)

where 6 € (0, 1], and K5 (0) is defined in (3.11).

Remark 6.3 In the d-dimensional case, d > 3, for the exponent & = 0 the Parseval’s

identities (6.5) provide an independent elementary proof of (4.8). In fact, setting
— d 02 X

golx) =4 Z,-=1 sin® =~ we have

2

Q2m)*a(0))* = ‘ / a(x)dx
Td

2
< ( / Ia(X)Igo(X)l/zgo(X)l/de)
’]I‘d

< / @) 2go(0)dx / 000 dx = 2K ()| Val?,  (6.10)
Td Td

which proves (4.8).

This approach can be generalized to the /”-case for the proof of the discrete Sobolev
type inequality in the non-limiting case (1.12). Here in addition to the Parseval’s
identity we also use the Hausdorff—Young inequality (see, for instance, [2]):

1@l ey < @Y Pllally gy, (6.11)

where p > 2and p' = p/(p — 1).
In fact, we have |.#|;2_,;, = 27)%? and |#||p_,,, = 1 and by the Riesz—
Thorin interpolation theorem

F N p, < Q)72 = @m)@P,

1 __ 6 1-6 1
Where—/—i—i-T,;

fora(x) = 1and a = 8.
Settingg = 2pin (1.12),v(n) := u(m)Pu(n)?~", and using the auxiliary inequality
(6.12), (6.13) below, we obtain

= % + %. We also observe that (6.11) becomes an equality
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lulf, = > vmu@m) = > (DDA~ v(m)u(n)

neZd neZd
1/2
= Z DA~ 'v(n)Du(n) < Z DA 'v(n)|? [ Due||
neZd neZd

1 ) 1/2 1 , 1/2 .
s(z(zmd/” Ip/,d) ||v||,<2,,>f||Du||=(Z(sz’/” Ip/,d) lull " (Dl

It remains to prove (6.12). By Holder’s inequality and (6.11) we have

_ o) [D(x0)|*dx
2. DA™ v = =, -
neZd Z ISIII 2
274 1/p
< ( /, |ﬁ<x>|2"dx)
Td
_ @m)? I )lP _ d(p+1)/p
== p.d(27) ”U”l(zp)/ = —(2 ) I ’d”U”l(z,,)/ (6.12)
where
1/p'
Iya= / dx <o forp <dj2 & p>d/d-2)
/,d - —/ - .
g T4 (Z;{ZI sin? 5)P
(6.13)
Thus we obtain the following result.
Theorem 6.2 Letd > 3 and2p > 2d/(d — 2). Then
I/p .
lalfpzye = | 22 PP | < @O HP L, 4|Dul?,

nezd

where I,y g is defined in (6.13).

Remark 6.4 We do not claim that the constant here is sharp. Moreover, it blows up
for 2p = 2d/(d — 2), while it can be shown that the inequality still holds. However,
the constant is sharp in the opposite limit p = oo, see (4.8).

6.2 Spectral inequalities for discrete operators

Interpolation inequalities characterizing imbeddings of Sobolev spaces into the space
of bounded continuous functions have important applications in spectral theory. The
original fruitful idea in [7] has been generalized in [6] to give best-known estimates
for the Lieb-Thirring constants in estimates for the negative trace of Schrodinger
operators.
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In this section we apply our sharp interpolation inequalities with the method of [7]
for estimates of the negative trace of the discrete operators [16].
We write the inequalities obtained above in the unform way

sup u(k)* < K@) lull® D" u|*=0, (6.14)
keZd

where D" is as in (5.14) and 6 belongs to a certain subinterval of [0, 1] uniquely
defined in the corresponding theorem:
[1-1/2n),1], d=1,n>1;
0 €1 (,1], d=2,n=1; (6.15)
[071]’ d>3,n=1

Theorem 6.3 Let {u'/ )}?]: | € 12(Z%) be a family of N sequences that are orthonormal
with respect to the natural scalar product in 1>(Z%). We set
N .
pk) =D uPk)?, kezd. (6.16)
j=1

Then for 6 as in (6.15) and 0 < 1

N
2-6 29 1 .
5 = D p) = <K@ > D", (6.17)
|10 €
kezZd Jj=1
Proof For arbitrary &, ..., £y € R we construct a sequence f € [>(Z4)

N
fk) =" guP %), ke

j=1
Applying (6.14) and using orthonormality we obtain for a fixed k

0 1-6

N N
FR*<KO) [ D 67| | 2 &t (0u®, D)
j=1

i,j=1
We now set §; := u (k):

1-0

N
pk)> <K@ p®)" | D u®®u? @) (D"u, D"u?)
i,j=1
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or
2—0 1 N
p) = <K@ D u®kyu'? k) (D"u?, DuP).
i,j=1
Summing over k € Z¢ and using orthonormality we obtain (6.17). O

Corollary 6.1 Setting N = 1 in Theorem 6.3 we obtain a family of interpolation
inequalities for u € 1>(Z%)

N

1
lull 2000 < KO lul| =7 | D"u| 5. (6.18)
118 (74)

In particular, to mention a few examples with limiting 0

luliszy < 1- Iul®?Dull'?, 6 =1/2,
lullozy <27 Jul*Pllaul', 6 =3/4,

in dimension d > 3
il zay < Ka©* el V2 Vul /2,6 = 0.
Remark 6.5 The last inequality holding in dimension three and higher curiously
resembles the celebrated Ladyzhenskaya inequality that is vital for the uniqueness
of the weak solutions of the two-dimensional Navier—Stokes system:
£y < cLIFIT2IVAIY2, f € Hy(), @ SR

We now exploit the equivalence between the inequalities for orthonormal families
and spectral estimates for the negative trace of the Schrodinger operators [14].

We consider the discrete Schrodinger operator

H:=(-D"A"-V, (6.19)

acting on u € [*(Z%) as follows

Hu(k) = (—=1)"A"u(k) — V (k)u(k).

Theorem 6.4 Let V(k) > 0 and let V(k) — 0 as |k| — 00, then the negative
spectrum of H is discrete and satisfies the estimate

1-o'" 2-6
Z|)\j| =< K(Q)m Z V (k) . (6.20)
keZd
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Proof Suppose that there exists N negative eigenvalues —A; <0, j =1,..., N with
corresponding N orthonormal eigenfunctions u (/)

(=)' A" (k) — V(k)uD (k) = —xju (k).

Taking the scalar product with #/), summing the the results with respect to j, and
using (6.16), Holder inequality and (6.17), we obtain

N N
D= Wop) = D ID" )P
j=1 j=1

2-6
< IVl el = KO T lpl
-0 =0
__1  2-0
< max IVl — K©) 7 y1)
y>0

_ (1-6)'"° 20
_K((2 m29§:vm

kezd

6.3 Examples

d=1,n=1,0 =1/2. Then K = 1 and the negative trace of the operator

—A—V inl*Z)
satisfies

DIl < 3f Z V72 ().

a=—00

d=1,n=2,0 =3/4. Then K = +/2/2 and the negative trace of the operator

A*—V inl*Z)
satisfies

Sl 3 Ve

o=—00

d>3,n=1,60 =0.Then K = K;(0) and the negative trace of the operator

—A—V inl*2z%
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satisfies

PR JEt

aeZd

In particular, in three dimensions

K3(0)

=0.0631....
4
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