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Abstract:

We construct various examples of %—BPS giant gravitons embedded into the type
IIB supergravity background AdSs3 x Sf’L x S3 x S' with pure R-R flux: two D1-
brane giants wrapping 1-cycles in AdSs and Si x 53, and one D5-brane giant
wrapping a 4-cycle in Si x S and the S'. These D-branes are supported by
angular momenta a P on one 3-sphere and (1 — a) P on the other. We then
construct a general class of %—BPS D5-brane giant gravitons wrapping 4-cycles X
in Si x 83 and the S'. Here ¥ is the intersection of a holomorphic surface C in
Ci x C? with the Si x 83 submanifold. The holomorphic surface C is defined by
f(y121, Y122, Y221, yaz2) = 0, with y, and z, the (Cft complex coordinates. There
is supersymmetry enhancement to %—BPS in the special case f(y121) = 0 of which
our original D5-brane giant graviton is an example.
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1 Introduction

AdS/CFT correspondences provide a non-perturbative reformulation of string theory on anti-
de Sitter spacetimes in terms of a large N gauge theory. The original AdS;/CFT, corres-
pondence [1] between type IIB superstring theory on AdSs x S° and N = 4 Super Yang-Mills
(SYM) theory has been the subject of extensive study. Among the many remarkable features
uncovered is an integrable structure which gives rise to an infinite tower of conserved charges
associated with closed IIB superstrings and their dual single trace operators [2, 3, 4]. Integ-
rable open IIB superstrings require integrability preserving boundary conditions which are
provided by certain supersymmetric D-branes, such as maximal giant gravitons, embedded
into AdS5x S° [5, 6, 7]. Giant gravitons are a special class of supersymmetric probe D-branes,
which are dynamically stable as a result of their angular momentum and their coupling to
the supergravity background R-R potentials. AdS and sphere giant gravitons on AdSs x S°
were originally constructed in [8, 9, 10] and shown to be %—BPS. These D3-brane giants have
a microscopic description in terms of gravitational waves [11, 12]. They are dual to Schur
polynomial operators xr(Z1) in N=4 SYM theory [13, 14], built from n ~ O(N) of one of
the three scalar fields Z, which transform in the adjoint representation of the SU(N) gauge
group. A general class of %—BPS D3-brane giant gravitons embedded into and moving on S°
was constructed in [15] from holomorphic surfaces f(z1, 22, 23) = 0 in the complex manifold
C3. These are rigidly rotating 3-manifolds with non-trivial topology [16]. The dual operat-
ors are not known, but progress has been made [17, 18, 19] in studying i—BPS and %-BPS
operators in N' = 4 SYM theory.

There has been considerable recent interest [20, 21, 22, 23] in integrable structures in the
AdS3/CFTy correspondence! between type IIB superstring theory on AdSs x Sf’r x 83 x St
and a 2-dimensional N’ = (4,4) superconformal field theory with two SU(2)+ R-symmetry
groups, which remains imperfectly understood. AdSs3 X Si x 83 x Sl is a %—BPS type
IIB supergravity background containing a free parameter «, which controls the relative size
of the two 3-spheres. The size of one or other of these 3-spheres goes to infinity in the
a — 0 and a — 1 limits, in which the string theory (after a compactification) becomes type
IIB superstring theory on AdSs; x S3 x T%. This %—BPS type IIB supergravity background
AdS3 x S3 x T* arises as the near-horizon geometry of a stack of @1 D1-branes coincident
with a stack of Q5 D5-branes [25]. The worldvolume gauge theory on this stack of D1-branes
is a 2-dimensional ' = (4,4) supersymmetric theory with one SU(2) R-symmetry group
which is thought to flow to a Sym%1¥s(T*) orbifold conformal field theory in the infrared
[26, 27, 28, 29]. This CFT; is conjectured to be the holographic dual of type IIB superstring
theory on AdS3 x 83 x T*. This D1-D5 brane system can be generalized to a D1-D5-D5’
system comnsisting of a stack of (J; D1-branes coincident with two orthogonal stacks of Q; and
(5 Db5-branes, which intersect only along the line of the D1s. The near-horizon geometry
is AdSs x S3 x S x R [25, 30, 31]. The worldvolume gauge theory on the D1-branes is a
N = (0,4) supersymmetric field theory [32] containing two pairs of complex scalar fields, Yy,
and Z,, charged under different SU(2)+ R-symmetry groups and transforming in the adjoint
of the U(Q1) gauge group. These scalars are associated with the directions transverse to the
two stacks of D5 and D5'-branes. The R instead of S! factor in the near-horizon geometry
was suggested in [32] to be an artefact of the D1-branes being smeared over the transverse
directions, and it was conjectured that this worldvolume gauge theory flows in the infrared
to a CFTy with enhanced N = (4,4) supersymmetry which is the holographic dual of type
IIB superstring theory on AdSs X Si x §3 x St

'For a detailed recent review, see [24].



The goal of this work is to study D1 and D5-brane giant gravitons on AdS3 % Si)’r x 83 xS1. Our
motivation is two-fold: While the integrability of closed superstrings on this background has
been investigated extensively, open string integrability has not been considered, perhaps for
lack of suitable D-brane boundary conditions. Maximal giant gravitons are good candidates
for integrable boundary conditions for open IIB superstrings on AdSs x Si x 5% x 1. A
better understanding of giant gravitons on AdSs x Sf)’i_ x 83 x S is also likely to provide
insight into the dual long operators in the unknown N = (4,4) supersymmetric CFTy -
which, being protected, it should theoretically be possible to build from the scalars Y, and
Z, in the N' = (0,4) supersymmetric gauge theory of [32].

%—BPS classes of D1 and D5-brane giant gravitons are known to exist [33] on the type IIB
supergravity background AdSs x S x T* with pure R-R flux. These giant gravitons wrap a
1-cycle in AdS3 x S with the D1-branes point-like in the 7% and the D5-branes wrapping the
entire T* space. The AdS and sphere giants [8, 9] have enhanced %—BPS supersymmetry and
wrap circles in the AdS3 and S3 spaces, with angular momentum on the S3 in both cases.
The microscopic description of these giant gravitons AdSs x S2 x T* was studied in [34]. We
expect D1 and D5-brane giant gravitons on AdS3 x .S i x S3 x S to, in some sense, interpolate
between those on AdSs x 82 x T* and AdS3 x Si)’r x T* in the & — 0 and o — 1 limits.
We therefore expect these giant gravitons to carry angular momentum on both 3-spheres for
intermediate values of the parameter . Indeed, we will show that the angular momenta on
Si and S% are a P and (1 — a) P, respectively, with P the total angular momentum.

We begin, in section 2, with a brief description of the type IIB supergravity background
AdSs x Si x 93 x S' with pure R-R flux. In section 3, we construct two examples of D1-
brane giant gravitons wrapping 1-cycles in AdS3 and S i x §3 and one example of a D5-brane
giant graviton wrapping a 4-cycle in Si x §2 and the S'. These will be shown to be i-BPS
D-branes by a study of the kappa symmetry conditions for worldvolume supersymmetry. In
section 4 we turn our attention to the construction of a more general class of %-BPS D5-brane
giant gravitons wrapping a 4-cycle ¥ in S? x $3 and the S'. Here X is the intesection of
a holomorphic surface C in the complex manifold (Ci x C? with the Sf”|r x S3 submanifold.
Crucial to this holomorphic surface construction is our choice of holomorphic surface C to be

of the form:
C: flyrz1,y122, Y221, Y222) =0

with y, and z, the Ci and C? complex coordinates?. Key also is our a-dependent choice of
the preferred direction el in T(S3 x5%) along which ¥ is boosted into motion. A discussion of
our results is presented in section 5. Technical details of the type IIB supergravity background
and D-brane supersymmetry analyses are included in appendices A and B.

2 AdS; x S% x 5% x S! background with pure R-R flux

The %—BPS type IIB supergravity background AdS3 x Si x S3 x S with 3-form fluxes Fi3)

and H 3y, which mix under S-duality, preserves 16 of 32 supersymmetries (see appendix A.2).
We shall focus here on the case of pure R-R flux F(3).

2We note that this holomorphic surface C resembles the holomorphic surface in C* used in [35] to construct
D4-brane giant gravitons embedded into AdSs x CP?, which wrap a 4-cycle in the complex projective space.



2.1 Type IIB supergravity background AdS; x 53 x $3 x S!

Here we summarize the relevant details of the AdS3 x S:}r x 83 x S' background with pure
R-R flux. The metric is given by

ds? = L? (— cosh? p dt? + dp? + sinh? p dg02) + L%sec? 3 (d@%r + cos? 0, dxi +sin? 6, dqﬁ)
+ L% csc® B (dO? + cos® 0_ dx> +sin® 0_ d¢? ) + (% d€?, (1)

The axion and dilaton vanish, C(gy = ® = 0, and we set to zero the self-dual 5-form flux:

F(s) = F(5) — 3C(2) A Hpy + 3B(9) A Fig) = d [Clay — 3C(9) A Bg)] = #F(5) = 0.

We take the NS-NS 3-form flux to vanish, Hy = dB() = 0, to obtain the background with
pure R-R 3-form flux F{3) = dC(3) given by

Fig) = 2L2 dt A (sinh pcosh p dp) A dyp (2)
+2L%sec? 3 (sin 4 cos @y df, ) Adxy Adpy + 2L csc? B (sinf_cosf_df_) Adx_ Adep_,

with Hodge dual 7-form field strength F(7) = dC ) = * F{3) computed to be

Fipy = —2L°0 sec® B csc® B (sin 04 cos 04 dfy) A dx4+ A dgy A (cosf_sinf_ do_) Adx— Adp_ A dé
—2L5¢ cos B esc® B dt A (sinh p cosh p dp) Adp A (sin@_ cos@_ df_) Adx_ Adp_ A dE
+2L°¢ sin B sec® B dt A (sinh p cosh p dp) A dp A (sin 04 cos Oy dO.) Adxo Adpy AdE. (3)

We must insist that the charges®

Q+:1/ F, :LQSGECQB:£2 Q- = L / Fig = L% csc? g = L (4)
S Sy P a P e (1-0)

1 e 3
Q= @n) /S?rxsixsl Fopy = o Sec B cse’ B (5)

are all integers [26, 31]. We may then express the radii in the metric through these charges:

Q- 1672 Q7
L= 2555 — QF cos? = Q5 sin?p 2= — L —.
(QF +Q5) (Q3)%(Q5)%(Q5 +Q3)
The parameter o = cos? 3 controls the relative size of the two 3-spheres S3. Taking a — 1—a
and interchanging the Si and S? leaves this type IIB supergravity background invariant.

2.2 Embedding AdS; x 53 x $% x S' into R*™ x C2 x C% x S*

It will prove useful in subsequent sections to embed this 1+9 dimensional AdS3 x Sﬂ)’r x93 x 81
supergravity geometry into a 2411 dimensional R?+2 x Ci x C? x 81 spacetime. The complex
Cgt coordinates are denoted 7y, and z, in terms of which the R?*2 x (C%r x C2 x S! metric is

ds® = 1ij de'de? + sec? B dy®dij, + csc? B dz%dz, + 02 dE?, (6)

with all dependence on o = cos? 8 shown explicitly for convenience.

3Here we work in units of £5 = 1.



Let us exchange the 2! coordinates of R?*2 for the usual global coordinates (t, p, ) of AdSs
and an extra radial coordinate R. We use the radii and phases of the (C?|r and C2 complex
coordinates y, = 1y eWva and z, = T2a e=a_ The metric of R?T2 x (C%r x C2 x 8! is then

ds®* = R? (— cosh? p dt? 4 dp* + sinh? p dnpz) — dR?
+sec? B {dry 4y, dby b+ o2 B Y {dr? 02, dyZ )+ 07 dgR. (7)

The complex coordinates of C%_ x C? can now also be parameterized by

y1 = Ry cosfy e'X+ 21 =R_cosf_ e'X-

Yo = Rysinf, e+ 2y = R_sinf_ €%~
in terms of which the R*™? x C% x C2 x S! metric becomes
ds* = R? (— cosh? pdt? + dp? + sinh? pd(pZ) — dR?

+ sec” B{dR% + R% (df7 + cos® 04 dx3 +sin® 01 d¢? )}
+ csc? B{dR? + R* (d6* + cos® 0_ dx* +sin?0_d¢? )} + £2 d¢>. (8)

This reduces to the metric (1) of AdSs x S3 x $3 x S when R =R, = R_ = L are constant.

We define new radial coordinates (R, R) mixing the overall radial coordinates R+ of the C2
complex manifolds:

R, = (cos’ )R- R = R=Ri+R_
R_=(sin? )R+ R R = —(sin? B) Ry + (cos® B) R_ (9)

which we shall need in section 4. Note that these new mixed radial coordinates are orthogonal:
sec? B dRi + csc? B dR% = dR? + sec? Besc? B dR%.
We also define the mixed S% phases (x, X) and (¢, $) in a similar way:

X+ =(cos’ f)x =X = X=X+ t+Xx-
x- = (sin B) x + X X = —(sin® B) x4 + (cos® ) x- (10)
br=(cos’B)o—0 = P=6s+0¢-

¢ = (sin® B) 6 + ¢ 6 =—(sin® B) 4 + (cos” B) - (11)

which we use in section 3. Observe that x and ¢ are the phases of the composite complex
coordinates y12z1 and yo 2o, respectively:

y121 = Ry R_ cosf cosf_ eX Yoz = Ry R_ sinf sinf_ .

3 Examples of D1 and D5-brane giant gravitons

Here we construct %—BPS giant gravitons embedded into the type IIB supergravity back-
ground AdS3 X Si x 53 x S1 with pure R-R flux. These are probe D1 and D5-branes sup-
ported by their motion on both the 3-spheres, and by their coupling to the R-R potentials,
0(2) and 0(6)



Curiously, we shall observe for all our examples that the ratio of the angular momenta on the
3-spheres, a P on S% and (1 — ) P on S2, must be fixed to be a/(1 — a) = Q5 /QF, which
is a rational number as a result of the flux quantization condition (4) . Indeed, all the D1
and Db5-brane giant gravitons in this section will be moving in the direction
0 0 0 0
) .2
— =cos’f —+sin“f—=a—+(1—-a) —
ox OX+ ox— Ox+ ( ) Ox—

in terms of the mixed phases (10). The total angular momentum is P, = a P, +(1—a) P, _,
with Py, = P,_ = Py, when decomposed into components on each of the (rescaled) 3-spheres.

3.1 Examples of D1-brane giant gravitons in AdS; and R x 53 x §3

We construct two examples of D1-brane giant gravitons, both in motion along the x(¢) dir-
ection in Si)’r x 83 . The giant graviton in AdSs will wrap the ¢ circle in AdSs, whereas the
giant graviton in R x Si x 83 will wrap the ¢ path wound around a S* x S torus in Si x 83

These D1-branes couple to the 2-form potential:
Cla) = — L?sinh® p dt Adyp + L? sec? B sin® 04 dx+ Addy + L csc® B sin® 6_ dy— Ado— (12)

through the D1-brane action

1 1
Sp1 = —— d’o \/— detg £ — C(g), (13)
2m Rx~y 2m Rx~y

with v the circle in AdS3 or the curve in Si x 83 wrapped by the D1-brane. The kappa
symmetry condition is
€001

. « . 1
T'e= :FZ(Cg) with I'= 5 W (8a0XMO)(aa1XM1) FHONI' (14)

D1-brane giant graviton embedded into AdSs

Let us consider a D1-brane, with worldvolume coordinates o = (¢, ), wrapping the curve =
in AdSs, which is the ¢ circle of radius L sinh p with p constant, and point-like in the compact
space. Here we set 04 = 6_ = 0 and £ = 0. Motion is along the x(t) direction in S3 x S3 in
terms of the mixed phases (10). Hence ¥, = cos? 3 x = a x and x_ =sin?3 x = (1 —a) x.

Sl

Figure 1: Diagram of the D1-brane giant graviton wrapping a 1-cycle 7 in AdSs.



Now, the induced metric on the R x v worldvolume of this D1-brane is
ds* = — L? (cosh2 p— )'(2) dt* + L? sinh? p dy?
and the pull-back of the 2-form potential (12) is given by
Cuo) = —L? sinh? p dt A de.

The D1-brane action is hence

choosing the lower sign in the WZ action associated with an anti-brane solution. The mo-
mentum conjugate to x is

sinh p x
PX=L2{’)X}:L2 p. (16)

\/cosh? p — x2

The energy H = P, x — L of the D1-brane is given by

inh p cosh? [ s
H =172 {Smigosi — sinh2p} =I? {coshp p? +sinh?p — sinth} : (17)
v/ cosh” p — x

We observe BPS solutions when y = £1 and p = +1. These D1-(anti-)brane giant gravitons
in AdSs (with opposite directions of motion) have energy and angular momentum

H=xP,=+[aP, +(1-a)P_]=L* (18)

Notice that the radius Lsinh p of the ¢ circle in AdS3 (the 1-cycle v) is independent of the
total angular momentum P, .

The kappa symmetry condition (14) can be written as

Ie=i(Ce)* with I'= (cosh p 40 + X cos B 75 + X sin 3 79) 72

19
sinh p (19)

imposed on the pullback of the Killing spinor (77) to the giant’s worldvolume: € = et + ¢~
with e* = M*(t,¢) e (from the gravitino KSEs) further satisfying O e* = ¢* where we
define O = cos B 474 +sin B 4y_ (from the dilatino KSE). Here i (Ce®)* = +¢*. The kappa
symmetry condition becomes I'e* = +e*. There is an additional consistency condition
[[,0]e* = 0 needed for the dilatino condition to be consistent with worldvolume super-
symmetry. We show in appendix B.1 that these kappa symmetry, dilatino and consistency
conditions imply the following three conditions on the constant spinor Eoi:

X Y172 €5 = VY6 €5 = Y87Y10 €5 o (cos B 5 + sin B y9) £ = X ¢ (20)

We conclude that the Weyl spinors 68_ and ¢, each contain 2 degrees of freedom which we
may label by the ir; eigenvalues of 12, where r1 = 4+. The D1-brane giant graviton in AdSs
therefore preserves 4 of the original 16 supersymmetries and is hence %—BPS.

In the o — 0 or v — 1 limits, this D1-brane giant graviton has angular momentum P, = P, _
or Py = Py, on only one 3-sphere. There is now enhanced %—BPS supersymmetry, since the
consistency condition becomes trivial. These limits therefore give rise to AdS D1-brane giant
gravitons on AdSs X Sfc x T* after a compactification.

7



D1-brane giant graviton embedded into R x Si)’r x S3

Let us consider a D1-brane, with worldvolume coordinates o® = (t, ¢), wrapping the curve
v in S% x $3 parameterized by the mixed phase ¢ defined in (11). Here 4 = 0_ = 6 is
constant, and Oyp4 = cos? B = o and Opp— = sin? 3 = (1 —a). The curve 7 is wound around
a torus ST x S in $3 x S3. Note that ~ is closed due to rational a/(1 — @) = Q5 /QF as
a result of the flux quantization condition (4). This D1-brane is point-like in AdS3 and S*,
with p = 0 and £ = 0. Motion is along the x(¢) direction in the Si x S3 compact space.

AdSs

Sl

2n

o

(a) (b)
Figure 2: Diagram of the D1-brane giant graviton wrapping a 1-cycle v wound around a torus
St x S1in S x $3: (a) shows the torus S x S! in red and (b) shows the 1-cycle v in blue.

The induced metric on the R x v worldvolume of this D1-brane is
ds* = — L? (1 — cos? 0 ) dt* + L?*sin® 0 d¢”
and the pullback of the 2-form potential (12) to the worldvolume is
Co) = L?sin®0 x dt A d¢.

The D1-brane action is therefore given by

Sb1 = —LQ/dt [sin0y/1-co20 2 sin®0 i} (21)

The angular momentum conjugate to x is

P, =12 { sinf cosh X, sin20} =1%p. (22)

/1 —cos?0 x?2

The energy H = P, x — L of this D1-brane then takes the form

. 1 2
H:L2{\/%}:L2p \/1+tan29<1:Fp> . (23)

There is a BPS solution with x = £1 and p = £1 associated with D1-brane (and anti-brane)
giant gravitons in R x Si x 83 with opposite directions of motion. These giant gravitons
have energy and angular momentum

H=xP ==x[aP, +(1—-a)P_]=L? (24)

Again, the radii Lsec8sin@ and L cscBsiné of the ST x S torus on which v is wound are
independent of the total angular momentum P,.



The kappa symmetry condition (14) can be written as

(70 + X cos 0 cos B 75 + X cos Osin 8 79) (cos B 6 + sin. B 710)

I'e=—x1 * with T'=
€ x i(Ce)* wi nd

, (25)

where y = +1 for the brane/anti-brane. The pullback of the Killing spinor (77) to the giant’s
worldvolume: ¢ = et + &7, with e = M*(¢t,¢) eac, must again satisfy Oe* = e*. The
consistency of this dilatino condition with the kappa symmetry condition I'e* = Fy et
requires also [I', O] et = 0. In appendix B.1 we show that these conditions are all satisfied if
we impose the same three conditions on the constant spinor soi:

X M2 €5 = V375 €5 = V678 €5 Y0 (cos B vs + sin B yo0) e = x e

Once more, Eat are labeled by the ir; eigenvalue of v172. The D1-brane giant graviton in
R x Si x S3 is therefore i—BPS, preserving 4 of the 16 background supersymmetries.

In the a — 0 or @ — 1 limits, the 1-cycle v unwraps from the circle on one of the 3-spheres

and becomes simply a D1-brane wrapping an S* in Sg’:, with angular momentum P, = P, _

or P, = P, on the same 3-sphere. There is again enhanced %—BPS supersymmetry. This
gives rise to the sphere D1-brane giant graviton on AdSs X S% x T* after a compactification.

3.2 Example of a D5-brane giant graviton in R x S x $% x S*

Here we construct an example of a D5-brane giant graviton in motion along the x(¢) direction
in the SJ3r x S compact space. This D5-brane giant graviton in R x Si x 82 x ST will wrap
a 4-cycle X in Si x 83 and the S!.

This D5-brane couples to the 6-form potential:

Cie) = LP 0 sec® B csc® B [0052 Bsin? 60, (cosf_sinf_ df_) — sin® Bsin? O_ (cos f sin 6 do.)]
Adx+ Ndx— Ndoy Ndp— N dE
+L5¢ cosB esc® B sinh?p dt Adp A (sinf_ cosO_df_) Adx_ Adp_ AdE
— L3¢ sinf sec® B sinh? p dt A dp A (sinfy cosf, dfy) Adxy Adopy AdE (26)

through the D5-brane action

1 1
S :—/ dc /—detg + / Clg)- 27
b (27)5 Jrxmxst 21 Joxsxst O 27)

The kappa symmetry condition is now given by

€00+ a5

. " . 1
FEZZFZ(CE) Wlth F:gm

(aaoXMO) (alsX%) FMO"'NS' (28)

D5-brane giant graviton embedded into R x Si x 83 x S8t

Let us consider a D5-brane, with worldvolume coordinates o = (¢, 0,9,6,x, €), wrapping a
4-cycle ¥ in Si x §3 parameterized by (9~, o, <z~5, %) and the S! coordinate ¢, and point-like in
AdS3 with p = 0. We leave 6, (A) and 6_(#) which define ¥ to be specified later. We shall
choose ¥ to be in motion in $% x $% along the x(t) direction.



Sl

X+=ax X-=Q0-a)X

Figure 3: Diagram of the D5-brane giant wrapping a 4-cycle ¥ in S:g’|r x 83 and the S'.

The induced metric on the R x ¥ x S worldvolume of this D5-brane is
ds? = — L* [1 — (cos2 Bcos® 0, + sin? B cos® 6’_) )'(2] dt* —2L? (cos2 6, — cos’ 0_) x dtdx
+ L% sec? Besc? B (sin2 B cos? 4 + cos? 3 cos? 9_) dx?
+ L? sec® Besc? B [sin® B (05604)% + cos® B (950-)°] d6?
+ L? (0082 Bsin? 0 + sin? B sin? 9_) d¢? — 2L (sin2 0, — sin? 0_) de¢ do
+ L% sec? Besc? B (sin2 Bsin? 0, + cos? B sin? 9_) de? + 12 de?
with
\/—det g = L5 ¢ sec® B csc® B sin 04 sind_
X \/[sin2 B (050+)% + cos? B (950-)2] [(sin® B cos? 04 + cos? Bcos? 0_) — cos? 01 cos?6_]

2 2 _ 2
><\/1_~_[( cos2 6, cos?0_ (1 —x3?)

sin? B cos2 0, 4 cos? B cos2 H_) — cos? . cos? 0]
and the pullback of the 6-form potential is

Ciey = — L° € sec® B csc® B [cos” B sin? 6., (cosf_sinf_ (950-)) — sin? Bsin? 0_ (cosfy sinfy (9504))]
X x dt AdOAdd A dd A dx A dE

Let us now make the ansatz

cos 6
cos 61 cosf_ = constant = cos 6 ‘ = cosf_ =

2
cosf’ (29)

which is associated with the holomorphic surface f(y121) = y121 — cosf = 0 in (Ci x C2,
yielding ¥ when restricted to the submanifold Si x 83. (A general holomorphic surface
construction is presented in section 4). This surface is boosted into motion along the overall
phase of y12z; which is the x(¢) direction. We shall choose 6 = 0+ to be a worldvolume
coordinate. This yields the D5-brane action

Lo¢ o sin 04
Sps = ——— sec® Besc? B / dt/ o [(sin2 Bcos? Oy + cos? Beos?H_) — cos? 6 cos? 6_]
2w 0 cos

" - cos? 04 cos?0_ (1 — x?) (30
[(sin? B cos? 04 + cos? B cos? §_) — cos? 04 cos? 0_] X

10



with 0_(0,) determined through (29). The angular momentum conjugate to y is

L5/ 0 sin 0
P =—— sec® Bescd 3 / o [(sin2 Bcos? 0y + cos® Beos?H_) — cos? O cos? 9_]
21 0 cos 0

cos? 0 cos?0_ x
[(sin2 B cos? 04 +cos? B cos? 0_)—cos? 04 cos? 9_]

X +1 (31)
\/1 + [( cos? 04 cos? O_ (1—x2)

sin? B cos2 04 4-cos? B cos2 O_)—cos2 O cos? 0,]

and the energy H = P, x — L of the D5-brane is given by

- L5¢ sec® fesc? B /9 40 sin 6 (sin? B cos? 0, + cos? Bcos?6_) (32)
2w 0 + CcOos 9+ 14 cos? 04 cos? 0_(1—x?2)
[(sin2 B cos? 04 +cos? Bcos? 0_)—cos? 01 cos? 9,]

There are BPS solutions when x = =1 associated with D5-brane (and anti-brane) giant
gravitons in R x S’ _?; x 83 x S with opposite directions of motion. These giant gravitons have
energy and angular momentum

H=2P ==x[aP, +(1—a)P_]=Q;sin’¢ (33)

with the quantized flux @; given by (5).

The kappa symmetry condition (28) can be written as

IF'e=—x1i(Ce)* with T = [(sinfcosby yoy5 — cos 5 cosb_ yoy9 — x cos b cosb_v579)
X (sin B cos 04 sin 0_ v4 + cos S cos 0_sin 04 v8) Y6 y10712]
[(sin? B cos? 4 + cos? B cos? §_) — cos? 04 cos? 0_]

(34)

where € = ™ + ¢~ is the pullback of the Killing spinor (77) to the giant’s worldvolume. Here
et = M*E(t, 0,9, QNS, X;€) E(:)t again satisfies Oe® = ¢t and I'et = F y e with consistency
condition [T, O]e* = 0. We show in appendix B.1 that the consistency of the dilatino and
kappa symmetry conditions once more implies

X Y172 €5 = Yav6 € = 810 €3 ~o (cos B 45 + sin B ) €F = ¥ e

The Weyl spinors 53_ and ¢, each contain 2 degrees of freedom which are again labeled by
the ir; eigenvalues of y1y2. This D5-brane giant graviton in R x Si x 93 x 81 thus preserves
4 of the original 16 supersymmetries and is hence %—BPS.

The maximal D5-brane giant graviton with sinf = 1 corresponds to cosf, cosf_ = 0. This
splits into two D5-branes, cos A+ = 0 and cosf_ = 0, which we parameterize separately by
0 =0_ and 0 = 0. Each of these %-BPS D5-branes wraps an S* x S% x St

X St

Figure 4: Diagram of both halves of the maximal D5-brane giant which wrap S' x S% x St
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It is not immediately clear what happens to this Db5-brane giant graviton in the a — 0
or a — 1 limits, in which one of the 3-spheres Si blows up to infinite size (and is then
compactified to 7%). The constraint y;2; = cos@ depends on the coordinates of both 3-
spheres Si even when a@ — 0 or &« — 1. We therefore do not expect this D5-brane solution to
survive the compactification (except at maximal size where half the maximal giant graviton
will become the maximal sphere D5-brane giant graviton on AdS3 x S% x T4).

We anticipate that it may be possible to build the dual %—BPS operators in the N' = (4,0)
supersymmetric gauge theory defined in [32] on the worldvolume of stacks of D1-D5-D5’-
branes. These operators will be protected under renormalization group flow to the N' = (4, 4)
supersymmetric CFTy conjectured to be the holographic dual of type IIB superstring theory
on AdSs x Si x §3 x S'. The angular momentum P, = Q; sin’? @ of this D5-brane giant
graviton is related to the size parameter sinf, suggesting that the dual i—BPS operator is
built from an equal number n < ()1 of scalar fields Y7 and Z; in the adjoint representation
of the U(Q1) gauge group. At maximal length, n = Q1, we expect these operators to split
into two %—BPS operators, each built out of @) of a single scalar field, Y7 or Z;, and dual to
half the maximal D5-brane giant graviton.

4 Db5-brane giant gravitons from holomorphic surfaces

We now construct a general class of %-BPS D5-brane giant gravitons on AdS3 x Si x §% x 81,
by means of the embedding into R**2x C% x C2 x S! (see section 2.2), making use of methods
similar to those of [15]. This holomorphic surface construction is presented in section 4.1 while
an analysis of the kappa symmetry conditions is given in section 4.2.

A D5-brane giant graviton at fixed time ¢ = 0 wraps a 4-cycle X in Si x S and the S, where
¥ is the intersection of a holomorphic surfaces C in the complex manifold C* = Ci x C2
with the Si x S§3 submanifold. The holomorphic surface must take the form

C: flyiz1,y122,y221,Y222) = 0.

This 4-cycle ¥ is boosted into motion along a preferred direction el = Iel induced by the
action of the complex structure I of C*. This holomorphic surface construction generally gives
1

rise to an 3-BPS probe D5-brane. The D5-brane giant graviton in R x Sf_ x 83 x S example

of section 3.2 is a special case in which f(y;z1) = 0 with enhanced i—BPS supersymmetry.

Essential to this construction is the choice of preferred direction. At any point in Si x 83,
there are two natural preferred directions in T'S% respectively:

cos 3 cos 3 . =
e||+ = IeJ‘+ = Z 8¢a = ZIL (ya 6ya — Ya 8??:1)

7 I
N - S L LS o YR (35)
= L . ¢a L - a Yz, a YZq

induced by the action of the complex structure I on the directions in TC2 orthogonal to T.S3:
N cos 3 _
e T =cosp Or, = Lza:(yaaya + Yo Oy, )

ot =sinf g = S (20, +7,02,). (36)

12



We introduce an alternative pair of mutually orthogonal unit vectors, also orthogonal to
T(S3 x $3), given by
e-=0p=cosf e +sinf e =adr, +(1—a)dr (37)

ét =cosBsinf 85 = —sinf et +cosB et

which have an interpretation in terms of the mixed radii defined in section 2.2. The associated
preferred directions in T(S3 x S3) are

1
el =1et = cos 3 el* + sin 8 el = % ; a"/’y,a + ( La) ; %,a (38)

el =18t = —sinf elt + cos 8 el

where el has components a (L~! Oy vor) a0d (1 =) (L1 Dy, ...,) in TSE. Tt will be crucial
to boost along this a-dependent preferred direction el to obtain supersymmetric D5-brane
giant gravitons. This boost is implemented by taking y, — ya e~ and z, — 24 e (1=t in
the holomorphic function. The rigidly rotating 4-cycle X(¢) is then Sf’;_ x S3 intersected with

Ct): flnzre ™, yrzae ™ yozre ™, yozoe ) = 0.

The type IIB Killing spinor € in 149 dimensions can be projected out of a covariantly constant
spinor ¥ in 2411 dimensions?:

e(z") = Pailatino Pweyl ¥(z*) = % (1 +T(e?) F(eﬂ) % (1+Top) ¥(zH) (39)
with T'jgp the 149 dimensional chirality matrix (see appendix A). The gravitino KSEs on ¢
arise from the covariantly constant condition on W. The dilatino condition comes about as a
result of our choice of the projection operator Pgilatino involving the a-dependent orthogonal
direction e which induces precisely the preferred direction ell. Note that ¥ must satisfy three
additional independent conditions (79). The kappa symmetry conditions on the pullback
g(0%) to the worldvolume R x ¥ x S! of the D5-brane will be reinterpreted in section 4.2 as
conditions on the pullback ¥(c?) to R x C x S*.

4.1 Holomorphic surface construction

Let us begin by considering a general holomorphic surface C defined by f(y1,¥2,21,22) =0
in C*. The intersection with Si x 83 gives the 4-cycle ¥.

The orthogonal space (TC)! is spanned by the unit vectors

c0s? Y, [(05,F) Oy, + (9, f) 05, ] +sin® B, [(05,1) 0z, + (0:,) 0z,]
V€052 B 52,10y, /12 + sin? 55,10, 1
. i cos? B3, [(0guf) Oye — (Oyo f) Ogo] + i sin® B3, [(05,f) Oz — (00 f) O3] —Tvi (40)
oo BT, 10,17 +sin? 5, 10,7

V1 =

Note that TC and (TC)* are closed under the action of the complex structure I.

4We make use of the notation of [15] in which I'(v) is the gamma matrix corresponding to the vector v.
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We define TyY to be the maximal subspace of TY = TCNT(S? x S2) closed under the action
of the complex structure I, i.e. satisfying I(TpX) = ToX. Hence TpX consists of all those
vectors in TY with no components along el* or ell=. We also define the unit vectors e¥*
and e¥~ to be the (normalized) components of el* or e/~ in T:

e”i:)\iewi + ...

with the extra terms being vectors in (TX)+ N T(S% x $3). Here e¥* span (ToX)+ N TX.

The direction of motion e must be a unit vector in (TC)-NT(93x S$3) C (TL)+NT(S®xS?3).
We require (TC)-NT(S3 x $3) to be a 1 dimensional space for this holomorphic construction
to go through, which we shall find places constraints on the holomorphic surface C.

Let us now solve for e? explicitly. A vector in (TC)* takes the form

AN [eos® B (0.0) 0y, +sin® B (0:,0) 0:,] + B Y [cos® B (9y,f) Oy, +sin® B (0z, ) 0]
and must be orthogonal to both e** and e+~ given in (36). This implies
AN (0, Ua=-BY 0yHva  AD (0:/)7a=-B> (0:.f) 2

which has solution

A=ND (0, Nta=kN Y (0:f)2a  B=N> (0,/)Ta=kN > (8:]) %

with N a normalization constant. It is therefore clear that for (TC)* NT(S® x ) to be a 1
dimensional space containing e?, we must restrict to holomorphic functions f satisfying

> OpHya =k (0:f)z (41)

a

which takes the form f(y{" 27, y{" 2%, y5* 2}, y5'2%) with k = m/n in terms of m,n € Z*.

We wish to obtain a supersymmetric probe D5-brane giant graviton wrapping ¥ x S which,
when boosted into motion along the preferred direction ell, results in motion along the dir-
ection e? orthogonal to ¥. For the supersymmetry analysis to go through along the lines of
[15], it will also prove necessary to set k = 1. Our holomorphic surface is then given by

’C o flwy, wa, w3, wa) = f(y121, Y122, Y221, Yo22) = 0‘ (42)

in terms of the composite complex fields w1 = y121, wo = Y129, w3 = yoz1 and wy = Yo2z2. In

this case,
ST 0nHva = (0:20f)2a =Y (Du,f) wa.

a a a

The direction of motion €? and the orthogonal direction Ie? are given by

e¢ — i {[Zb(au’b 1) wb] [COSZ B 3. (95, ) Oyg+sin? 8 3 (02, f) aza}_[zb(au’)b i) @b] [0032 B >4 (0yy f) Bga+sin? B 37 (0., f) aga]}

| 20 (Oue ) we| y/cos? B4 10y, fI2+sin? B3, 10z, f1?

le?=

[0 (w, ) wo][cos? B 32, (854 F) Oya+sin? B 32, (924 ) 0z |+[324 (9w, ) @] [cos® B 3, (Dyo f) Oy +sin? B 30, (0:4f) 024 ] }

| e (O f) wel| y/cos? B3, 10y, FI2+sin® B3, 10-, fI2

14



Let us now define the unit vector e” to be a direction orthogonal to e? in (TX)-NT(S3 x $3).
Since e? is a vector in (TC)* (and T(S®x S3)), which is closed under the action of the complex
structure I, the unit vector Ie? is also in (TC)* as well as being orthogonal to €. Hence

Te? =cosp (cosv et +sinv e"") + sinp e” (44)

Since (Ie?) - el* = —e? . et* = 0, it follows that € - el* = 0. Therefore el* are linear
combinations of e? and the vectors e¥*. It is possible to deduce that

— —cospcosv e + /1 — cos? pcos? v ¥t

v eV . (45)

el= = —cospsiny e F \/l—cos2psin2

Using the definitions of el* given in (38) and the explicit expressions for e? and Ie? shown

in (43), as well as the expressions (45) relating el and e? in more general terms, we obtain
Ow 2
ellt . % — cos 3 | 25 (Buy, £) wp| — cos picosy
L \fcos? BY 10y, fP+sin? By 10:, f T2
|- g¢ — SN | 04 (B 1) w2 B .
e e = = —cos jsin v

L \/COSQﬁZd |8ydf|2+sin2524\azdf\2

from which it follows that ¥ = § in this case in which k£ = 1. Therefore we can compute

el = —cosp e® + sinp e¥ (46)

where we define

e¥ = cscp {COSB\/l —cos2 ppcos? B eVt — sinﬂ\/l — cos? psin? B ew}

the component of ell in TY. Also, (44) implies that

Te® =cosp et + sinp e (47)

This expression for Ie? (which is only valid when k = 1 and hence 3 = v) will be essential
in the following analysis of the kappa symmetry conditions for worldvolume supersymmetry.

4.2 Kappa symmetry conditions

Let us now work in the coordinates z# = (t, p, o, R)U (o', 02,03, 0%, 2%, 2™ R, R) U (0®) with
o® the spatial worldvolume coordinates®. The kappa symmetry condition can be written as

Pe=—i(Ce)* with T'=—cscpu(yo— ¢ cospys) 1aYs7677712
= —cscp (Y0 — ¢ cos ug) (Yy10711712) Y8Y9Y10Y11 Y12 (48)

imposed on € = e+, the pullback of the Killing spinor (77) to the worldvolume R x ¥ x S!,
where i(Ce®) = £ e*. This kappa symmetry condition can be manipulated into the form

Yoys [~ os 1 y10 £ sin pyg (Yy10711712)] Y10 €F = (49)

5Notice that we make use of a coordinate system adapted to describe the D5-brane worldvolume. Thus,
the Dirac matrices v, here are not identical to those used in appendix A.
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with 4 = y9v172 and v = Y4y5v677Y8Y9- Now Y3710 et = &F implies 10 et = —73 e+ from
which it follows that
(7073) 78 [cos ry10 F sin pyg (Yy10711712)] € = ™. (50)

We can project

e = Pitatino PWeyl U5 With Paitatino = 3 (1 +73710) and Pweyt = 2 (1 —47712)  (51)

out of the covariantly constant spinors ¥+ pulled back to R x C x S1. Here i(C¥¥) = £0*.
Notice that the operator on the left-hand side of the above equation commutes with these
projection operators. Thus, the kappa symmetry condition is satisfied if

(7073) 78 [cos 1110 F sin g ye (Yy10m11712)] TF = T (52)

Hence, making use of the conditions (79),

(70v3) Y8 (cos it y10 + sinpu y9) UF = U, (53)

We further decompose ¥+ into eigenstates of voy3 and 192 with eigenvalues ir,, as well as

into eigenstates of v{vg, vI1¥, 75V and ¥§v5, with eigenvalues i s, i s3, i s7 and i s5. Here

(r1,7r9,8Y, 85,55, 85) = (£, %, £, &, +, +) label the spinor \Il’()m,742,Sll,’s‘;,’k(ﬁ’Sg together with our
original label p = £, where i(CUP)* = p UP. We note that the three conditions (79) imply

rirg = —p sisy=p and 5185 = p. (54)

The kappa symmetry condition now becomes

@ ] P — p
['(e”) I'(Te?) qj(mn‘z,sl{,s%,si,sé) = tn qj(mmms%s%sisi)

(55)

Here we note that I'(e?) = g, I'(e") = 79 and I'(e') = v19. We also make use of (47), which
we obtained only for our particular choice of holomorphic surface C, from which it follows
that I'(e?) I'(1e®) = g (cos it 10 + sinp 79) -

It is possible from (43) to compute

2i za,b[cos2 B (6ya f) Fgq +sin? B (8Za f) Ffa] [COSQ B (8@1, .f) Fyb +Sin2 B (821, .f) sz]
[cos2 B>, ‘aydf‘2+5m2 B4 |8zdf|2]

L(e®)I(Ie?) = —i +

20 30, [c0s? B (9go ) yq +sin® B (9z4 ) T'zg l[cos? B (y, f) Ty, +sin® B (9, f) T'z,]

=t [COSQ/BZd‘aydf‘QJFSiHZﬁZd |azdf|2]

(56)

We observe that these conditions are satisfied when the following conditions are imposed on
the spinor labels: If 9,, f # 0, then

P _ _ P _ _

Lo qj(-i—,rz,s%’,s%,sf,sg) =0 = sj=— and Ly, \IJ(_7T27511/73375,137S§) =0 = s¥=+4 (57)
from which it follows that 71s¥ = —. Similarly, if 9,, f # 0, then

r, v =0 = s:=-— and I ¥/ =0 = s:=+4 (58)

Y Y Y Y
(+77’,275178278§78§) (_77‘27517527‘5%755)

which gives r1sZ = —. Notice that, if f is a function of both y; and ya (or both z; and z2),
then p is no longer a free label, since p = s{s§ = sis5 = + is fixed by conditions (54). These
conditions also imply that r9 is fixed by p and ;.
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To summanrize:

For a D5-brane giant graviton wrapping a 4-cycle ¥ in Si x S3 and S', constructed with X
the intersection a general holomorphic surface f(y121,y122, Y221, y222) = 0 with the Si x 83
submanifold, the kappa symmetry conditions on the spinor

p

a _ . . p a
(r177'27s:(1/75%73§73§)(0- ) - Pdllatlno Pweyl \I/(rlvr%szllvsgvsfﬂsg)(o— ) (59)

are satisfied if the labels obey the following relations:

=sy=si=s5=m and p=-+ (60)

indicating a %—BPS D5-brane giant graviton preserving 2 of 16 background supersymmetries.

There is supersymmetry enhancement in the case of a holomorphic surface f(y;z1) = 0 with
the function dependent only on a single composite complex coordinate. The kappa symmetry
conditions are satisfied, in this special case, if the spinor labels obey

—T1=pryg= S:lil = Si and SZQJ = Sg = D. (61)

This indicates a %—BPS D5-brane giant graviton preserving 4 of the original 16 background
supersymmetries. The D5-brane giant graviton embedded into R x Si x §3 x St constructed
explicitly in section 3, is an example in this special i—BPS subclass of D5-brane giants.

5 Discussion

We have constructed two examples of D1-brane giant gravitons, wrapping 1-cycles in AdSs
and Si x S, and one example of a D5-brane giant graviton, wrapping a 4-cycle in Si x §3
and the S', in type IIB supergravity on AdS3 x Si x 53 x 81 with pure R-R flux. These
giant gravitons were shown to be i—BPS probe D-branes supported by angular momenta o P
on one 3-sphere Sﬁ"r and (1 — a) P on the other 3-sphere S, where P is the total angular
momentum and « = cos? 3 controls the relative size of the 3-spheres. The energy and total
angular momentum of the D1-brane giant gravitons, H = +P = L2, is independent of the size
of the 1-cycle which they wrap in AdS3 or Si)’r x 83 . However, the D5-brane giant graviton
embedded into Si x §2 x S' has energy and total angular momentum H = +P = Q; sin? ¥,
which do vary with the size parameter sin . At maximal size, sin§ = 1, this D5-brane giant

graviton splits into two %-BPS D5-branes, each wrapping an S x S3 x S.

We have further constructed a general class of %—BPS D5-brane giant gravitons wrapping

a 4-cycle ¥ in Si x S and the S' at fixed time ¢ = 0. Here ¥ is the intersection of a
holomorphic surface C in (CQ+ x C2, defined by

C: f(yiz1,y122,y221,Y222) =0,

with the submanifold Si x 83, where y, and z, are the (C?F and C2 complex coordinates.
This surface is boosted into motion along the preferred direction ell = cos 3 el* +sin 3 el~
in T(S3 x §3), with el = Te'* the natural preferred directions induced by the action of
the complex structure I on the directions e® orthogonal to T:S3 in TC2. This choice of
a-dependent preferred direction is crucial to this holomorphic surface construction.
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This work leads naturally to a consideration of the maximal D1-brane giant graviton in
R x Si x 83 and either half of the maximal D5-brane giant graviton in R x S’i x 83 x St
as integrable boundary conditions for open IIB superstrings on AdSs x S% x 3 x S'. These
will be described by the coset model [20]. We leave the study of open string integrability in
this AdS3 x S:q’|r x 83 x 81 background as a topic for future research.

This new class of %—BPS Db5-brane giant gravitons will be dual to é—BPS operators in the dual
gauge theory, which is conjectured to arise from the A" = (0, 4) supersymmetric gauge theory
of [32] when it flows in the infrared to a CF Ty with enhanced N = (4,4) supersymmetry. We
expect that it should be possible to build these protected operators in the gauge theory of [32]
from equal numbers n ~ O(Q1) of the Y, and Z, complex scalar fields, which carry charges
under different SU(2)1’s and transform in the adjoint of the U(Q1) gauge group. It seems
natural to associate these Y, and Z, fields with the even and odd sites of the alternating
9(2,1;)? spin chain of [21, 22, 23] in the limit in which the number of fields n < Qi is
small in comparison to the rank of the U(Q1) gauge group. It was shown in N' =4 SYM
theory that i—BPS operators can be built using representations of Brauer algebras [17]. We
conjecture that similar protected operators may be built out of the Y7 and Z; scalars in the
field theory [32] dual to our D5-brane giant graviton example in section 3.2. We leave this as
a problem for future investigation.
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A Killing spinor equations

A.1 Covariantly constant spinor ¥ on R*"? x C3 x C% x S!

We begin by introducing a covariantly constant spinor ¥ = W; +¢W5 in the 2411 dimensional
R2+2 x C? x C? x S! spacetime. The 32-component spinors ¥}, satisfy the Majorana condition
(CWg)* = Uy and, since 7 - - - y12 = 1, there is no Weyl condition in odd dimensions. Here

DM\II =0 with DN = aﬂ + % (WQB)/L YapB

are the supercovariant derivatives, and I', = (é%),7 the curved gamma matrices written
in terms of the vielbiens é* and the flat gamma matrices® v,. We shall solve explicitly for
U(zH) = M(z#) Uy, with ¢ a constant spinor, making use of various coordinates.

5We make use of conventions in which —(70)%> = —(73)? = (11)? = (12)? = (W4)? = -+ = (712)? = 1.
We choose a representation of the 2411 dimensional Lorentz group such that vs, 79, y10 and 12 are purely
imaginary, while vo, 71, 72, 73, V4, 75, V6, 77 and y11 are real. The charge conjugation matrix is C' = vyzy9y10712-
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AdSs x Si x §3 x S! coordinates with extra radial coordinates

We consider AdS3 x Si)’r x 83 x ST coordinates, together with the extra radial coordinates R,
R, and R_ shown in the metric (8).

R?-‘r?

In the global AdSs coordinates (¢, p, ) and the radial coordinate R, the vielbiens are
¢® = R coshp dt e' =R dp ¢ = R sinh p dy ¢* =dR.

The spin connections wj = (waﬁ )u dxt, satisfying dé~ + w A éP = 0, can be separated into
the AdSs spin connections

" = —@'" =sinhp dt @' = —@* = —coshp dy

and the additional R?>T? spin connections & = —&3® = —R71é™ for a = 0,1,2. The
conditions for a covariantly constant spinor ¥ in R?*? therefore take the form

DU = V¥ — S coshp (y0y3) ¥ =0 with  V; =8, + 1 sinhp (vom)

DU =V,¥ -3 (1y3) ¥ =0 with  V, =0,
D,V =V, U — %sinhp (v273) ¥ =0 with  V, =0, — % cosh p (7172)
DU = 0. (62)

Here V;, V, and V, are the supercovariant derivatives in AdSs.
c
In the Si coordinates (64, x+, ®+) and radial coordinate R, the vielbiens are
é* = R, secf db, ¢> = Ry secf3 cosfy dx é% = Ry secf sinf, do, é" =secB dR,.
The spin connections can be separated into the Si)’r spin connections
Ot = —0% =sinb, dy, W10 = —0% = —cos O, doy

with the additional (C?|r spin connections &7 = —Q7* = —Rjrl cos B €% for « = 4,5,6. The
conditions for a covariantly constant spinor ¥ in (Ci are

Dy, ¥ =V, U+ 35 (1) ¥ =0 with Vg, = 0y,

Dy, U=V, U+ 2lcosbs(1577) T =0 with V,, =0y, +3sinf; (1ay5)
D¢,+\I/:V¢+\I/+%sin9+ (v6y7) ¥ =0 with Vg, =04, —% cos 01 (v4y6)

Dp, ¥ =0. (63)

Here Vg, , V,, and Vg4, are the supercovariant derivatives of Sf’r.

c?

The manifold C2 in the S® coordinates (6_,x_, ¢_) and radial coordinate R_ has vielbiens

é8 = R_ cscf dh_ ¢ = R_ cscfB cosO_ dy_ e = R_ csc B sinf_ do_ et = csc B dR_
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while the spin connections can be separated into the Si spin connections

¥ =~ =sinb_ dy_ W40 = —08% = —cosO_ do_
with the additional C2 spin connections &®7 = —@3% = —R~'sinfB é for o = 8,9,10. The

conditions for a covariantly constant spinor ¥ in C? are

Dy ¥ =Vp U+ 3 (15711) ¥ =0 with  Vy_ =y

Dy, U=V, U+icosh_ (yoy11)T =0  with V, =0, +1sinb_ (1g7)

Dy U =V4 U+ 1Isin0_ (yioy11) V=0  with V,=09, —3 cosf_ (v3710)

Dp ¥ =0. (64)

Here Vy_, V,_ and V4_ are the supercovariant derivatives of S3.

The vielbien is é!

2 = ¢ d¢ and the curved spacetime gamma matrix is e = £~2. The
condition for a convariantly constant spinor ¥ in S! is simply

'Dg\IJ = Vﬁ‘l’ =0 with Vg = 85. (65)

The covariantly constant spinor in R*™2 x C% x C? x S! can be written as ¥(z") = M(z) ¥y
in terms of

M(zh) = e2(173)P ¢3(078)t 3(n72) ¢

we— 3 04 =5 () X+ o3(77%6) S+ o5 (9sm1) 0— =5 (rem1) X— o5 (¥8710) D (66)

with ¥g a constant spinor.

The complex manifolds C% in terms of the radii and phases

Let us consider the R>*2 and S! coordinates of the previous subsection (AdS3 coordinates
with the extra radial coordinate R, together with &), but let us now make use of the radii
and phases of the complex C3% coordinates y, and z, shown in the metric (7).

c:

In the radii and phases of the (CQ+ complex coordinates yq = 1y.4 e!¥va the vielbiens are

(eV)* = sec B dry. (6¥)° =sec B drya (6¥) = sec B ry1 diby (e¥)" =sec B rya dibyo

and the spin connections take the form
(@y)46 — _ (@1;)64 - _ dwa (@2;)57 — _ (@3;)75 - dwy,Z-

The covariantly constant spinor conditions are

8Ty,l\Ij - a?"y,2\11 =0 [6%,1 - % (727(25/)] =0 [awyg - % (7531737;)] v =0. (67)
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Here we have exchanged the flat gamma matrices vy, 5, 76 and 7 of the previous subsection

for new gamma matrices vy, 77, 7¢ and +¥, but with v4y57677 = 7472787~ invariant.

c?

In the radii and phases of the C2 complex coordinates z, = T2a ewzv“, the vielbiens are
(éz)8 =cscf dryn (éz)9 =cscf dryp (éz)l0 =cscf 1y disa ()" = csc B T22 dis 2
and the spin connections are
(07810 = — (&%)108 = —dy. (@)1 = — (o*)18 = —dip .
The covariantly constant spinor conditions are
Op, V=0, ,V=0 [az/;z,l - %’Yg’on} v=0 [a¢z,z - %'Yg')/fl] ¥ =0. (68)

Here we have exchanged the flat gamma matrices ~s, 79, y10 and 711 of the previous subsection
for new gamma matrices 7§, 7§, 7}, and 77, with v8yv9710711 = Y{V971p71; invariant.

The covariantly constant spinor W(z#) = M(z#) ¥y can be written in terms of

M(zH) = e2M718)P 3(01)t 03(n72) @ 3 () Y1 3 (8 Y2 03 (E0) ¥t 03 () Y22 (69)

with ¥y a constant spinor.

A.2 Type IIB Killing spinor ¢ on AdS; x S3 x $2 x S*

An infinitesimal supersymmetry transformation in type IIB supergravity is parametrized by
two 16-component Weyl-Majorana spinors €1 and €3, which can be arranged into single Weyl
spinor € = €1 + ie9. The dilatino and gravitino Killing Spinor equations (KSEs) are [36, 37]
1

[(au(b) T+ — ieé F(l)] g+ - [i€q> F(g) — H(g)] (CE)* =0

0N = 1

N | —

L. o L. oz 1 = *
5\Ifu:{vu—{—82€ F(I)F#—}—Tﬁle F(5)Fﬂ}€_8[H(3)N+ZG F(g)FM](C’e) =0,
with V,, = 9, + 1 (w*?),, Vs the supercovariant derivatives’. Here

Fig) = Fg) — Clo)Hs)

Fis) = Fis) = 50 N Hes) + 3B@) A Fia) = d [Cay = 5C() A By = *Fs)

with fluxes F(q) = dCg), F(2) = dC(3) and F(5) = dC(4). When only the metric g,,, and the
3-form R-R flux F(3) are non-vanishing, the dilatino and gravitino KSEs simplify:

53 = { P (Co)* =0 60, = Ve = g Pyl (Ce)" = 0. (70)

" We make use of the conventions: Hz) = & Hs) uup I*” and Hs), = o7 Hiz) up IV
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The type IIB AdSs x Si x 83 x 81 KSEs on ¢

Let us write down the KSEs on the 16-component Weyl spinor ¢ for the AdSs x S:}r x 83 x 51
background. We can compute

Fg) = rHikzhs — 7 (=5 +cos vy +sinfy-) (71)

= 31 " Hip2ps
where we define ¥ = Y9712, Y+ = V47576 and v— = Y8v9y10- The dilatino KSE is hence

Oce = [cos B(§7+) +sin B (y-)]e =¢ (72)
and the gravitino KSEs become

Vie+ L coshp (109) (Ce)* =0

Voot & (1) (Ce) =0

Vee+ £ sinhp (129) (Ce)* =0 (73)
S% Vo,e— 5 (yy+) (Ce) =0

Ve = gcosby (1574) (Ce) =0

Vs, e—3sinby (v674) (Ce)* =0 (74)
s? Vo_e— 5 (s7-) (Ce)* =0

Vy_e— Scosf_ (y97-) (Ce)* =0

Vs e— tsinf_ (v107-) (Ce)* =0 (75)

Vee = 0. (76)

with supercovariant derivatives V, as before. The charge conjugation matrix is C' = y_712.

The solution to the gravitino KSEs takes the form
e(z”) = et (at) +e (at) = MT(at) ef + M~ (2") gy (77)
where

ME(zh) = eFa(0m2)p ezt p5(n2)e

1
2
% ei%(7576)9+ e:F%('Y‘WG)X* e%(%%)¢+ ei%(vwlo)& e:F%(Ws“/lo)Xf e%(vww)qﬂ (78)

with £5—L constant Weyl spinors satisfying ¢ (Caf)t)* =+ 565.

Here ¢ has been decomposed into e* which separately satisfy the KSEs and i (Ce®)* = +¢*.
The dilatino KSE implies O 8§ = 5%, since O and M* compute. The operator O is traceless
and squares to unity, so half the degrees of freedom contained in 63: satisfy this constraint.

We have thus shown that the type IIB supergravity background AdSs x Si)’r x 5% x S! with
pure R-R flux preserves 16 of 32 supersymmetries and is therefore %—BPS. AdS3 x S:}r x93 x St

backgrounds with pure NS-NS flux or mixed R-R and NS-NS flux can be obtained by S-duality
transformations.
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Projecting £ out of a covariantly constant spinor ¥

Let us impose the following conditions on the covariantly constant spinor W:
(A1) ¥ =—i(CV)"  (v477) ¥ =4i(CY)" () ¥ =4i(CV)" 72 ¥ =—i(C¥)" (79)

Three of these conditions are independent, while the last condition then follows automatically.

It is now possible to project the 16-component Weyl spinor € = €1 + igg out of this 32-
component spinor ¥ = W, 4+ 7¥5 in such a way that e satisfies both the AdSs x SS)’F x93 x St
gravitino KSEs and the dilatino KSE. Here we define

e(a") = L [1+ 73 (cos Bz +sin By11)] & [1+4v47-712] ¥(2") = Paitatino Pweyt (") (80)

We see that (974+7-712) e = ¢ is Weyl and also satisfies 3 (cos 87 + sin S11) € = & which
will lead to the dilatino condition once additional conditions (79) have been imposed on W.
Note that these 3 independent conditions which we impose on ¥ are consistent with our
projecting out 16 real degrees of freedom contained in the 32-component Weyl spinor € from
128 real degrees of freedom contained in the spinor W.

We observe that € satisfies the dilatino KSE (72) by applying Pdilatino Pweyl to the following
equation, which is a direct result of the conditions (79):

[¥ (cos B4 +sin fy-)] W = [y3 (cos By7 + sin fyi1)] ¥

and using 73 (cos Sy7 +sin 5y11) € = &, which arises from our choice of projector Pyilatino-
We see that ¢ satisfies the gravitino KSEs (73), (74), (75) and (76) by applying Pailatino Pweyl
to the left-hand side of the covariantly constant conditions (62), (63), (64) and (65), taking
into account also the conditions (79). Again, we find ¢ contains 16 real degrees of freedom

implying AdS3 x Sf’r x 83 x Slis a %—BPS type IIB supergravity background.

B Kappa symmetry conditions

The Dp-brane action is

1 1
= - Prlg o=/ + —— > 1
SDp (27T)p/1/vd g e detgab (27[')p /y\; . C(@) (8 )

where we have turned off all gauge fields on the worldvolume W. Supersymmetry on the
worldvolume of a Dp-brane requires the existence of kappa symmetry on the worldvolume,
which halves the number of fermionic degrees of freedom to match the number of bosonic
degrees of freedom. The kappa symmetry condition is [38, 39, 40]

) . ) 1 €00 -+ ap

Pe= 0 with D= b (0 X00) (00, X Ty (82)
imposed on the pullback (c®) of the type IIB supergravity Killing spinor (z#), given by
(77), to the Dp-brane worldvolume W. The + distinguishes between branes and anti-branes.
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B.1 Kappa symmetry of the D1-brane giant graviton examples

D1-brane giant graviton in AdS;

Let us consider the D1-brane giant graviton wrapping the ¢ circle in AdSs, which was con-
structed in section (3.1). The kappa symmetry condition I'e = i(Ce)* on the pullback
e(t, ) = et (t,p) + e (t, ) of the Killing spinor to the D1-(anti-)brane worldvolume is

(coshp vo + x cos B v5 + X sin 8 y9) 72

Iet(t, o) = £ (¢ ith I'= 83

e (tp)=xe(typ) Wi Sinh p (83)
where it follows from (77) that e (¢, ) = M*(t, ) e can be written in terms of

/\/li(t,cp) — ei%(vow)ﬂ ei%(74“/6)x+ ei%(%mo)X— e%(%w)(%’it) (84)

with p constant, and x4+ = axt and y— = (1—«) xt. Here x = =1 indicates the direction of
motion of the anti-brane. The dilatino KSE (72) also implies O e*(t,¢) = e (t, ). Clearly,
an additional consistency condition, which arises from insisting that both the kappa symmetry
and dilatino conditions be satisfied simultaneously, is

2 cos Bsin 3

+ o .
[Fv O] € (t7 (10) - :l: X Sinhp

Yoy17579 (Y46 — Y8710) €E (¢, ) = 0. (85)

This is satisfied if we set v47y6 53[ = Y8710 63:. The dilatino condition then becomes
(cos B + sin Byg) €5 (t,¢) = F 6 £ (£, ),
which simplifies the kappa symmetry condition to

(cosh p yov2 — X Y0Y171%6) 4 +
t. o) = et (t. o).
sinh e (t,p) == (t, )

We observe that, while the operator O in the dilatino KSE commutes through M=(t, ¢), this
is not true of the operator above. The kappa symmetry conditions on 53[ becomes

. .
ME(E o)) (cosh p Y02 — X Y0Y17476) ME

" +_ _+
sinh p (t.) €0 =<0,

which can be manipulated into the form

cosh p

1 ‘ .
sinhp © 2012 (PED yoyy (14 X y19274%) €5 — X M¥2% €5 = &5 -

This condition is satisfied if x v17y2 s(f = Y46 5%. This allows us to further simplify the
dilatino condition to

X 70 (cos By +sin By9) eE(t, ) = eE(t, ).

We thus conclude that the spinors 6% must satisfy three independent conditions for kappa
symmetry:

X 7172 €2 = Y46 € = 8710 €3 Yo (cos Bys +sin Byg) e = X eF

each of which halves the number of degrees of freedom contained in 3. Hence this D1-brane
giant graviton in AdS3 preserves 4 of the original 16 background supersymmetries on the

worldvolume. It is therefore a i—BPS configuration.
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D1-brane giant graviton in R x Si)’r x 53

We now consider the D1-brane giant graviton wrapping the curve « (parameterized by ¢) in
53 x S3 constructed in section (3.1). The kappa symmetry condition I'e = —x i (Ce)* on
the pullback e(t, ) = et (¢, ¢) + e~ (t, ) of the Killing spinor to the worldvolume is

Fsi(t ¢):$>'<5i(t ) with F:(’yo—l-)’(cos@cosﬁ’m—l—xcosHsinB*yg)(cosB'yﬁ—i-sinﬁfylo)

sin 0 ’
(86)
where it follows from (77) that e* (¢, ¢) = M*(t,$) et in terms of
ME(t, ¢) = 305900 5 (070)0 (E3712)t 03(4%) (4 Fx4) 3 (070) (- FX-) (87)
with 6 constant, x4 = axt and y— = (1 — a)xt, ¢+ = a¢ and ¢_ = (1 — a)¢. Here
X = £ 1 gives the direction of motion of the brane/anti-brane. Once more, e*(t, ¢) satisfies
O et (t,¢) = e*(t, ¢) from the dilatino KSE (72). The consistency condition is now
[T, 0] e*(t, ) = 42 cos Bsin  csch 7172 (88)
x [(879 — 7475) Y6710 + X cos 8 (cos B Yoy — sin B 7078) (Y570 + Y6710)] €7 (F,¢) = 0,

which, rewritten in terms of the constant spinors s(jf, is

M*E(t,6)" [T, 0] M*(t,0) e
= 2cos Bsin  { cos 8 y1727579 (18710 — V476)
£ cot § e~ (1470 (9+FXH) g y9910 [1 — X cos B Y075 (—147678710) — X Sin B Yo7y0]
F cot 0 e~ 8710 (0=FX) ) yongy1o [1 — X cos B Y05 — X sin B Yo% (—14¥678710)] } €5 = 0,

which is satisfied if v47y6 5% = Y8Y10 eg and x (cos B07v5 + sin 8 90Y9) e% = 5(? The dilatino
condition becomes equivalent to x v17y2 56—L = Y476 63: and the kappa symmetry condition is

ME(t,0)7' T M5 (t,¢) g5 = — (cos By075 +sin fy079) &y

x [1 — X (cos 87075 + sin By0v9)] e
. *

The kappa symmetry and dilatino conditions, together with the consistency condition, are
therefore satisfied if

X 1172 €5 = VaY6 €5 = Y8710 €5 Yo (cos Bys +sin By9) €5 = X £q.

This D1-brane giant graviton in R x Si %83 therefore preserves 4 of the original 16 background
supersymmetries on the worldvolume and is thus %—BPS.

B.2 Kappa symmetry of the D5-brane giant graviton example
D5-brane giant graviton in R x 53 x 53 x §1

Let us consider the D5-brane giant graviton, parameterized by o® = (¢, 604, X, ¢, ¢~>, €), which
wraps a 4-cycle in Sf’L x §% and the S'. This was constructed in section (3.2). The kappa
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symmetry condition I'e = —x i (Ce)* on the pullback £(c%) = €T (6%) +&~ (c) of the Killing
spinor to the worldvolume of the D5-brane is

Let(0%) = Fxet(oc?) with T = [(sinfcosbi voys — cos B cosO_ Yoy9 — X cos b cosf_ y579)
X (sin B cos 04 sin 0_ 4 + cos S cos 6_ sin 04 v8) Y6y10712]
[(sin? Bcos? 04 + cos? Bcos? 0_) — cos? 04 cos? 6_]

(89)

where it follows from (77) that e*(0%) = M*(0%) et is written in terms of

ME(t, ¢) = o3 (1576) 04 o5 (r9m0) 0— E3(M72)t o5(1%6) (04 FXx+) o3 (18710) (0 FX-) (90)

with 6_(6) defined through (29), x+ = axt—x and x- = (1-a)xt+X, and ¢ = ap—¢
and ¢_ = (1—a) ¢p+¢. Here x = £ 1 indicates the direction of motion of the brane/anti-brane.
The dilatino KSE (72) implies O e (0%) = ¢*(0%). The additional consistency condition is

2 cos 8 sin B cos 0, cosf_
(sin? B cos? B, + cos? Bcos?f_) — cos? ;. cos2f_
X [cos Bsin 0. yay8710 + sin Bsin 04 v57976 + cos Bsin 6 579710
+ sin Bsin 6 v4y8v6 + X cos By sinO_ yoy9v10 4+ X cosO_ sin b4 vov576] €= (0%) = 0,

[T,0] e¥(c%) = F [ ] (M172712) (91)

which, rewritten in terms of the constant spinors a(jf, is given by

ME(e)) 7LD, 0] ME(0?) et
2 cos 3 sin 8 cos 04 cos 0
(sin® B cos? 4 + cos? Bcos? ) — cos? 64 cos? 60_]

=T [ (7172712)

X { cosf_sin . e~ 470 (+FX4) yysme [cos B Y075 (—av678710) + sin Bov9 — X 1]

— cos By sinf_ e~ NN O=FX=) 490~ [cos B Y0v5 + sin B 7070 (—Yav678710) — X 1]
+ sinfy sin f_ e~ (476) (0+Fx+) = (18M0)(@=FX=) yoyeve (cos B v570 + sin B 1) (Y46 — Y8710) } soi = 0.

The kappa symmetry condition can be computed to be

1

Mi a\—1 r Mi a + =
(U ) (U ) o [(sin2 B cos2 0, + cos2 15} cos? 9_) — cos? 0 cos? 9—}

% {W%ﬁ—%z) (sin® B cos? 64 sin 6 y17278m10 + cos” B cos? 6 sin” 61 v172747)
+ |:COS B cos_ sin 6 e~ (1476) (P+F x+) 4 + sin B cos 64 sin 6_ e~ (1mM0)(@-Fx-) ')’8}

X cos B4 cos 0 74v579Y671078712 (€08 B Y05 + sin B o9 — x 1)
+ cos Bsin B cos By cosf_ e~ (1796 (B+Fx4) o= (810)@-FX-) 40 vimsromoria (4678710 + 1) } et

= —X e(jf.
The kappa symmetry, dilatino and consistency conditions are satisfied if
X M1V2 €5 = 476 €5 = V8710 € Yo (cos Bys +sin By9) €3 = X e

This D5-brane giant graviton in R x SS)’F %83 x ST thus preserves 4 of the original 16 background
supersymmetries and is therefore i—BPS.
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