
1 INTRODUCTION 
The use of probabilistic fracture mechanics (PFM) 
has been widespread in the offshore industry       
(Kirkemo 1998, Madsen et al. 1987, Shetty & Baker 
1990a, b, c) unlike the bridge industry which has 
almost exclusively relied on the S-N approach and 
Miner’s rule (Miner 1945). In the last two decades 
or so, there have been studies on the application on 
PFM in bridge structures (Chung et al. 2006, Cre-
mona 1996, Kwon & Frangopol 2011, Lukic & 
Cremona 2001, Righiniotis 2004, Righiniotis & 
Chryssanthopoulos 2004, Zhao & Haldar 1996) but 
the topic still remains rather academic.  

Use of standardised S-N curves can make it diffi-
cult to obtain the correct bridge condition assess-
ment and the most appropriate maintenance strategy, 
especially in the case where fatigue cracks have 
been detected on a bridge. In many cases, crack de-
tection points to immediate repair which may often 
be unnecessary. The Fracture Mechanics (FM)-
based approach is capable of capturing the propaga-
tion behaviour of fatigue cracks and quantifying 
their effect on fatigue life. Furthermore, the all-
important issue of inspections and repairs can be ad-
dressed through PFM which is also able to assist to-
wards deciding on the most cost-effective mainte-
nance strategies for steel bridges. 

The time-dependent fatigue failure probability es-
timates are notoriously sensitive to crack and crack 
growth modelling, initial crack size, fatigue crack 
initiation life and other modelling uncertainties. In 
bridges, one such source of modelling uncertainty is 
typically expressed as the ratio Bst of the actual nom-
inal stresses to the ones obtained through structural 
analysis modeling. In fatigue assessment, an accu-

rate estimation of the resulting stresses is essential 
since they significantly affect fatigue life. Further-
more, the bridge engineer does not have in his/her 
disposal detailed guidance on the challenging appli-
cation of PFM techniques and is faced with choosing 
appropriate models from a wide pool of published 
information, in many cases not readily available. 

The objective of this paper is to present a generic 
methodology for the use of PFM within the context 
of bridge loading for the fatigue design and assess-
ment of steel railway bridges and to provide detailed 
guidance on how to use the proposed methodology 
in order to carry out a PFM-based fatigue assess-
ment. The problem is set in a probabilistic context to 
take into account material, loading as well as model-
ling uncertainties. Guidance is given on how to cali-
brate a constant amplitude PFM analysis against an 
S-N curve. Finally, as a case study, a cracked weld-
ed bridge detail is considered. Dynamic finite ele-
ment (FE) analysis of the bridge is carried out and 
the reliability of the resulting stresses is established 
through comparison with field measurements to ac-
count for modeling uncertainties. By using the fa-
tigue load spectra developed from typical railway 
traffic, fatigue life estimates are obtained via the 
PFM methodology.  

2 PROBABILISTIC FRACTURE MECHANICS 

2.1 General considerations and failure criteria 
The stress field ahead of the crack tip, which is 
formed due to static loading, is described by the 
Stress Intensity Factor (SIF) Ka, which is specified 
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by Linear Elastic Fracture Mechanics (LEFM) as 
(Anderson 2005)  

aYSK aa π=  (1) 

where S is the externally applied stress, a is the 
crack size and Ya  is the Stress Magnification Factor 
(SMF), which depends on the geometry of the crack 
and the type of loading. For a given geometry and 
loading, Ya can be obtained from various sources 
(Murakami 1987, Tada et al. 2000).  For an ideally 
brittle material, failure of a cracked component can 
occur when (Anderson 2005) 

mata KK =  (2) 

where Kmat is the fracture toughness of the material. 
Fracture toughness generally increases with the in-
crease in temperature and decreases with an increase 
in material thickness or strain rate (Cui 2002). A 
more exact way that takes into account possible duc-
tile behaviour is by using the Failure Assessment 
Diagrams (FAD) available in BS 7910 (2005). When 
considering the FAD, the interaction between brittle 
and ductile behaviour is taken into account as well 
as the influence of different types of loading (exter-
nal-primary and secondary - for example residual 
stresses). The use of a failure criterion, for given 
material properties (Kmat, yield stress Sy and ultimate 
tensile stress Suts), can lead to the calculation of the 
maximum size of the crack afail  at failure. 

According to the FAD failure criterion suggested 
in BS 7910 (2005), failure occurs when, for given 
loading and material properties, the crack size corre-
sponds to a point that lies on or outside the failure 
envelope, which is defined as 
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The parameters in Equations 3 and 4 are defined as 
follows (BS 7910 2005)  
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where ρ, given in Annex R of BS 7910 (2005), rep-
resents the interaction between the external loading 
and the internal residual stresses and K is given as 

resa KKK +=  (7) 

Expressions for residual stresses are given in BS 
7910 (2005).  

Sref in Equation (6) takes into account creep and 
plastic collapse and for normal bending restraint is 
given as 
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where Pb = Sr for constant amplitude loading and Pb 

= Smax for variable amplitude loading since zero-
tension loading conditions were assumed. Sr is the 
applied stress range. a ′′ depends on the geometry 
and is given in BS 7910. Lr,max  in Equations 3 and 4 
is given as (BS 7910 2005) 
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In addition to the above criteria, an engineer must 
also ensure that the geometric constraints of the 
problem are also satisfied at each time. Many re-
searchers agree that geometric (or serviceability) 
failure occurs when the crack length becomes equal 
to the thickness of the plate (Kirkemo 1998, Zhao et 
al. 1994), while others set this limit at half of the 
plate thickness (Cremona 1996). 

In high cycle fatigue, which is predominant in 
steel bridges and where LEFM conditions are preva-
lent, the general crack growth relationship, also 
known as Paris law, is given as (Paris & Erdogan 
1963) 

( )m
aKC

dN
da

Δ=  (10) 

where C, m are material constants, N is the number 
of the applied stress cycles and 

aYSK ara π=Δ  (11) 

C depends on the stress ratio R, which is higher for 
welded structures due to the effect of residual stress-
es and the environment (Schijve 2001, Suresh 1991). 
Equation 10 has been experimentally shown to be 
valid for different metals and steels of different yield 
strengths. Experiments have shown that a crack 
growth curve may possess a lower cut-off. Below 
this point, corresponding to a value ΔKthr, Equation 
10 no longer applies and da/dN=0. The threshold 
stress intensity range ΔKthr is a material property and 
depends on the environmental conditions (Suresh 
1991). 

Equations 1, 10 and 11 can only treat cracks with 
one degree of freedom, for example through thick-
ness cracks. However, in most cases, cracks propa-
gate in two directions (depth and width) thus requir-
ing a second degree of freedom for their description. 
A crack of this type, which has typically an ellipti-
cal/semi-elliptical shape, apart from Equation 10, 
requires a second similar differential equation for 
description of its growth. Accordingly, modifica-
tions that have been proposed for the Ya factors take 
into account both the shape of the crack (Newman & 



Raju 1979) and the weld toe geometry (Hobbacher 
1993). 

2.2 Fatigue life using the FM approach 
Under constant amplitude loading and by assuming a 
one-degree-of-freedom crack, solution of Equation 
10 leads to 
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where Nf  is the total number of applied stress cycles 
required to propagate the crack to a size af  and Nin is 
the number of cycles required to form an initial 
crack of size ain . Nin  is also known as the crack ini-
tiation period, while the integral corresponds to the 
crack propagation period. Having obtained afail  from 
Equation 2 or through a FAD, af  can be set equal to 
afail. 

For the case of variable amplitude loading, Equa-
tion 12 may be written as (Cremona 1996, Kirkemo 
1988, Lukic & Cremona 2001)  
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Since the stress ranges m
irS ,  represent the loading 

and are therefore random, the expected value of the 
right hand side of Equation 13 can be considered, 
leading to (Cremona 1996, Kirkemo 1988, Lukic & 
Cremona 2001) 
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The limit state function for the PFM-based fa-
tigue assessment may be written as  
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In Equation 15, the first terms represents the re-
sistance and the second term the loading. Random-
ness in loading is captured through the expectation 
of m

rS as well as the annual number of applied cy-
cles, which define the functional relationship be-
tween N and t (Righiniotis 2004). 

2.3 Methodology for predicting fatigue life 

In order to determine the fatigue life Nf, Equations 
12 and 14, for constant and variable amplitude load-
ing respectively, may be solved using numerical in-
tegration.  Alternatively, Equation 3 may be solved 
using a finite difference scheme, a method which is 

suggested here. The steps are specified in terms of a 
fixed-cycle increment ΔN: 
(a) Using the initial crack depth ain and the other 

geometric parameters of the problem, the factor 
Ya can be calculated. 

(b) Equation 1 is used to calculate Ka which is then 
used to check failure of the detail. This can be 
done using a FAD or Equation 2. In the case of 
a specified serviceability criterion, for example 
the crack depth reaching a certain size, a similar 
check may be carried out in terms of the pre-
defined failure crack size. 

(c) Judicious selection of the step ΔN for the num-
ber of the applied stress cycles and the use of 
Equations 10 and 11 leads to the corresponding 
crack extension: NKCa m

a ΔΔ=Δ  
The number of elapsed cycles is increased by ΔN, 

while the crack depth is increased by Δa, therefore: 

NNN ii Δ+=+1  (16) 
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where Ni and ai are equal to Nin and ain for the first it-
eration. 

The calculation returns to step (a) using the new 
crack size and this procedure continues until one (or 
both) of the second step’s checks is (are) violated. 

2.4 S-N based FM model calibration 

In order to carry out a PFM-based analysis for vari-
able amplitude loading, it is expedient to examine 
the behaviour of the model under constant amplitude 
loading and compare it with experimental results or 
the appropriate S-N curve. A calibration procedure 
needs to be carried out in order to verify the model 
assumptions. The models describing fatigue crack 
growth (distributions and their parameters for C, m, 
Kmat, etc) are fairly well established. On the other 
hand, the initial crack size ain is a highly uncertain 
variable and, according to Equations 12 and 14, is 
expected to have a significant influence on fatigue 
life estimates and associated fatigue reliability. This 
is the reason why, in many cases in the past, ain has 
been used as the calibrating parameter to achieve 
good agreement between the life predictions given 
by the FM method with their code specified coun-
terparts (Righiniotis & Chryssanthopoulos 2003, 
2004). 

On the other hand, in other studies (Pedersen et 
al. 1992), the S-N calibration random parameter 
used was the crack initiation time Nin in Equation 12. 
Nin was assumed to be given by (Pedersen et al. 
1992) 
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where K1 , m1  are material parameters. m1 is deter-
ministic while K1 is lognormally distributed. Its 
mean value and standard deviation are obtained by 
calibrating the FM curves (mean and design) against 
the corresponding S-N curves of the code of practice 
adopted. Here, the use of BS 5400 (1980) is pro-
posed since the Eurocode (EN1993-1-9 2005) does 
not include a mean curve. The steps followed when 
carrying out this calibration are: 
(a) According to Equation 12, Nf = Nprop + Nin, 

where Nprop is the crack propagation time stage. 
Thus, for each stress range, the value of the 
mean FM curve is obtained from the value of 
the mean S-N curve.  The outcome of this is as-
sumed to be the mean value of the initiation 
time for this specific stress range. Using these 
values, the E[Nin] (mean initiation time) versus 
Sr graph can be plotted. 

(b) A curve of the type of Equation 18 is fitted to 
this graph. E[K1] and m1 are taken equal to the 
parameters of the curve. 

(c) K1  is assumed to be lognormally distributed and 
various different values for its CoV are tested 
until the FM curves fit exactly on the corre-
sponding S-N curves. 

3 CASE STUDY 

3.1 Geometric description of bridge detail 
The bridge detail, which is considered here as a case 
study, forms part of the Söderstrom bridge in Swe-
den and was constructed in the 1950s. It consists of 
a main edge girder, which is 3000mm deep and 
600mm wide. The girder has fillet-welded on its web 
a transverse stiffener. Figure 1 shows the configura-
tion of the detail. The stiffeners are placed at equal 
spaces of 3370mm. The weld angle is assumed to be 
45°.  Figure 2 also shows pictures of the detail with 
the fatigue crack detected on the bridge following 
inspections. Such fatigue cracks were detected in 
most of the stiffener details on the bridge.  

Table 1 presents the geometric parameters of the 
problem which are assumed to be deterministic. For 
S-N calibration purposes, the stiffener is treated as a 
longitudinal attachment subjected to the out of plane 
bending stresses of the web. Thus, the detail may be 
classified as F2 according to BS 5400 (1980) and 56 
based on EN1993-1-9 (2005). The plate is restrained 
in bending. As a result, the membrane stress Pm may 
be neglected leaving the bending stress Pb as the on-
ly primary external source of loading (BS7910 
2005). 

The crack is assumed to be half circular (a/c=1) 
and is modelled as one-degree-of-freedom with the 
crack size growing in the depth of the girder web. 
Crack growth is assumed to be described by Equa-
tion 10 with no lower cut-off (ΔKthr=0). 

The SMF for bending or tension (H factors equal 
to 1 in this case) can be derived by (Newman & Raju 
1979) 
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Figure 1. Configuration of bridge detail (all dimensions in 
mm). 

 

 
Figure 2. Actual bridge detail and fatigue crack observed. 

 
Table 1. Geometric (deterministic) parameters of the problem. ______________________________________________ 
Parameter                  Symbol         Value    ______________________________________________ 
Plate thickness             b     26 mm 
Attachment  thickness               t     20 mm 
Attachment  length           Latt          2646 mm 
Plate width                  w      3370 mm 
Weld angle                 θ         45o 

____________________________________________________ 

 
where HA  and MmA  are the Newman-Raju (1979) 
plate solutions for point A, Q is the shape correction 
factor (BS7910 2005, Newman & Raju 1979) and 
MkmA  is the welded geometry related SMF for the 
same point given as (Newman & Raju 1979) 
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where u is given by (Hobbacher 1993) 
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and w can be obtained from (Hobbacher 1993) 
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It has to be mentioned that the parameter u depends 
upon the ratios w/b and Latt/b, which, for this config-
uration, were both outside of their range of validity. 
Both ratios are here set equal to a limiting value of 
40, which is the cut-off for these equations devel-
oped by Hobbacher (1993). 

3.2 Random variables 
The Paris parameter C is assumed to be lognormally 
distributed with mean value of 5.86 x 10-13

 and CoV 
0.6 (King et al. 1996). The Paris exponent m is taken 
as deterministic and equal to 3 (Kirkemo 1988). The 
yield stress is assumed to be lognormally distributed 
with a mean value 350 MPa and CoV of 0.07 (JCSS 
2001). Sy and Suts were assumed to be fully correlated 
with Suts = 1.5 Sy.  

The initial crack depth was taken as exponentially 
distributed with mean 0.11 mm and CoV of 1.0 (Bo-
kalrud & Karlsen 1981). The crack initiation time 
was, for the first part of the analysis, taken as deter-
ministic and equal to 0 due to the fact that Nin is 
generally negligible for welded details (Maddox 
1991). However, in subsequent analyses it was used 
as the calibrating parameter for the F2 S-N curves 
provided in BS 5400 (1980). Nin was for this purpose 
assumed to be of the form of Equation 18 (Pedersen 
et al. 1992). The entire procedure that was followed 
for the S-N calibration has been described in section 
2.4.  

The fracture toughness was assumed to be 
Weibull distributed with a mean value of 2250 
N/mm3/2

 and a CoV of 0.25. Following the recom-
mendations given in Burdekin & Hamour (2000), 
the values that were chosen for the detail under con-
sideration appear to be reasonable, bearing in mind 
that the web thickness is 26 mm. 

Residual stresses were also considered in the 
analysis. In general, the distribution of the actual re-
sidual stresses does not follow a linear or other sim-
ple pattern through the thickness of the plate and is 
random. However, as part of this analysis, the resid-
ual stresses were assumed to be constant (through 
the web thickness) and their randomness was only 
captured through the yield stress. 

4 RESULTS AND DISCUSSION 

4.1 Dynamic analysis of the bridge 
Time history dynamic FE analysis of the bridge was 
carried out in order to obtain nominal stresses for the 
detail in question and produce a stress range spec-
trum for the estimation of the fatigue reliability of 
the detail. More information on these analyses can 
be found in Kaliyaperumal et al. (2011) where the 
reliability of the FE bridge model in predicting accu-
rate stress histories has been established through 
comparison with field measurements. The compari-
sons were carried out in terms of E[Sr] since it is an 
important variable in terms of fatigue life estimation. 
Figures 3 and 4 show the comparisons between field 
measurements and dynamic FE analysis for different 
locations on the bridge (Kaliyaperumal et al. 2011) 
and for two test train velocities. 
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Figure 3. Comparison of E[Sr] between field measurements and 
FE dynamic analysis under train velocity of 10 km/h. 
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Figure 4. Comparison of E[Sr] between field measurements and 
FE dynamic analysis under train velocity of 52 km/h. 

 
By using the results from Figures 3 and 4, an un-

certainty factor has been developed to represent the 
modeling uncertainty Bst which represents the ratio 
of the actual nominal stress to the modeled nominal 
stress. By forming the measured (field) to modeled 
(FE) ratios for E[Sr], for all points on the bridge, a 
distribution for the Bst factor was developed and 



shown in Figure 5. The best fit to the histogram was 
found to be given by the lognormal distribution with 
mean and CoV values of 1.01 and 0.55, respectively. The 
mean value of the uncertainty factor agrees well 
with quoted values in the literature where it is often 
assumed as 1.0 (Cremona 1996, Lukic & Cremona 
2001). However, its CoV is relatively high which 
means that it will contribute to the uncertainty in fa-
tigue life estimates.  

Figure 6 shows the details of trains which com-
prise the traffic running over the bridge and which 
were used for the FE analyses. The first train, con-
sisting of axles P1 and P2 is a X60 commuter train 
with a frequency of 622 trains/day. The remaining 
two trains are the T11 and T12 freight trains sug-
gested by EN 1991-2 (2003), both having a frequen-
cy of 16 trains/day.  

Figure 7 shows the annual nominal stress range 
histogram obtained by running the three trains over 
the bridge. The expected value (mean) of the stress 
range E[Sr] was estimated as 11.2 MPa with a CoV 
of 0.81. The histogram shown in Figure 7 can also 
be used to estimate the value of E[Sr

m], which gov-
erns the fatigue life (see Equations 14 and 15). 

 

 
Figure 5. Model uncertainty factor Bst obtained from compari-
sons of field measurements with FE analysis. 
 

 
 

 
 

 

 

 
Figure 6. Details of train traffic on bridge. 
  

 
Figure 7. Annual nominal stress range histogram for bridge de-
tail. 

4.2 S-N based FM model calibration 

For the purposes of the case study, Equation 10 was 
solved by using finite differences as described pre-
viously in section 2.3. The random variables of the 
problem were generated by using Monte Carlo simu-
lation with 105

 samples. The crack was checked for 
failure at each increment through both the FAD as 
well as the condition of the crack penetrating the 
web. 

The results of the first part of the analysis, where 
Nin was assumed to be zero, are illustrated in Figure 
8, where the constant amplitude stress range is plot-
ted on a logarithmic scale against the logarithm of 
the applied number of stress cycles at failure. In the 
same figure, the BS 5400 (1980) mean and 97.7% 
(design) probability of survival lines for class F2 
alongside with the Eurocode 95% (design) probabil-
ity of survival line for class 56 are presented. These 
lines are plotted together with the corresponding 
(mean, 95% and 97.7% probabilities of survival) FM 
lines. Experimental data on longitudinal attachments 
taken from Maddox (1982) are also shown. The lines 
that were reproduced here from the codes of practice 
do not take into account any treatment of low stress 
cycles. The parallel characteristic of the lines in Fig-
ure 8 is the result of both the S-N approach and the 
FM approach using the same Paris parameter, name-
ly, m=3. The results show a considerable discrepan-
cy between the FM and the corresponding code 
specified lines. The very low fatigue lives obtained 
from FM may be attributed to the very large stress 
concentrations that are introduced through the factor 



MkmA for this specific bridge detail. This observation 
demonstrates that, unless unrealistically small initial 
crack sizes are used, a Nin would need to be intro-
duced in the analysis as a basis of calibration. How-
ever, the use of very small values of ain is not rec-
ommended for two reasons. Firstly, because very 
short crack growth cannot be described by Equation 
10 and secondly because calibration on ain will, in 
general, affect inspection outcomes under bridge 
loading. Therefore, the use of Nin  as a calibrating pa-
rameter appears to be particularly attractive. The re-
sults of the calibration based on Nin  are shown in 
Figure 9. The match of the BS 5400 and the FM 
lines is almost perfect. The statistics of the random 
variable K1 were found to be E[K1] = 3.16 x 1011

 and 
CoV[K1] = 0.5-0.55, while m1 was determined as 
equal to 2.846. 

 

 
Figure 8. Comparison between the BS / Eurocode and FM 
lines. 

 

 
Figure 9. Calibration of the FM lines against the BS 5400 lines. 

4.3 Fatigue reliability 

Following the calibration of the FM curve with the 
S-N curve for constant-amplitude loading using the 
initiation life Nin as the calibrating parameter, the 
variable-amplitude bridge loading was taken into ac-
count. By using the load spectrum developed for the 
detail (Figure 7), the probability of failure over time 
of the welded detail has been estimated through 
Equation 15 and is shown in Figure 10 labelled 

“basic”. Furthermore, the effect of considering the 
cut-off limit of detail 56 (23 MPa), suggested in 
EN1993-1-9 (2005) for neglecting nominal stress 
ranges using the S-N method, has also been investi-
gated as shown in Figure 10. It is evident from the 
results that the combination of the cut-off limit and 
the modeling uncertainty Bst has a small influence on 
the reliability of the particular bridge detail. This can 
be attributed to the fact that all stress ranges below 
the 23 MPa cut-off limit may be unable to propagate 
the cracks by appreciable amounts and it is the larg-
er stress ranges that give rise to significant crack 
growths. 

 
 

 
Figure 10. Probability of fatigue failure over time for case 
study bridge detail. 

5 CONCLUSIONS 

This paper has presented a robust PFM methodology 
for estimating the fatigue reliability of bridge details 
and its applicability has been demonstrated for a 
case study typical bridge detail under realistic bridge 
loading. PFM S-N curves were initially obtained for 
the bridge detail using Monte Carlo simulation. 
Through comparison with code-specified S-N 
curves, the results have shown that the use of values 
that were proposed in the literature for material 
properties and initial crack sizes can result in overly 
conservative fatigue life estimates. Given the inabil-
ity of a Paris-type crack growth model to describe 
the growth of very short cracks as well as the influ-
ence of ain selection on subsequent inspection re-
sults, it is here proposed that, within the context of a 
PFM analysis, the crack initiation time is used as an 
S-N calibrating parameter. For this case study, cali-
bration on this basis resulted in excellent agreement 
between the PFM and the code-specified S-N 
curves.  

The developed generic PFM methodology can be 
easily adapted for application to any steel bridge de-
tail and therefore, may be of benefit to bridge engi-
neers. Through the application of PFM, which ex-
plicitly considers the behaviour of fatigue cracks, a 
more reliable condition assessment of a fatigue de-



tail can be carried out. This may result in savings 
from unnecessary repair/replacement actions on 
cracked bridge details, thus prolonging the service 
life. Undoubtedly, the most appealing feature of the 
PFM methodology developed is its capability to ac-
count for the effect of inspection and repair actions 
on fatigue reliability.   
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