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Abstract.

This review is meant to be an account of the properties of the infinite-

dimensional quantum group (specifically, Yangian) symmetry lying behind the integrability of the AdS/CFT spectral problem. In passing, the chance is taken to give a
concise anthology of basic facts concerning Yangians and integrable systems, and to
store a series of remarks, observations and proofs the author has collected in a fiveyear span of research on the subject. We hope this exercise will be useful for future
attempts to study Yangians in field and string theories, with or without supersymmetry1 .
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1 Introduction
“What makes you think that the theory will still be integrable?”
“Unlimited optimism.”
(M. Staudacher, replying to A. A. Migdal at the Itzykson Meeting, Paris, 2007)

Gauge theories play a dominant role in our current understanding of the nature of
fundamental interactions at very short distances. A prominent example of such a theory is the Standard Model of elementary particles, which is remarkably successful in
describing the physics up to the currently available energy scale. This description is,
however, to a significant extent restricted to the perturbative regime. The derivation
of analytical results when the coupling constant is large is an extremely challenging task. This represents an obstacle to the complete understanding of interesting
nonperturbative phenomena, like, for instance, confinement.
The revolutionary discovery of integrable structures in Quantum Chromodynamics (QCD) [1], and, more recently, in planar N = 4 Supersymmetric Yang-Mills
(SYM) theory and AdS/CFT [2], has changed this situation2 .
For a Hamiltonian system with 2n-dimensional phase space, complete integrability stands for the existence of n independent integrals of motion, written as integrals
of local densities, in involution (i.e. Poisson-commuting with each other). One of
these integrals of motion is the Hamiltonian itself, while the other ones are sometimes referred to as higher Hamiltonians. According to the Liouville-Arnold theorem, the equations of motion can then be solved by quadratures. This means that
there exists a set of canonical coordinates (‘action-angle’) such that the action vari2 According

to the AdS/CFT correspondence [3–7], the scaling dimension of gauge-invariant com-

posite operators should match the energy of the corresponding closed string states. In particular, we will
be focusing our attention on string states with large values of some spin or angular momentum quantum
number Q, corresponding to composite operators containing a large (order Q) number of fields. The
energy of these states / dimension of these operators can be expressed as E = Q + ε (Q, λ ), with ε going
to zero at weak ’t Hooft coupling λ ≡ gY2 M N (gY M being the Yang-Mills coupling) where the dimension
reduces to the bare dimension Q (see, for instance, [8]). The anomalous dimension ε is a dynamical

quantity which should interpolate between the two sides of the correspondence, and which will be our
main object of interest [9].
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ables (momenta) are constants of motion, and the angles (coordinates) are linear in
time and parameterize a torus. For a field theory, the number of degrees of freedom
is normally infinite, and one associates integrability with the existence of an infinite
number of independent local conserved charges in involution. In scattering theory,
integrability implies pure reshuffling of momenta (‘diffractionless’ scattering). In
general, flavour degrees of freedom can be transformed in a complicated way during
the scattering. One has ‘transmission’ if the flavours are unchanged, ‘reflection’ if
they are exchanged. We recommend [10–12] for classical references on integrable
systems (see also the excellent [13]).
A link with the Yang-Mills Millennium prize problem3 has been also advertised.
The situation in AdS/CFT is quite peculiar because of conformal invariance. Moreover, ’t Hooft’s limit N → ∞, with λ = gY2 M N fixed, suppresses instanton contributions, according to the standard argument that the action for such configurations
scales in this limit as

N
λ [ f inite].

However, one hopes that the understanding of even

one single interacting four-dimensional gauge theory in this special limit will be important for progress in the Yang-Mills problem as well. For a relatively recent report,
underlying the potential role of AdS/CFT and integrability, see [14].
The N = 4 theory is a quantum conformal field theory (CFT). The information
on its spectrum is encoded in the short-distance power-law behavior of (2-point) correlators of composite operators. In determining this behavior for all operators of the
theory one encounters a non-trivial operator-mixing, which makes the calculations
notoriously difficult. The observation of [2] is that, in the planar limit, the problem
translates into the equivalent problem of finding the spectrum of certain spin-chain
Hamiltonians. This spectrum consists of spin-wave excitations and their bound states,
and the dynamics (S-matrix4 ) describing their scattering turns out to be completely
integrable [15, 16]. Planarity is probably a crucial ingredient for the appearance of
3 For

any compact gauge group G, one is to show that quantum Yang-Mills theory on R4 exists and

has a mass gap ∆ > 0 (i.e. the lightest particle has strictly positive mass squared).
4 We take a chance and clarify that, whenever we will be talking of S-matrices in this review, it will
always be referred to the two-dimensional scattering of excitations in the integrable models effectively
describing the SYM spectral problem in various regimes (spin-chain, sigma model). Never will we be
talking of a spacetime SYM S-matrix (also because, in that case, conformal invariance would be an
obstacle to the definition of asymptotics states).
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integrability. It would be overwhelming to give here a comprehensive list of the relevant references. They can be found in many of the available reviews (just to mention
some of the most recent ones, see [9, 17–20]).
The result strictly applies to infinitely long chains, which are related to gauge
theory operators composed of an infinite number of fields. When the spin-chains are
of finite length, certain corrections occur that go under the name of ‘wrapping effects’
[21–23], since the range of the interactions exceeds the length of the spin-chain.
Recently [24, 25], these effects have been shown to be calculable for very specific
operators and at the first few significant orders in perturbation theory, by techniques
of finite-volume integrability5 . The first confirmation that one has obtained from
these impressive results is that the ingredients used in the mirror theory approach
[27], i.e. the mirror bound states, are all one needs to sum over in order to reproduce
the field theory result. In other words, no excitation is missing.
The technology developed so far has been impressive, see for instance [28–37].
Both gauge perturbation theory for short operators and string perturbation theory in
the form of Lüscher corrections have proceeded to a tremendous degree of sophistication. A very convincing matching has been shown6 . This remarkable result has
strengthened the expectation that the entire planar sector of the theory may in fact
be integrable, and accessible via the so-called Thermodynamic Bethe Ansatz (TBA)
method. The latter consists in obtaining a set of master equations, whose solutions
encode the spectral data of the theory. This program has the potential of providing a
set of exact analytic results for an interacting four-dimensional quantum field theory,
and, with it, a new insight in our understanding of strongly-coupled nonperturbative
phenomena in gauge theories. Once more, the study of two-dimensional models is
showing its power in modelling our understanding of four-dimensional theories (cf.
[42], Introduction, lines 37-58). Currently, a remarkable effort is being put into the
construction and test of such a TBA system of equations [43–45].
5 These

techniques involve the use of the so-called Lüscher corrections. Such corrections do not

assume integrability, but, if the theory is integrable, they are expected to complete to a set of exact
integral equations for the spectrum (see also [26]).
6 Notably, the issue concerning some mismatches [38], which were still announced to affect the
strong coupling regime, has very recently been resolved [39–41].
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Despite the progress obtained, several fundamental questions are still left unanswered. First of all, a systematic way of taking into account the above-mentioned
wrapping corrections has not yet been provided, due to their highly complicated nature [22]. Furthermore, no rigorous proof of integrability is yet available, and the
quantum Hamiltonian of the system is not known in closed form, but only to a certain order in perturbation theory. Instead, so far the approach has been (in the philosophy of the inverse scattering method) to assume integrability and S-matrix factorization, deduce the entire integrable structure, and a posteriori check the validity of
the assumptions (see also [46]). However, with long-range Hamiltonians (as the one
emerging from gauge perturbation theory actually is) even setting up an asymptotic
scattering theory is problematic, and it is still a challenge to rigorously prove the integrability of the asymptotic problem. Perhaps, with the help of the algebraic methods
we are going to describe in this review, the knowledge of the complete Hamiltonian
will eventually become accessible7 . The full algebraic structure is still, in many respects, mysterious, and higher correlation functions of the theory are just starting to
be explored from the point of view of integrability. Three-point functions8 are still
quite a virgin territory, and it is still unclear if the power of integrability will provide
a systematic way of computing them. When appropriately normalized, these threepoint functions scale as the two-point functions in the planar limit, and one would like
to compute them with spin-chain techniques. In this respect, the universal R-matrix
of quantum groups has been used in the past [48] to encode the braiding relations of
quantum field multiplets in an integrable 1 + 1-dimensional QFT, thereby extending
“off-shell” the “on-shell” quantum-group symmetry of the S-matrix. Along the same
lines, correlation functions and form factors9 could be studied with the help of the
universal R-matrix.
Not fully understood is also the nature of certain fascinating dualities that have
7 The

so-called ‘dressing phase’ (see formula (74) and subsequent text) is essential for the Hamilto-

nian. In [47], the presence of this phase has been connected to boosts and general twist transformations
for the long-range spin-chain, see also section 3.1 and references therein.
8 Because of quantum conformal invariance, one-, two- and three-point functions contain all the
information one needs.
9 Form factors are matrix elements of field operators. They satisfy algebraic relations, called formfactor axioms [49, 50], depending locally on the fields and their sectors.
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been observed in Wilson loops and n-point functions. These dualities have recently
been related to algebraic structures very similar to those responsible for the integrability of the spectral problem, in particular to an infinite-dimensional symmetry of
the so-called Yangian type [51]. It is plausible that all the Yangians we will progressively encounter in this review (sigma model, spin-chain, S-matrix, spacetime
n-point functions) all share a common origin deeply inside the integrable structure of
the theory.
Hopf algebras and quantum groups provide a suitable mathematical framework
where to study these properties. Quantum groups are certain mathematical structures that emerged in Physics in the context of quantum integrable systems and the
quantum inverse scattering method developed by the Leningrad school [52]. These
structures were later axiomatized by Drinfeld and by Jimbo in terms of Hopf algebras. For standard textbook-references on Hopf algebras / quantum groups, see for
instance [53–57]. The algebraic reason for integrability can often be singled out in
the existence of an infinite-dimensional non-abelian symmetry algebra (such as the
Yangian) that severely constrains the dynamics. Like the angular momentum in quantum mechanics, a non-abelian algebra commuting with the Hamiltonian generates the
subspaces of equal-energy states, and the spectrum re-organizes itself in terms of the
corresponding irreducible representations. The S-matrix is nearly fixed purely by the
symmetry algebra, and it displays very specific features [58]. For a review on how
Hopf algebras systematize the scattering problem in integrable systems, we refer to
[59]. According to an idea of Zamolodchikov’s, the infinite dimensional quantum
group symmetry of massive integrable field theories plays the same role in their exact solution as that of the Virasoro algebra for conformal field theories.
An accurate knowledge of the quantum algebra governing the integrability of the
asymptotic problem might reveal crucial insights into the structure of the finite-size
corrections as well (see, for instance, [60]). The almost miraculous results described
earlier for short operators in N = 4 SYM are a strong motivation for the search of
deep algebraic structures responsible for such a matching. These structures should
ideally take over the job of completing the proof of spectral equivalence to an arbitrary loop order, where the direct computation will be challenged.
The Yangian has already turned out to be very useful to derive some results and
6

check others, which would have otherwise taken a perhaps prohibitive amount of
work. Even before the explicit derivation of all bound state S-matrices [61], Yangian symmetry had been used to derive the bound state Bethe equations [62] without
the need of an explicit diagonalization [63] of the corresponding transfer matrices10 .
Such diagonalization also makes use of the Yangian, and turns out to be essential
to prove important conjectures put forward in the literature [64]. These conjectures,
in turn, play a very important role in deriving equations for the finite-size problem
(Thermodynamic Bethe Ansatz and Y-system), and one may wonder if the Yangian
could play a role in a possible group-theoretical proof of the proposals that have been
so far advanced in the literature [65], and in describing the system even at finite length
[23].
One will then be able to see if it is possible to apply this algebraic framework to
the quantization of the (dual) two-dimensional sigma model, a formidable problem
where all conventional methods have failed so far. On the other hand, its understanding is believed to be instrumental in order to clarify the relationship between strings
and nonperturbative phenomena in gauge field theories. This fascinating connection
has been long sought-for through the work of many generations of theoreticians.
The point of view we would like the reader to take away from the present exposition is that there is a deep and beautiful algebraic structure, not entirely understood,
which underlies the integrability of the AdS/CFT system. Fully understanding this
structure will most likely provide not only a way of testing the proposals put forward
so far for an exact solution, and possibly deriving them from first principles (see also
[66]), but may also represent a significant progress in Mathematics. The quantum
group behind the complicated beauty of this integrable system most probably represents a new structure mathematicians have not come across so far11 .
The review is structured as follows. In section 2, we briefly display two of the
traditional realizations of the Yangian algebra, namely Drinfeld’s first and second
realization, as those that have been mostly used in the AdS/CFT context so far. In
10 One

striking features of these Bethe equations is that, when expressed in terms of the appropriate

bound state variables, they basically assume the same form as the Bethe equations for fundamental
particles.
11 P. Etingof, private communication.
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section 3, we review the Yangian symmetry of the perturbative super Yang-Mills
spin-chain (section 3.1), and of the classical string sigma model (section 3.2), both
related to the superconformal symmetry algebra psu(2, 2|4). We also discuss general
features of classical integrability, higher charges and Lax pairs, using as a toy model
the theory of the principal chiral field (14). Starting from section 4, we enter the
core of the topic of this review, i.e. the quantum group structure of the AdS/CFT
S-matrix, based on the centrally-extended psl(2|2) Lie superalgebra. In section 4.1,
we describe in detail the relevant quasi-triangular Hopf algebra and how it emerges
from the spin-chain and from the string sigma model picture, together with some
general notions of Lie superalgebras. In section 4.2, we describe the psl(2|2) Yangian symmetry of the S-matrix. In section 5, we focus on the semiclassical limit
of the quasi-triangular Hopf algebra. Section 5.1 contains standard notions related to
classical r-matrices, Belavin-Drinfeld theorems, quantum doubles and loop-algebras,
and various technology connected to the classical Yang-Baxter equation. Sections
5.2 to 5.5 describe the corresponding AdS/CFT case, and highlight the main similarities and the important new phenomena one encounters, such as the presence of
the so-called secret symmetry (section 5.4). In section 6, we describe bound state
representations, providing details about the differential-operator formalism of [67],
and show how to construct the corresponding S-matrices. We also briefly discuss
the issue of ‘fusion’. This discussion is then expanded upon in section 7, where
long (i.e. typical) representations are treated. After recalling some notions of the
representation theory of Lie superalgebras, we display the construction of long representations for the centrally-extended psl(2|2) case (section 7.2), and discuss their
reducibility properties. In the same section, we study the quasi-triangular structure
in these representations and discuss general rectangular Young tableaux. In section
8, we quickly mention recent progress connected to Yangian symmetry in spacetime
n-point amplitudes, where structures similar to those presented in this review for the
spectral problem are being observed right now. In fact, very recent is the discovery
of the above-mentioned ‘secret symmetry’ also in this context [68], with the role of
the secret Yangian generator played, in perfect analogy with the spectral problem we
will be treating here (see section 5.4), by the helicity generator of u(2, 2|4). Section
9 contains a list of conclusions that one can draw in the light of the results obtained
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so far, in particular for what concerns deriving general character formulas, finding
the universal R-matrix and elucidating the role of the secret symmetry. All these are
priorities for future investigation.
Note. Section 8, which lies slightly outside the main topic, might be skipped
during a first reading. The Ackowledgments (section 10) can also be considered as a
family album.
Note. We will not care to specify a reality condition for the algebra generators,
since it will be inessential to our treatment (apart from a few instances, where it will
be duly specified in order to make contact with the literature).
Note. A few reviews concerning Yangians in AdS/CFT are already available in
the literature, see for instance [69–71].

2 Yangians
In this section, we summarize the definitions of the Yangian Y (g) of a simple Lie
algebra12 g in the so-called Drinfeld’s first and second realizations. We also give the
isomorphism between the two realizations13 . The first realization is the one originally
given in [54], which naturally emerges from the spin-chain point of view [82]. The
second realization [83] is more suitable for constructing the universal R-matrix [84].
We will not discuss here the so-called RTT realization14 and its relevance to the study
of irreducible representations of Yangians and of their underlying Lie subalgebras
[85–87]. A collection of results on the representation theory of Yangians (cf. Drinfeld
polynomials) is contained in [88].
In [89, 90], the quantum Berezinian of the Yangian of the gl(m|n) Lie superalgebra was studied, and its relation with the center elucidated. This is the analog of the
relation one has between the center of the Yangian of standard Lie algebras and the
12 A

Lie algebra is simple when it has no non-trivial ideals, or, equivalently, its only ideals are {0}

and the algebra itself. An ideal is a subalgebra such that the commutator of the whole algebra with the

ideal is contained in the ideal.
13 The reader is referred to the standard literature (see for example [72–74]) for a treatment of this
subject. For the generalization to simple Lie superalgebras, see for instance [75–81].
14 In the AdS/CFT case, attempts to formulate the Yangian in this fashion meet some obstacles. We
thank G. Arutyunov and M. de Leeuw for discussions on this point.
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quantum determinant [91], see section 3.2.

2.1 Drinfeld’s first realization
The Yangian Y (g) is a deformation of the universal enveloping algebra of the loop
algebra g[u] associated to a Lie algebra g. We remind that g[u] is the algebra of gvalued polynomials in the variable u. Let g be a finite dimensional simple Lie algebra
generated by JA with commutation relations [JA , JB ] = fCAB JC , equipped with a nondegenerate invariant consistent supersymmetric15 bilinear form defined by a metric

κ AB . The main example of such a form is the Killing form κ AB = fDAC fCBD , namely
the trace of the product of two generators taken in the adjoint representation (see
also footnote 24). The Yangian is defined by the following commutation relations
bA :
between the level-zero generators JA (forming g) and the level-one generators J
[JA , JB ] = fCAB JC ,

[JA , b
JB ] = fCAB b
JC .

(1)

The generators of higher levels are defined recursively by subsequent commutation
of these basic generators, subject to the following Serre relations (for g 6= sl(2)):
1
[b
JA , [b
JB , JC ]] + [b
JB , [b
JC , JA ]] + [b
JC , [b
JA , JB ]] = fDAG fEBH fFCK fGHK J{D JE JF} . (2)
4

Curly brackets enclosing indices indicate complete symmetrization. Indices are raised
or lowered with κ AB or its inverse, respectively. For the algebra sl(2), the above Serre
relations are trivial, and one needs to impose a more complicated set of relations. The
reader can find a detailed description of these relations in section 2.1.1 of [73]. The
Yangian is not a Lie algebra, as, for instance, the commutator of two level-one generators contains, in addition to a level-two generator, also a cubic combination of the
level-zero generators.
From the commutation relations (1) one can easily notice the existence of a shift
automorphism
b
JA → b
JA + c JA ,

JA → JA ,
15 We

(3)

remind that an invariant form (,) is such that ([X,Y ], Z) = (X, [Y, Z]) ∀ X,Y, Z ∈ g, with [, ] the

graded commutator, see for instance [92, 93]. Supersymmetric means (X,Y ) = (−)deg(X )deg(Y) (Y, X),
deg denoting the fermionic grading, while consistent means (even, odd) = 0.
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with c a constant. This extends to an automorphism of the whole Yangian Y (g).
The Yangian is equipped with a Hopf algebra structure. The coproduct is uniquely
determined for all generators by specifying it on the level-zero and -one generators
as follows:
∆(JA ) = JA ⊗ 1 + 1 ⊗ JA,

(4)

1 A B
J ⊗ JC .
∆( b
JA ) = b
JA ⊗ 1 + 1 ⊗ b
JA + fBC
2

(5)

Antipode and counit are easily obtained from the Hopf algebra definitions. We remind that the antipode Σ is an anti-involution (with a fermionic sign for superalgebras, i.e. Σ(AB) = (−)deg(A)deg(B) Σ(B) Σ(A)).

2.2 Drinfeld’s second realization
Drinfeld’s second realization explicitly solves the recursion that is implicit in the
±
first realization. It defines Y (g) in terms of generators κi,m , ξi,m
, i = 1, . . . , rankg,

m = 0, 1, 2, . . . , and relations
[κi,m , κ j,n ] = 0,

±
+
[κi,0 , ξ j,m
] = ±ai j ξ j,m
,

+
−
[ξ j,m
, ξ j,n
] = δi, j κ j,n+m ,

±
±
±
[κi,m+1 , ξ j,n
] = ± 21 ai j {κi,m , ξ j,n
] − [κi,m , ξ j,n+1
},
±
±
±
±
±
±
[ξi,m+1
, ξ j,n
] − [ξi,m
, ξ j,n+1
] = ± 12 ai j {ξi,m
, ξ j,n
},

±
±
±
±
i 6= j, ni j = 1 + |ai j |, Sym{k} [ξi,k
, [ξi,k
, . . . [ξi,k
, ξ j,l
] . . . ]] = 0.
1
2
n

(6)

ij

In these formulas, ai j is the Cartan matrix, which we will assume to be symmetric.
Yangians are quite different from affine Kac-Moody algebras16 , although they
share a Lie subalgebra (for n = m = 0 in (6) and (7)). Yangians can be obtained
as certain quotients of the quantized version of affine Kac-Moody algebras (see [56,
83]).
16 The

affine Kac-Moody algebra associated to a finite-dimensional Lie algebra has defining relations
[JA ⊗ t n , JB ⊗ t m ] = [JA , JB ] ⊗ t n+m + (JA , JB ) n δn,−m C,

(7)

with C a central element, and (, ) the Killing form. One usually adjoins a derivation to the algebra, in
order to remove a root-degeneracy (see e.g. [94]).
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Drinfeld’s first and second realization are isomorphic to each other. Let Hi , Ei±
bi , Eb± the corresponding level-one
be a Chevalley-Serre basis for g, and denote by H
i
generators in the first realization of the Yangian. Drinfeld [83] gave the isomorphism

κi,0 = Hi ,
bi − vi ,
κi,1 = H

where
vi =
wi =
zi =

+
= Ei+ ,
ξi,0

−
= Ei−,
ξi,0

+
ξi,1
= Ebi+ − wi,

−
ξi,1
= Ebi− − zi ,

1
1
(αi , β ) (Eβ− Eβ+ + Eβ+Eβ− ) − Hi2 ,
∑
4 β ∈∆+
2
 1

1
Eβ− adEi+ (Eβ+ ) + adEi+ (Eβ+ )Eβ− − {Ei+ , Hi },
∑
4 β ∈∆+
4

 1
1
adE − (Ei− )Eβ+ + Eβ+adE − (Ei− ) − {Ei− , Hi }.
∑
β
β
4 β ∈∆+
4

(8)

(9)
(10)
(11)

∆+ denotes the set of positive root vectors, Eβ± are generators of the Cartan-Weyl
basis constructed from Hi , Ei± , and the adjoint action is defined as adx (y) = [x, y].
For references on the connection between the two realizations for the related case of
quantum affine algebras, see for instance [95–99].

3 The Yangian of psu(2, 2|4)
3.1 N = 4 SYM spin chain
Generically, the level-zero generators are realized on a spin-chain as local charges
JA =

∑ JA (k),

(12)

k

where the index k runs over the spin-chain sites. In a spin chain of infinite length, the
level-one Yangian generators are typically realized in terms of bilocal combinations
such as
b
JA =

∑

A B
fBC
J (k) JC (n).

(13)

k<n

Level-n generators are (n + 1)-local expressions. At finite length, while Casimirs of
the Yangian may still be well defined, boundary effects usually prevent from having
12

conserved charges of the type (13). For instance, if one tries to impose periodic
boundary conditions, one can have that a charge like (13) gives two inequivalent
results when acting on two states that are related to each other by a cyclic permutation
of the spins. However, we recommend to consult [82] and references therein for
notable exceptions, and for a review of this subject.
The Yangian charges (13) for the N = 4 SYM spin chain, at infinite length and
at the leading order in ’t Hooft’s coupling, have been constructed in [100, 101]. They
are based on the Lie superalgebra (superconformal algebra) psu(2, 2|4). In [102], the
first two Casimirs of the Yangian have been computed and identified with the first
two local abelian Hamiltonians of the spin-chain with periodic boundary conditions.
Perturbative corrections to the Yangian charges in definite subsectors have been
studied in [103–107]. The integrable structure of spin-chains with long-range interactions, such as the one describing the perturbation theory of N = 4 SYM, is not
entirely understood. In order to prove integrability, one has to explicitly construct
the higher Hamiltonians, or engineer a method of generating them (see for instance
[108–111]). In absence of other standard tools, Yangian symmetry would constitute
a formal proof of integrability order by order in perturbation theory. The suitable
two-loop expression of the Yangian charges (13) for the su(2|1) sector has been derived in [106]. In [107], a large degeneracy of states in the psu(1, 1|2) sector has
been explained by finding nonlocal charges related to the loop-algebra of the su(2)
automorphism of psu(1, 1|2). Further references include [112–118].

3.2 Sigma model
The emergence of higher non-local charges of Yangian type from a two-dimensional
classically integrable field theory17 can be understood via the example of the socalled Principal Chiral Model (PCM). This is the theory of a field g = g(x,t) taking
values in a connected simple compact18 Lie group G, with a Lagrangian given by
L = tr[∂µ g−1 ∂ µ g].
17 The

(14)

literature devoted to this subject is extensive. We mention here, as a starting point for the

interested reader, the early papers [119, 120], and the papers [121, 122] for the supersymmetric case.
18 Compactness is assumed in order to have finite-dimensional unitary representations.
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This Lagrangian has left and right global symmetries g → hg, gh, with h ∈ G. The

corresponding Noether currents are given by

JµL,R = −(∂µ g)g−1 , g−1 (∂µ g).

(15)

These currents (cf. Cartan 1-forms on group manifolds) belong to the Lie algebra g
of G, which is generated by certain T A ’s satisfying [T A , T B ] = fCAB T C . This means
that one can write these currents (and the corresponding charges J) as
Jµ = JµA TA ,

∂ µ JµA = 0,

JA =

Z ∞

−∞

dx J0A .

(16)

By subsequent integration by parts and disregarding boundary terms, the action associated to the Lagrangian (14) can be brought to a form quadratic in the Noether
currents. It is easy to check that, upon using the equations of motion, such currents
satisfy the condition of “flatness” (cf. Maurer-Cartan equation):

∂0 J1 − ∂1 J0 + [J0 , J1 ] = 0.

(17)

(J0 , J1 ) form a so-called Lax pair19 .
Together with the conservation of J, the flatness condition automatically implies
that the following non-local currents are conserved20 :
1 A B
Jµ
JbµA = εµν J ν ,A + fBC
2

19 A

d
d bA
J =
dt
dt

Z ∞

−∞

Z x

−∞

dx′ J0C (x′ ),

dx Jb0A (x) = 0.

typical example of a Lax pair is the following. Consider the equation

matrices. It is straightforward to show that

tr An

(19)

(20)
d
dt A = [A, B], with A, B two

is a conserved charge for arbitrary n. The generating

function for all these charges is tr exp(A). (A, B) form a Lax pair, and one can directly generate conserved charges from the Lax pair by a suitable trace operation. The condition (17) is also the consistency
(or, integrability) condition for the system of equations

∂1 F = J0 F,
∂0 F = J1 F,

(18)

where F is an arbitrary vector. The system (18) defines the so-called auxiliary linear problem, and it
constitutes the starting point of the classical inverse scattering method. The very existence of a Lax pair
representation for the dynamical equations can often be taken as a synonym of integrability.
20 Indeed, the currents themselves satisfy ∂ µ JbA = 0.
µ
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Recursive application of the same argument leads to the conservation of an infinite
tower of non-local charges. Existence of such higher non-local charges implies the
classical integrability of the model. These charges have non-trivial Poisson brackets
among themselves and with the Noether charges. In the absence of anomalies, the
quantum version of these charges [123] forms the non-abelian structure of the Yangian. Typically, one can find a family of flat connections depending on a continuous
parameter λ , often called spectral parameter.
A remark is in order. Looking at the charges b
JA in (20), one may wonder whether

the non-local part is actually just one half of the square of the local charges JA (which
would mean that one has not really found new independent conserved charges). In
fact, one could be tempted to rewrite the nested integral in (20) as half of the same expression, plus half of the expression where a change of variables has been performed
to swap the integration variables x and x′ . This would reconstruct the square of JA ,
were it not for a minus sign coming from the structure constants.
We also notice that, since we have left and right currents (15), two copies of the
Yangian, constructed according to the above procedure, will actually be present in
the PCM.
The path-ordered exponential of the spatial part of the Lax connection is called
the monodromy matrix. Its trace, called the transfer matrix, is a generating function
for the tower of (non-local) conserved charges. One recovers these charges as a Taylor expansion around a specific value of λ , for instance λ = ∞. Expansion around
a different point, say, λ = 0, and usually after taking the logarithm and a suitable
combination of derivatives w.r.t. λ , may instead generate the tower of local commuting charges giving rise to the integrable Hamiltonians [82, 124]. The latter expansion
point is typically a special point for the R-matrix of the problem (see formula (33) and
subsequent discussion), and it is usually located where the R-matrix degenerates into
a projector21 . Often, however, extracting the commuting charges is not a straight21

Consider the following R-matrix (proportional to the so-called Yang’s R-matrix):


u
P
R=
1⊗1 +
,
u±1
u

with P the permutation operator P a ⊗ b = (−)deg(a)deg(b) b ⊗ a. One can see that the residue at the

pole u = ∓1 is proportional to

1 ⊗ 1 ∓ P, which projects onto the antisymmetric (resp., symmetric)
15

forward operation. For the case of the PCM, for instance, we refer to the specific
treatment of [125].
Let us restrict to the case of models with gl(n) Yangian symmetry for a moment.
The local commuting charges form a commutative (Cartan) subalgebra of the Yangian, and they have determinantal expressions (see for instance [126]). The center
of the Yangian belongs to this commutative subalgebra and it is generated by one of
this determinantal expressions, called the quantum determinant. For supersymmetric theories, the trace and the supertrace of the monodromy matrix can generate two
different families of commuting Hamiltonians.
The classical integrability of the Green-Schwarz superstring sigma model in the
AdS5 × S5 background has been established in [127]. There, the corresponding in-

finite set of non-local classically conserved charges has been found, according to a
logic very close to the one described above (similar observations for the bosonic part
of the action were made in [128]). The fact that the string sigma model is actually
based on a coset group makes the treatment slightly more involved, but conceptually
quite similar. Further work in this context can be found in [129–138].
We conclude this section with a remark on the Hopf algebra structure of the nonlocal charges (20). How expressions like (19), (20) can give rise to the coproduct
(5) is the outcome of a contour integral analysis contained e.g. in [139]. There
exists also a semiclassical argument [119, 140], which we will now present. One
can imagine two well-separated solitonic excitations (see Figure 1) as the classical
version of a scattering state. The principal chiral model has such solutions (see for
instance [141]). Soliton 1 is located inside the region (−∞, 0), while soliton 2 is
inside (0, ∞). If one defines the semiclassical action of a charge on such a solution
as the charge itself evaluated on the profile, one can conveniently split the integral
of the current in the individual domains which are most relevant for each of the two
solitons, respectively. In other words,
tensor-product representation. In this review, we will always assume that the S-matrix, whether it will
be denoted by R or S, will act as a map from V1 ⊗V2 to V1 ⊗V2 , with V1 and V2 two algebra modules.

For all practical purposes, we will think of R and S as one and the same mathematical object, and
indifferently use either letters in order to mantain the text populated with symbols familiar to both
physicists (S) and mathematicians (R).
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✻
✲

Fig. 1: A semiclassical scattering state with two well-separated solitons.

JA|pro f ile =
∼

Z ∞

dx J0A |pro f ile =

−∞
JA1 + JA2

Z 0

−∞
A

dx J0A +

Z ∞
0

dx J0A

−→ ∆(J ) = JA ⊗ 1 + 1 ⊗ JA

(21)

and, from (19) and (20),

b
JA|pro f ile =

Z 0

Z

Z

0
x
1 A
fBC
dx J0B (x)
dy J0C (y)
2
−∞
−∞
−∞
Z ∞
Z x
Z ∞
1 A
A
B
dx J1 + fBC
+
dy J0C (y)
dx J0 (x)
2
0
0
0
Z 0
Z ∞
1 A
dy J0C (y),
dx J0B (x)
+ fBC
2
−∞
0

dx J1A +

(22)

which schematically reproduces (5). Upon quantization in absence of anomalies, one
can promote this action to the action of charge-operators on the Hilbert space of the
asymptotic states. One can therefore directly link the non-locality of the classical
charge to the “non-triviality” of the corresponding coproduct22 .

4 The centrally-extended psl(2|2) Yangian
4.1 The Hopf algebra of the S-matrix
As we will shortly motivate, the algebra we will focus our attention on is given by
(two copies of23 ) the centrally-extended psl(2|2) Lie superalgebra (which we will
22 One
23 In

calls “ trivial” a coproduct of the (local) type (4).
what follows, it will be sufficient to consider one copy of this algebra, as the two copies can be

treated independently.
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call psl(2|2)c for short). This algebra emerges upon choosing a vacuum for the spinchain [16] (see the discussion following formula (25)), and the same algebra arises in
the decompactification limit of the string sigma-model [142].
We begin by reporting the commutation relations of (a single copy of) the algebra.
For convenience of the reader, we first explicitly spell out the commutators of the two
sets of sl(2) bosonic generators, in order to display our conventions for the Cartan
matrix entry in these two sectors:
[L11 , L12 ] = 2L12 ,
[R33 , R34 ] = 2R34 ,

[L11 , L21 ] = −2L21 ,

[R33 , R43 ] = −2R43 ,

[L12 , L21 ] = L11 ,

(23)

[R34 , R43 ] = R33 .

The remaining commutators are as follows (Latin indices refer in our conventions to
the L-type of sl(2) generators, while Greek indices to the R-type):
β

β

β

[Lab , Gαc ] = δcb Gαa − 12 δab Gαc ,

[Rα , Qaγ ] = δγ Qaα − 12 δα QAγ ,

{Qαa , Qβb } = εαβ ε ab C,

{Gaα , Gb } = ε αβ εab C† ,

β

[Lab , Qαc ] = −δac Qbα + 21 δab Qcα ,
β

β

β

γ

γ

β

β

γ

[Rα , Ga ] = −δα Ga + 21 δα Ga ,
β

β

{Qaα , Gb } = δba Rα + δα Lba + 21 δba δα H.

(24)

The elements H, C and C† commute with all the generators. The ‘dagger’ symbol on
the third central element is to remind that, in unitary representations, C and C† are
one the complex conjugate of the other.
As usual for Lie superalgebras, [even, odd] ⊂ odd, therefore the odd part forms

a representation of the even subalgebra. In this case, the even part is given by
the sl(2) ⊕ sl(2) subalgebra, with generators L and R satisfying ∑a Laa = 0 and
∑α Rαα = 0, together with the center {H, C, C† }. The odd part forms the representation (2, 2̄) ⊕ (2̄, 2) (Q and G, respectively) [93].

The fact that a simple Lie superalgebra can admit such a large central extension

is peculiar to psl(2|2). In fact, A(1, 1) ≡ psl(2|2) is the only basic classical 24 simple
24 Let

us focus on simple Lie superalgebras. We remind that a classical Lie superalgebra is such

that its even subalgebra is a reductive Lie algebra, namely a direct sum of semisimple and abelian Lie
algebras. A classical Lie superalgebra is called basic if it admits a non-degenerate invariant supersymmetric bilinear form, otherwise it is called strange. One usually takes as such a form the Killing
form, i.e. the supertrace of the product of two generators in the adjoint representation (although any
representation besides the adjoint would provide a form with the necessary properties, see [143] for
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Lie superalgebra for which this happens [148]. Leaving aside affine extensions, in
fact, one either has no central extensions at all, or, for the series A(n, n) with n 6=

1, one has a one-dimensional central extension to sl(n + 1|n + 1), the algebra of
supertraceless matrices of dimension n + 1|n + 1 (in a bosons|fermions notation).

This is because the n+ 1|n+ 1× n+ 1|n+ 1-identity matrix is also supertraceless. But
only for A(1, 1) one can simultaneously use two epsilon-tensors, and allow, besides
the sl(2|2) generator H, two further independent central charges C and C† to appear
on the r.h.s. of the two ‘same-type’ anticommutators of supercharges, {Q, Q} and

{G, G} respectively, as shown in (24).

The representation relevant to super Yang-Mills, and which we will call “fun-

damental”, is that of a dynamical spin-chain, i.e. sites can be created or destroyed
as a byproduct of the action of the Lie superalgebra generators (“length-changing”
action). In the basis of [16], the length-changing action of, for instance, the central
charges goes as follows:
H |pi

=

C |pi = c(p) |p Z − i,

ε (p) |pi,

C† |pi = c̄(p) |p Z + i,

(25)

details). The Killing form is proportional to the dual Coxeter number. The dual Coxeter number c2
is defined as fCAB fDAB = c2 δCD , and it is related to trace of the quadratic Casimir in the adjoint representation. When the dual Coxeter number is zero, one can (in the light of the remark in brackets
we just made above) take the supertrace in any other representation for which the form does not give
an identically vanishing result (one could try, for instance, the fundamental representation). The Lie
superalgebras A(n, n) ≡ psl(n + 1|n + 1), n ≥ 1, and D(2, 1; ε ), in particular, have zero Killing form,
but they are basic. For a very direct way of exhibiting a non-degenerate bilinear form for A(n, n),
n ≥ 1, one can consult for instance [144], Appendix B. One can take a distinguished simple root system

(i.e., with the least number of fermionic simple roots). Notice that the Cartan matrix of A(n, n) in this
system is degenerate [93]. This has to do with the number of Cartan elements needed to achieve a
Chevalley-Serre realization, which forces one row in the Cartan matrix to be dependent on the other
ones. Notice also that, after centrally-extending A(n, n) to sl(n + 1|n + 1) (the algebra of supertraceless
n + 1|n + 1 × n + 1|n + 1 matrices) by adding one central element (see the discussion in the text immediately following this footnote), the supertrace in the defining n + 1|n + 1 × n + 1|n + 1 representation

immediately becomes degenerate, since the product of any generator with the central element is still
supertraceless. For more details in the case of coset supergroups, especially those relevant to AdS/CFT,
see for instance [145], where the suitable decomposition of psu(2, 2|4) (related to A(3, 3)) and related
coset reductions of the bilinear form are studied, and [146]. We refer to [93, 147] for further details and
explanations.
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where Z +(−) adds (removes) one site to (from) the chain. The length-changing action
of the symmetry generators is easily justified when realizing that they, as well as
the Hamiltonian / mixing matrix of anomalous dimensions, can mix operators with
different numbers of bosonic and fermionic fields. In the case of the Hamiltonian,
this mixing is restricted to operators which have the same bare scaling dimension.
A magnon is a spin-wave excitation on the spin-chain. We denote as |pi the one-

magnon state |pi = ∑n eipn | · · · Z Z φ (n) Z · · · i. Z is a chosen complex combination of

two of the six real scalar fields in N = 4 SYM. φ is one of the 4 possible orientations

of the “spin” (or “polarizations”) in the fundamental representation of psl(2|2)c , here
taken at position n along the chain. The two bosonic polarizations are denoted as w1 ,
w2 and the two fermionic ones as θ3 , θ4 . In the absence of magnonic excitations,
one simply obtains the vacuum state | · · · Z Z · · ·i. Indeed, operators of the form tr Z J

in the SYM theory are half BPS, in that they are annihilated by half of the supersymmetries. Their scaling dimension is therefore protected from receiving quantum
corrections. For fixed J, tr Z J corresponds to a ferromagnetic vacuum25 . The algebra
psu(2|2) (and its central extension) is the algebra that preserves such a vacuum, and
the excitations on the vacuum form irreducible representations of this residual algebra. One of the su(2)’s corresponds to the residual R-symmetry26 , the other su(2) to
the residual Lorentz algebra27 .
A state like | · · · Z Z · · ·i is obtained from tr Z J in the limit J → ∞ (“asymptotic

problem”). On the string theory side of the correspondence, this amounts to relaxing
the level-matching condition and effectively dealing with open-string excitations (the
‘giant magnons’ of [149]). The analysis of the finize-size effects, which concerns the
true gauge-invariant SYM operators at finite J (dual to closed strings), is postponed
to the solution of the asymptotic problem. The asymptotic problem is in fact easier
25 At

one loop, the ferromagnetic nature is essentially due to the presence of the squared coupling

constant gY2 M in front of the (Heisenberg-like) Hamiltonian. One would eventually like to have this
squared coupling real and positive.
26 R-symmetry is the symmetry that rotates the generators of the extended (N = 4) supersymmetry.
Choosing a complexified scalar breaks the original so(6) R-symmetry to two copies of su(2).
27 The vacuum preserves the Lorentz algebra, which provides other two copies of su(2). In total, one
sees how two copies of psu(2|2) are bound to arise. These two copies are also related to the two wings
of the psu(2, 2|4) Dynkin diagram, for an appropriate choice of simple root-system.
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to attack, as it can be treated in terms of scattering data.
The length-changing property can be interpreted, at the Hopf algebra level, as a
non-local modification of the (otherwise trivial) coproduct [150, 151]. One can see
how this works, for instance, in the case of the central charges28 . When acting on a
two-particle state, one needs to compute
C ⊗ 1 |p1 i ⊗ |p2 i =

C⊗1

∑

n1 <<n2

· · Z} φ2 Z · · · i =
ei p1 n1 + i p2 n2 | · · · Z Z φ1 Z
| ·{z

(n2 → n2 + 1) =

n2 −n1 −1
ip2
c(p1 ) e |p1 i ⊗ |p2 i.

(26)

The rescaling n2 → n2 + 1 is needed to bring back the state to its original form

with n2 − n1 vacuum sites between the two excitations, because that is what is defined

as |p1 i ⊗ |p2 i from the very beginning. We have considered the state as infinitely

extended on both sides, therefore the rescaling only involves the action of C ⊗ 1, and
not of 1 ⊗ C. In other words, only the space in-between the two excitations matters.

Such an action is clearly non-local, as acting on the first magnon (with momentum
p1 ) produces a result which depends also on the momentum p2 of the second magnon.
The next step is to compute the S-matrix governing the scattering of the two exci-

tations against each other. Thanks to integrability, when two particles cross paths they
keep their momenta p1 and p2 unchanged, but their spins are transformed by means
of a non-trivial matrix, the S-matrix itself. The latter therefore acts trivially on the
space of momenta, but reshuffles the internal quantum numbers (see also the Introduction). The requirement of invariance under the symmetry of the problem amounts
to the commutation of the S-matrix with the coproduct. The coproduct is in fact nothing else than the action of the symmetry on two-particle states. Once again, because
one assumes the integrability of the problem, the two-particle scattering contains the
whole information required to decipher the entire dynamics of the system.
Imposing the above-mentioned invariance condition is equivalent to requiring
∆(C)S = S∆(C) for the S-matrix. In our case, this implies computing
28 It

is worth noticing that, in sectors larger than the one corresponding to the psl(2|2)c excitations,

a similar Hopf algebra interpretation is far less direct, if possible at all, given that the length-changing
pattern may be wilder than (25).
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S ∆(C) = S [C ⊗ 1 + 1 ⊗ C] = S [eip2 Clocal ⊗ 1 + 1 ⊗ Clocal ],

(27)

where Clocal is the local part of C, acting as Clocal |pi = c(p)|pi. An analogous

argument works for ∆(C)S. As p2 naturally pertains to the second space in the tensor
product, one is to read off (27) the following coproduct
∆(Clocal ) = Clocal ⊗ eip + 1 ⊗ Clocal .

(28)

Formula (28) is the Hopf-algebra manifestation of the non-triviality of the coproduct. Particle labels 1, 2 being taken care of, one drops the subscript local, entirely
encoding the non-locality of the action in the deformed coalgebra structure (28).
A similar coproduct arises for all the other (super)charges of psl(2|2)c . It is
controlled by an additive quantum number [[A]] such that
∆(JA ) = JA ⊗ ei[[A]]p + 1 ⊗ JA

(29)

and ∆(eip ) = eip ⊗ eip . In a convenient frame29 one has that the only non-zero quan-

tum numbers are [[Q]] = 21 , [[G]] = − 21 , [[C]] = 1, [[C† ]] = −1, from which (29) can
29

The notion of frame will be expanded upon in the discussion preceding formula (33). However, let

us briefly introduce the concept at this point for the convenience of the reader. As the detailed analysis of
[152] made precise, changes in the choice of basis (“gauge”) for the scattering states modify the explicit
form of the S-matrix, and necessarily of the coproduct. The physical content is however unchanged.
That is, these transformations do not change the eigenvalues of the transfer matrix constructed with
the S-matrix, and therefore the energies of the spectrum one obtains via the Algebraic Bethe Ansatz
procedure. In [152], these “gauge” transformations are seen as acting on the relevant ZamolodchikovFaddeev operators. Equivalently, these transformations can be interpreted as acting on the coproduct
as certain similarity transformations or as twists. They can be non-local from the point of view of
the one-particle basis, i.e. they can depend on both momenta of the two scattering particles. This
feature sets them quite outside the set of innocuous changes of reference basis one normally allows
for when dealing with algebra modules. Moreover, as we will display in formula (32) and remark
in the related discussion, these twists can lack a matrix representation, and should rather be thought
of as acting via differential operators. Nonetheless, the essential features of the Hopf algebra that
is generated do not change (in particular, one cannot ‘twist away’ the deformation). An appropriate
choice of “frame”, or “gauge” (basis), is essential to obtain an S-matrix that solves the traditional YangBaxter Equation (YBE, see equation (34) and related discussion), and not a twisted version of it (i.e.
with extra momentum-dependent phase factors explicitly appearing in the equation). Two important
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easily be shown to be a (Lie) algebra homomorphism. The corresponding counit e
and antipode Σ are straightforwardly derived from the Hopf algebra axioms, and the
whole structure can be proven to define a consistent Hopf algebra. In particular,
Σ(JA ) = −e−i[[A]]p JA .

(30)

This antipode is idempotent, i.e. it squares to the identity (in fact, Σ(eip ) = e−ip ).
The antipode is an anti-involution30 related to crossing symmetry31 . Since [[H]] = 0,
the energy simply changes sign under crossing, but the other central charges have
non-zero “[[A]]” quantum number, and (30) implies that they undergo an additional
U (1) rotation [27].
As anticipated in footnote 29, (non-local) changes of basis (‘frame’) for the scattering states can make the factors ei[[A]]p appear in different places in the coproduct (possibly with a different power), without significantly changing the fundamental
Hopf algebra structure. Some of these non-local changes of basis can be implemented
by formally defining an operator J such that, for example,
[J, C] = C.

(31)

frames where the YBE is solved in its traditional untwisted form are the psl(1|2) frame [16, 151, 153],
as shown in [154], and the (more symmetric) sl(2) frame of [152]. In the manifest sl(1|2) frame, an
entire sl(1|2) subalgebra has a trivial coproduct (while for the raising/lowering generators of one of the
two sl(2)’s the coproduct is non-trivial). The rest of the generators have a coproduct of the type (29) but
with integer quantum numbers [[A]] only. This frame is the closest one to the spin-chain picture, where
the rescaling (26) can only produce phases with exponents which are integer portions of the momenta.
The quantum numbers [[A]] are then found directly from the length-changing picture originally given
in [16], as shown in [151]. Instead, in the sl(2) (or, “string”) frame, adopted as standard soon after its
introduction, all the bosonic sl(2) generators have a trivial coproduct, and the structure of the S-matrix
is mostly symmetric.
30 This means, Σ(AB) = (−)deg(A)deg(B)Σ(B)Σ(A).
31 Crossing symmetry is usually required in relativistic scattering. In the AdS/CFT case, where the
spin-chain / gauge fixed sigma model is non-relativistic, the existence of a charge conjugation map acting on the fundamental representation, and of the associated crossing symmetry of the scattering matrix
with scalar factor (relevant for deriving the asymptotic Bethe equations), was a crucial discovery of
[153]. We also remark that the R-matrix one associates to the inverse scattering problem and, possibly,
to the exact (finite-size) Bethe equations, need not be crossing symmetric. We thank D. Fioravanti for
discussions on this point.
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In this way, one can show that32
C ⊗ eip + 1 ⊗ C = ei(J⊗p−p⊗J) (C ⊗ 1 + eip ⊗ C)e−i(J⊗p−p⊗J) .

(32)

In other words, a formal twist can move the length-changing operators Z ± in (25)
from the left to the right of the local action of the algebra generators on the spin-chain.
Of course, the operator J will have to do a similar job for all the other generators
besides C. This means that J will have to satisfy additional commutation relations
besides and of the type (31). One complication is given by the fact that p and J have
to be taken to commute with one another in (32), which apparently clashes with (31).
A way around this obstacle is found in [147] in one particular frame. In the frame
chosen there, in fact, one can express the generator J in terms of derivatives with
respect to other free parameters that label the representation in that particular frame,
without the explicit appearance in J of the derivative with respect to the momentum
p. At any rate, one can already see that no four-dimensional matrix can realize (31)
for the fundamental representation of the centrally-extended algebra psl(2|2)c , since
C is proportional to the identity matrix. One should rather use a differential operator
to realize J [147].
In fact, J is the Cartan element of the sl(2) algebra of outer automorphisms of
psl(2|2)c , inherited from psl(2|2) [155]. An explicit description of the action of these
automorphisms on the supercharges and on the central charges can be found in [64].
‘Outer’ means that these automorphisms cannot be written as (anti)commutators of
the algebra with particular elements of the algebra itself33 . Much in the same way as
for the triple central extension, also the presence of a continuous outer automorphism
group is peculiar to A(1, 1) amongst all simple basic classical Lie superalgebras.
After reinterpreting the dynamical action of the symmetry algebra in terms of a
deformed coproduct, the local (cf. discussion below (28)) representation of the algebra turns out to be a particular atypical representation (see section 6.1 for bound
state number ℓ = 1), parameterized by the values taken by the central charges. This
32 The

author thanks Peter Schupp, Jan Plefka and Fabian Spill for an early collaboration on this

problem.
33 The matrices corresponding to plus or minus the identity in the associated SL(2) automorphism
group of psl(2|2) turn out to be actually inner [155].
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representation is four-dimensional, and its explicit matrix description also easily follows from the one we will present in section 6.1 for bound states, when restricting to
bound state number equal to 1. Strictly speaking, this representation is not highest
weight, since there is no state annihilated by all positive roots.
Let us also stress again that the coproducts corresponding to different frames for
the spin-chain states give rise to slightly different S-matrices, the main difference
among them obviously being various phase factors eip1,2 with various powers appearing in or disappearing from their entries. This ambiguity is no surprise, since, in
this context, the S-matrix is ultimately a gauge-dependent quantity (where ‘gauge’
now refers to some original gauge symmetry of the model), unlike the spectrum that
one derives from it. For instance, in the worldsheet gauge used in [156], the diagonal entries of the tree-level S-matrix depend explicitly on the gauge parameter. This
connection with gauge transformations is also pointed out in [16], this time w.r.t.
the SYM theory. The central charges themselves, while vanishing on physical states
(cyclic spin-chains), can be seen having an action quite reminiscent of gauge symmetries (here, the familiar gauge transformations one has in any Yang-Mills theory).
This may give a clue on how they are ultimately embedded in the symmetry group
of AdS/CFT, yet being outside psu(2, 2|4) [157]. In fact, the relation between the
centrally-extended algebra (and its Yangian) emerging from the worldsheet after fixing the light-cone gauge [142], and the original superconformal (Yangian) algebra,
is an outstanding problem34 . If it is true that one can derive the Bethe Ansatz equations in subsectors from first principles using the S-matrix of the psl(2|2)c algebra
(see e.g. the reviews [158, 159]), the celebrated Beisert-Staudacher equations [160]
(alias, the Bethe equations for the bigger psu(2, 2|4) algebra) instead, although tested
beyond doubt, still remain a conjecture, and it would be desirable to have an a priori
derivation35 .
The condition of invariance of the S-matrix under the symmetry algebra should
be casted in the form (see footnote 21)
∆op R = R ∆.
34 We
35 We

(33)

thank Tristan McLoughlin for exchanges on this point.
thank A. Doikou and D. Fioravanti for discussions on this point, see also the recent [161].
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The opposite coproduct ∆op is defined as ∆op = P∆, with P the graded pernutation
operator P a ⊗ b = (−)deg(a)deg(b) b ⊗ a. In a physical picture, if the coproduct acts,

say, on in scattering states, its opposite acts on out states, and vice versa. Formula
(33) represents the very definition of the R-matrix (S-matrix), as the transformation
matrix between in and out states. In the theory of quantum groups, the existence
of such an object makes the Hopf algebra quasi-cocommutative36 . As usual, quasicocommutativity represents the similarity between the two representations obtained
tensoring two modules using the coproduct or its opposite. The two ways give representations of the same dimension, but these ought not be the same. The relation
(33) establishes when the two are similar to each other. The element R is often called
the intertwiner between the two tensor product representations. The R-matrix for
quasi-triangular Hopf algebras satisfies the famous Yang-Baxter equation (YBE),
also called ‘star-triangle’ equation:
R12 R13 R23 = R23 R13 R12 ,

(34)

where Ri j indicates the two spaces on which the R-matrix acts in the triple tensor
product of representations.
The sl(2) ⊕ sl(2) generators have zero [[A]] quantum number, therefore their co-

product is trivial. This implies that the R-matrix intertwining the coproduct (29) is
sl(2) ⊕ sl(2)-invariant in the traditional sense37 , and it can be decomposed as a sum

of projectors onto irreducible representations of sl(2) ⊕ sl(2). It also means that the
eigenvalues of the Cartan generators of the sl(2) ⊕ sl(2) subalgebra are conserved

in the scattering. From the specific form of such matrices in the fundamental representation (and, in general, in all the bound states representations, see section 6) one
deduces the conservation of the total numbers of fermionic excitations of type θ3 and,
separately, of type θ4 in the scattering, in addition to the total number of excitations
(bosonic plus fermionic). In this counting, one has to pay attention to the fact that a
boson of type w2 counts as a pair of fermions θ3 θ4 .
36 The

prefix quasi indicates that the coproduct would almost be cocommutative, were it not for

a similarity transformation represented by the conjugation via the (invertible) R-matrix itself, ∆op =
R∆R−1 .
37 I.e.,[R, ∆] = 0.
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In the presence of central elements, there is a special consistency requirement one
has to consider. Since ∆(C) is also central, and R is invertible,
∆op (C) R = R ∆(C) = ∆(C) R

=⇒

∆op (C) = ∆(C).

(35)

This can be equivalently stated by recalling the discussion on tensor product representations just above (34). Specifically, since they are Lie algebra homomorphisms,
both maps ∆ and ∆op define Lie algebra representations of the same dimension. The
defining equation for the (invertible) R-matrix, namely ∆op = R ∆ R−1 just tells us
that these two representations are related to each other by a similarity transformation.
If so, then they have to share the center.
In our case, (35) is guaranteed by the physical requirement
U 2 ≡ eip 1 = κ C + 1

(36)

for a certain constant κ related to the coupling gY M [16]. Combining (36) with (29),
one has in fact (see also [162])
∆(C) = C ⊗ 1 + 1 ⊗ C + κ C ⊗ C = ∆op (C).

(37)

An analogous relation works for C† . These requirements are equivalent to imposing
that the total value of the central charges C and C† vanishes when the total momentum
is set to zero. Vanishing total momentum, in turn, corresponds to periodic boundary
conditions, which have to be asked for when dealing with the true single-trace operators of SYM. For two-particle states, vanishing of the total central charges means
∆(C) = ∆(C† ) = 0 when p1 + p2 = 0, which is realized by (36), (29).
By interpreting (36) as an algebraic condition linking the central charges to the
coproduct-deformation, one ensures (35) holds at the Hopf algebra level. All the
axioms of a quasi-cocommutative Hopf algebra are therefore satisfied. We also notice
that, even after the change of basis (32), the condition of cocommutativity of the
central charges would boil down to the same relation (36) .
The S-matrix in the fundamental representation turns out to be completely fixed
(apart from an overall scalar phase) by the condition (33). The reason for this fact is
that the coproduct (29) for the supercharges (that is, already at the Lie superalgebra
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level) is non-trivial. Another reason relates to the irreducibility / indecomposability
of the tensor product of two fundamental representations (see section 7).
The coproduct (29) was shown to emerge38 also from the dual string-theory sigma
model. In [156], the result was reproduced by applying the standard Bernard-LeClair
procedure [139] to the light-cone worldsheet Noether charges obtained in [142].
Let us give here an alternative semi-classical argument for the emergence of such
a deformed coproduct from the worldsheet theory, based on the same type of reasoning presented at the end of section 3.2. The light-cone worldsheet Noether supercharges have a non-local contribution in the worldsheet fields:
A

J =

Z ∞

−∞

d σ J0A (σ ) ei[[A]]

Rσ

−∞

d σ ′ ∂ χ − (σ ′ )

.

(38)

This is due to the fact that, although the Noether charges are originally integrals
of local densities, the light-cone field χ − is not physical in the gauge chosen, and
one should rather use its derivative. If we consider the two well-separated solitonic
excitations of Figure 1, the semiclassical action of these charges on such a scattering
state is again obtained by splitting the integrals:
A

J

|pro f ile

=
=

Z ∞

−∞

Z 0

−∞

d σ J0A (σ )|pro f ile ei[[A]]
Rσ

−∞ d σ

d σ J0A (σ )ei[[A]]

Z ∞
0

Rσ

−∞

d σ ′ ∂ χ − (σ ′ )|pro f ile

′ ∂ χ − (σ ′ )

+

d σ J0A (σ ) ei[[A]]

R0

−∞ d σ

′ ∂ χ − (σ ′ )

ei[[A]]

Rσ
0

d σ ′ ∂ χ − (σ ′ )

∼ JA1 + ei[[A]] p1 JA2 −→ ∆(JA ) = JA ⊗ 1 + ei[[A]]p ⊗ JA ,
where one has used the definition of the worldsheet momentum in terms of the field

χ − applied to the first excitation39 .
Let us conclude with some further comments on crossing symmetry. From the
Hopf-algebra antipode Σ it is easy to derive the so-called ‘antiparticle’ representation
38 After

a non-local change of basis, see the previous discussion.
that the alternative expression

39 Notice

JA =

Z ∞

−∞

d σ J0A (σ ) ei [[A]]

R∞
σ

d σ ′ ∂ x− ( σ ′ )

would produce, with analogous reasonings, the twisted coproduct on the l.h.s. of (32). This alternative
expression should correspond to a non-local field redefinition on the worldsheet.
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J̃A , and the corresponding charge-conjugation matrix C:
Σ(JA ) = C−1 [ J̃A ]st C.

(39)

One denotes with M st the supertranspose40 of the matrix M. In the appropriate representation variables (see the definitions for general bound states in (68)) the “tilde” is
given by the map
x± →
Since

x+
x−

1
.
x±

(40)

= eip , the map (40) changes sign to the momentum. Indeed, such a map

also changes sign to the energy of the particle.
Since the antipode map is a Lie algebra homomorphisms, both the antipode and
the supertranspose operation (possibly composed with a transformation of the parameters, such as the tilde operation on the r.h.s. of (39)) define Lie algebra representations of the same dimension. The relation (39) just tells us that these two representations are related to each other by a similarity transformation. One can choose a
frame where the charge-conjugation matric C has integer entries, and its square is the
diagonal matrix41 diag(1, 1, −1, −1) [27].

Those just described are the ingredients entering the crossing-symmetry relations

originally written down in [153], where the existence of an underlying Hopf-algebra
symmetry of the S-matrix was first conjectured. Such relations naturally follow from
(39) combined with the general formula
(Σ ⊗ 1) R = (1 ⊗ Σ−1) R = R−1 ,

(41)

where the (invertible) antipode is derived from the coproduct (29).
As we already mentioned in footnote 29, a reformulation in terms of a Zamolodchikov-Faddeev (ZF) algebra has been given in [152]. In the ZF presentation, the basic
objects are creation and annihilation operators, whose commutation relations are determined in terms of the S-matrix of the problem. Connections with q-deformations
(at root of unity) have been pointed out in [163–166] ([150]).
40 The

supertranspose is defined as [M st ]i j = (−)deg(i)deg( j)+deg( j)M ji . The reason for such definition

is that, in this way, one has [AB]st = (−)deg(A)deg(B) Bst Ast .
41 Wherever applicable and not otherwise specified, we will assume the ordering (w , w , θ , θ ).
1 2 3 4
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Notice that the R-matrix we are discussing becomes equal to the identity for equal
values of the two momenta. Also, one can show [64, 167] that this R-matrix is equivalent to Shastry’s R-matrix RS for the Hubbard model [168] via a spectral-parameter
dependent transformation which preserves the Yang-Baxter equation:
RS (λ1 , λ2 ) = G1 (λ1 )G2 (λ2 ) R(λ1 , λ2 ) G1 (λ1 )−1 G2 (λ2 )−1 .

(42)

For more on the relationship with the Hubbard model, see for instance [169, 170]

4.2 Yangian symmetry of the S-matrix
The S-matrix in the fundamental representation has been shown to possess psl(2|2)c
Yangian-type symmetry [171]:
∆op ( b
J ) R = R ∆( b
J ).

(43)

This can be proved by explicit computation42 , given the list of coproducts for all
the psl(2|2)c Yangian generators provided in [171]. In order to be a Lie algebra
homomorphism, the coproduct should respect (1). Therefore, the structure of the
Yangian coproduct has to take into account the deformation in (29). If one requires a
minimal modification of (5) in order to accommodate this deformation, one is led to
the following formula:
∆( b
JA ) = b
JA ⊗ 1 +U [[A]] ⊗ b
JA +

1 A B [[C]]
f J U
⊗ JC ,
2 BC

(44)

where we denote

U = eip .
In [171], the list of coproducts for each individual generator, satisfying the abovementioned compatibility requirement, and following the pattern (44), is explicitly
given. The relevant representation of b
JA is the so-called evaluation representation,
42 One

can check the invariance of the S-matrix on a restricted set of generators, as many as they are

enough to generate the remaining ones via commutators. Invariance under the remaining generators

will then automatically follow. Such minimal set of generators is given, for instance, by a simple root
system, as it is used in Drinfeld’s second realization (see section 2.2).
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which is obtained by multiplying the level-zero generators by an evaluation (sometimes also called ‘spectral’) parameter43 . In this case one has


1
g
1
b
JA = u JA =
x+ + + + x− + − JA ,
4i
x
x

(45)

for a suitably normalized coupling constant g. The variables x± , parameterizing the
fundamental representation, are to be defined in (68). Notice that, in general, not all
representations of a Lie algebra g can be extended to evaluation representations of
the Yangian, since the Serre relations need to be satisfied (see the general treatment
of the Yangian at the beginning of this review, section 2.1).
The reason for (45) is again related to the fact that all the central charges at level
one also have a central coproduct and, therefore, ought to be cocommutative, i.e.
b = ∆(C),
b etc.. This fixes the dependence of the evaluation parameter on the
∆op (C)

representation labels (up to an additive numerical constant which we have omitted).

It is immediate to notice how the shift automorphism (3) becomes, in the evalua-

tion representation (45), a simple shift of the evaluation parameter by a constant:
u −→ u + c.

(46)

In two-dimensional relativistic integrable models, the evaluation parameter u is often interpreted as the particle-rapidity, which is defined in terms of the energy E,
momentum p and mass m of the particle as
E = m cosh u,
43 The

p = m sinh u.

(47)

tensor product of Yangian evaluation representations is typically irreducible (as a Yangian

representation), except for special values of the spectral parameters. These values usually correspond
to singularities of the Yangian rational R-matrix. At these poles, the intertwiner becoming singular
means that the coproduct and its opposite are no longer related by similarity, and the tensor product
representation becomes reducible (but generically indecomposable) as a Yangian representation. Let us
also remark that an evaluation representation is often a representation which has a tail additional to just
being the level zero generators multiplied by a spectral parameter, as it has to satisfy the Serre relations.
The precise definition of evaluation representations involves a pull-back (evaluation) map, and can be
found for instance in [56]. Evaluation representations are very important. For instance, in the case
of Y (sl(2)), every finite-dimensional irreducible representation is isomorphic to a tensor product of
evaluation representations, see [56]. The same is not true for bigger Lie algebras, and it is related to the
(im)possibility of splitting Drinfeld polynomials into products of minimal ones (we thank C. Young for
explanations on this point).
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This way, the shift transformation (46) corresponds to a Lorentz boost of the rapidity
by an amount c [139].
The antipode reads
Σ(b
JA ) = −U −[[A]] b
JA .

(48)

The traditional ‘tail’ which arises when deriving the antipode from the coproduct (5),
namely the tail in Σ(b
JA ) = −b
JA + 1 f A f BC JD , is absent when deriving (48) from
4 BC D

(44) (related to the vanishing of the psl(2|2)c dual Coxeter number via footnote 44).

A appearing in (44).
A special remark concerns the ‘dual’ structure constants fBC

They should reproduce the general form (5), and analogous structure constants with
all indices lowered should be used to prove the Serre relations (2). However, since the
Killing form of psl(2|2)c is zero, one encounters a problem in defining these structure
A are explicitly given as a list of numbers, without
constants. In [171], the quantities fBC

necessarily referring to an index-lowering procedure44 . The table of coproducts is in
this way fully determined. We will return to this point in section 5.2.
Another remark concerns the dependence of the spectral parameter u on the representation variables x± , or, equivalently, on the eigenvalues of the central charges of
psl(2|2)c . For simple Lie algebras, the spectral parameter is typically an additional
variable one attaches to the evaluation representation. Together with the existence
of the shift-automorphism u → u + c of the Yangian in evaluation representations,

this implies that a Yangian-invariant S-matrix depends only on the difference of the
spectral parameters45 :
R = R(u1 − u2 ).
44 An

argument was provided in [171], according to which one can make sense of these quantities

as dual structure constants in an enlarged non-degenerate algebra, endowed with an invertible bilinear
form (see also [147, 172]). This algebra is obtained by adjoining the sl(2) automorphism of psl(2|2)c
[64, 155] to the algebra of generators. Apart from allowing the inversion of the bilinear form and the
A , these extra generators would drop out of the final form of the Yangian coproduct
determination of fBC

when the latter is applied to the Lie superalgebra generators as in (44).
45 An alternative proof of this fact can be found in [171], based on the form (5) of the coproduct.
Schematically, the Yangian coproduct is of the form ∆(b
x ) = u1 x ⊗ 1 + 1 ⊗ u2 x + indep. on u1,2 . Rewrit-

ing it as ∆(b
x ) = (u1 − u2 )x ⊗ 1 + u2 ∆(x) + indep. on u1,2 , and using the fact that ∆(x) is a symmetry
of the S-matrix, one deduces that the S-matrix depends on the spectral parameters only through the

combination u1 − u2 . This argument can be easily extended to the case of the deformed coproduct (44),
(29) (but of course only as long as one is allowed to consider the spectral parameters as independent
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On the other hand, the dependence of u on the variables parameterizing the central
extension alters this property, and one does not observe a difference form in the fundamental S-matrix. We will come back to this issue in section 5.5 (see also [173]).
We finally remark that there usually exists a way of reconstructing the (infinitedimensional) symmetry algebra in a specific representation, from the knowledge of
the S-matrix satisfying the Yang-Baxter equation in that representation (see for instance section 8.3 in [152]).

5 The classical r-matrix
5.1 From quantum to classical, and return
The form of the Yangian discussed in the previous section closely resembles the
standard one, but it also displays several unconventional features. In order to gain a
deeper understanding, and according to a well-established mathematical procedure,
it is useful to study the problem in certain limits. One important instance, whenever
available, is the classical limit, i.e. one studies perturbations of the R-matrix around
the identity:
R = 1 ⊗ 1 + h̄ r + O(h̄2 ),

(49)

h̄ being a small parameter. The first-order term r is called the classical r-matrix46 .
One can easily prove that, if R satisfies the Yang-Baxter equation (YBE), then r
satisfies the so-called classical YBE (CYBE):
[r12 , r13 ] + [r12 , r23 ] + [r13 , r23 ] = 0.

(50)

The notation ri j is the same as in formula (34). In standard situations, it turns out that
the study of (50) can bring to a classification of solutions of the YBE itself, and of
variables).
46 Formula (49) can be thought of as a sort of exponential map, see also [174]. In fact, usually r lives
in g ⊗ g, for g a Lie algebra, while R in U(g) ⊗U(g), U(g) being the universal enveloping algebra of g.
We will be dealing with r-matrices depending on spectral parameters, which we simply call r-matrices.

Those which do not have such a dependence are called constant r-matrices. One can usually obtain a
constant r-matrix by suitably holding the arguments of an r-matrix fixed to certain values.
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the possible quantum group structures underlying such solutions. Let us see how this
works starting with a famous theorem [175, 176].
• Theorem (Belavin-Drinfeld I): Consider a finite-dimensional simple Lie algebra g, and

a solution r(u1 , u2 ) of the CYBE, taking values in g ⊗ g. Let such a solution be of dif-

ference form, r = r(u1 − u2 ). Furthermore, let one of the following three equivalent
conditions be satisfied: (i) r has at least one pole in the complex variable δ u = u1 − u2 ,

and there is no Lie subalgebra g′ ⊂ g such that r is an element of g′ ⊗ g′ for any δ u,

or (ii) r has a simple pole in δ u = 0, with residue proportional to ∑ µ Iµ ⊗ Iµ , Iµ be-

ing a basis in g orthonormal with respect to a chosen nondegenerate invariant bilinear
form47, or (iii) the determinant of the matrix rµν (δ u) formed by the coordinates of the

tensor r(δ u) = ∑µν rµν (δ u) Iµ × Iν is not identically zero. Under these requirements,
such a solution satisfies the unitarity condition r12 (δ u) = −r21 (−δ u), and extends

meromorphically to the entire complex δ u-plane. All the poles of r(δ u) are simple,
and form a lattice Γ in the δ u-plane. Furthermore, modulo automorphisms, one has

three possible types of solutions: elliptic (if Γ is a two-dimensional lattice), trigonometric (if Γ is one-dimensional), or rational (if Γ = {0}).

From the knowledge of the r-matrix, there is a standard procedure how to construct an associated Lie bialgebra, and obtain a quantization of it. This procedure
involves the so-called ‘Manin triples’ (see for example [72] and references therein).
The term ‘quantization’ has here the mathematical meaning of completing the classical structure to a quantum group, or, equivalently, to complete a classical r-matrix
to a solution of the YBE. In the case of integrable systems based on such quantum
groups, this coincides with what physicists understand as quantization, namely, going from the semiclassical regime to the quantum one48 . The associated quantum
group structures emerging from the quantization are, in the three cases described by
the above theorem, elliptic quantum groups (dim(Γ) = 2), (trigonometric) quantum
47 Such
48 This

a residue can be identified with the quadratic Casimir C2 in g ⊗ g.
is advertised by the following correspondence:
{A, B} = lim

h̄→0

[A, B]
.
i h̄

(51)

In a nutshell, we could say that the theory of integrable systems provides us, in certain standard examples, with the analytical knowledge of what the r.h.s. of (51) exactly is, as a function of h̄ (cf. Sklyanin
algebras [11]).
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groups (dim(Γ) = 1), and Yangians (Γ = {0}, respectively). Investigations of anal-

ogous theorems in the case of superalgebras (and an exposition of some additional
subtleties that emerge in that case) can be found in [177–180].

A convenient way of understanding how this quantization procedure works in the
case of Yangians is by studying the so-called Yang’s r-matrix [181]:
r=

C2
.
u2 − u1

(52)

This is the prototypical rational solution of the CYBE49 . By making use of the geometric series expansion, we can rewrite this r-matrix as follows:
r=

JA ⊗ JA
C2
= ∑ JAn ⊗ JA,−n−1 ,
=
= ∑ JA un1 ⊗ JA u−n−1
2
u2 − u1
u2 − u1
n≥0
n≥0

(53)

where we have assumed |u1 /u2 | < 1 (the reverse would just switch the two copies of

the Yangian in the Yangian double, see the discussion following formula (54)), and

we have used the bilinear form κAB to express the quadratic Casimir in terms of the
Lie algebra generators JA ∈ g. The above rewriting is necessary in order to be able to
attribute the dependence on the spectral parameter u1 (respectively, u2 ) to operators in

the first (respectively, second) space. We will call this procedure “factorization”. This
gives the r-matrix a meaning in terms of tensor products of algebra representations
and, at the same time, suggests a universal interpretation. The assignment JAn = un JA
in (53), in fact, entails the following loop-algebra commutation relations:
[JAm , JBn ] = fCAB JCm+n .

(54)

One can check that, with these commutation relations, the classical Yang-Baxter
equation is satisfied by r = ∑n≥0 JAn ⊗ JA,−n−1 (cf. (53)) in a purely abstract way

(i.e., independently on specific representations of (54)).

It is easy to show50 that the spans of the generators appearing separately on each
factor of r must form two Lie subalgebras of g. The two span subalgebras, together
with the original algebra g, form a so-called Manin triple. Characterization of these
49 Since,

by definition of the Casimir C2 , one has [C2 , JA ⊗ 1 + 1 ⊗ JA ] = 0 ∀A, one can easily prove

that (52) solves the CYBE.
50 One just needs to use the properties of fractions (or, alternatively, expand the rational r-matrix near

the simple pole at the origin) and impose the CYBE. Namely, if r = rµν (δ u) I µ ⊗ J ν , one has that near
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subalgebras is an essential pre-requisite which the subsequent construction and characterization of the quantum group is based upon.
In order to proceed to the quantization, one then needs to explore the spectralparameter dependence of the two span subalgebras. The specific decomposition (53)
−1
corresponds to g[[u1 ]] ⊗ u−1
2 g[[u2 ]], where g[[x]] is the algebra of g-valued polyno-

mials in the variable x. In turn, the loop algebra is nothing else than the ‘classical’

limit of the Yangian Y (g), the latter being a (quantum) deformation of the former
(see section 2.1). Via this example, one can realize how rational solutions of the
CYBE, such as (52), give rise to Yangian algebras upon quantization. Namely, the
quantized versions of such r-matrices take values in the tensor product of the Yangian
(or, rather, of its double, as we will shortly discuss). It is clearly of the utmost importance to be able to identify and characterize as precisely as possible the Manin triple
corresponding to a given r-matrix, since it provides the germ of the quantization.
One can also notice quite clearly a feature of the Yangian to be. The Yangian on
its own does not admit a universal R-matrix. What one has in mind when searching
for a universal R-matrix is actually the double of the Yangian DY (g). Following
Drinfeld, the canonical element R = ∑I eI ⊗ eI in the tensor product of the direct and

dual copy of the relevant quantum algebra inside the double, is just the universal

R-matrix51 . The two copies inside the double are conjugated via a suitable pairing
compatible with the Hopf algebra structure, and it is with respect to this pairing that
the dual basis eI is defined. From the above geometric series expansion we already
see that the double of the Yangian conjugates elements with a positive integer level n
the pole u1 = u2 the CYBE reduces to
cµν (u1 )
r (u1 − u3 ) ([I µ , I ρ ] ⊗ J ν ⊗ J λ + I µ ⊗ [I ν , J ρ ] ⊗ J λ ) = 0,
u1 − u2 ρλ
for some residual function cµν (u1 ). This implies in particular
µρ

[I µ , I ρ ] = fλ I λ
µρ

for some constants fλ . In [175], the Jacobi identity is shown, which proves that the two spans discussed above form Lie subalgebras of g.
51 The double construction is very general, and it is in fact the standard way to derive universal
R-matrices for quasi-cocommutative Hopf algebras (possibly followed by a suitable identification procedure performed on the two copies of the double, like in the case of quantized Lie algebras).
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to elements of the opposite copy of the Yangian, labeled by a ‘negative integer level’
−n − 1 [182].

It is hard to overestimate the importance of the classical r-matrix in the theory of

integrable systems. Most notably, the classical r-matrix controls the Poisson brackets
of the L -operators in the inverse scattering method (Sklyanin bracket), and it appears
in the theory of Poisson-Lie groups. A large literature is devoted to its properties, see
for instance [10, 11, 56] and references therein.
A final remark concerns another theorem [183]:
• Theorem (Belavin-Drinfeld II): With the hypothesis of Belavin-Drinfeld I the-

orem, let r not be of difference form, but the dual Coxeter number of g be
non-zero. Then, there exists a change of variables that reduces r to a difference
form.

5.2 The classical r-matrix of psl(2|2)c
In the case of the S-matrix found in [16], the parameter controlling the classical
expansion is naturally associated with the inverse of the suitably normalized coupling
constant g:
R = 1⊗1 +

1
1
r + O( 2 ).
g
g

(55)

The unitary classical r-matrix r is identified with the tree-level string scattering matrix computed in [156]. The following parameterization [184] of the variables x±
(satisfying the non-linear constraint (68)) makes it easier to take the classical limit:
s
1
ix
x± (x) = x 1 − 2
±
→ x.
(56)
1 2
g (x − x )
g(x − 1x )
The limit is taken by sending g to ∞, while keeping x fixed. The quantity x can
therefore be interpreted as an unconstrained ‘classical’ variable. This classical limit
was studied in [154]. It is clear from section 5.1 that the main target is to give a
precise characterization of the algebra the r-matrix takes values in, as the quantization
of this algebra can reveal the full quantum symmetry of the S-matrix.
The fundamental representation of psl(2|2)c tends, in the classical limit, to a
certain representation of psl(2|2)c , with generators parameterized by x. The classical
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r-matrix r = r(x1 , x2 ) is not of difference form. This, together with (and related to)
the fact that we are dealing with a non-simple Lie superalgebra (with vanishing dual
Coxeter number), immediately makes the application of Belavin-Drinfeld type of
theorems not possible.
However, one can get an inspiration from those standard results. The classical
r-matrix has a simple pole at the origin x1 − x2 = 0, which consistently fits into the

picture of an underlying Yangian symmetry. An easy exercise shows that the residue

of a solution of the CYBE at such a simple pole must be an invariant of the tensor
product algebra52 g ⊗ g, if r ∈ g ⊗ g. This means that, if the two span subalgebras

coincide with g itself, one has to have [residue, JA ⊗ 1 + 1 ⊗ JA ] = 0 ∀A. Close

investigation reveals that the residue of the classical r-matrix at the pole x1 − x2 = 0
is actually the Casimir C2 of the Lie superalgebra gl(2|2):
4

C2 =

∑

i, j=1

(−)deg( j) Ei j ⊗ E ji ,

(57)

with Ei j being the unit-matrices with all zeros but 1 in position (i, j), and deg( j)
being once again the fermionic grading of the index j. One observes that, in absence
of a quadratic Casimir for psl(2|2)c , the classical r-matrix displays on the pole (with
a somewhat rough terminology, we will say it ‘borrows’) the quadratic Casimir of
a bigger algebra. Indeed, gl(2|2), the algebra of 2|2 × 2|2 matrices, is obtained by

adjoining to sl(2|2) the non-supertraceless Cartan element
B = diag(1, 1, −1, −1).

(58)

For this bigger algebra, a non-degenerate form exists and the quadratic Casimir can be
constructed53 . However, one cannot conclude from here that the quantum symmetry
algebra includes gl(2|2) with a trivial coproduct for B. In fact, ∆(B) = B ⊗ 1 + 1 ⊗ B
is not a symmetry of the S-matrix. The classical r-matrix has a “tail” (I. Cherednik,
52 To

be more precise, the residue must be an invariant of the two span subalgebras singled out by

the two factors of r, which have been discussed in footnote 50. One just collects cµν (u1 ) I µ ⊗ I ν as the

residue, and invariance follows directly from the first equation in footnote 50.
53 Let us remark that, consistently with (a supersymmetric version of) the Belavin-Drinfeld II theorem, on the pole of the classical r-matrix (and only there) one can find a change of variables to a
difference form [154].
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private communication), corresponding to amplitudes in the quantum R-matrix which
violate this symmetry (see the discussion concerning the secret symmetry in section
5.4).
Nevertheless, this property of ‘borrowing’ is reminiscent of a prescription well
known in the theory of quantum groups, due to Khoroshkin and Tolstoy [84, 182].
The universal R-matrix for the Yangian double based on a simple Lie (super)algebra
g can very schematically be written as
R=

∏ eξ

+ ⊗ξ −

κ ⊗κ j

−1 i

eai j

∏ eξ

− ⊗ξ +

,

(59)

roots

roots

with ξ ± positive (resp., negative) roots of g, κi Cartan generators and ai j the corresponding (non-degenerate) Cartan matrix (cf. section 2.2). Whenever ai j is degenerate, as for psl(n|n), the prescription is to adjoin to the Cartan subalgebra as
many extra Cartan generators as they are needed to reach a non-degenerate Cartan
matrix. At that point, one can take the inverse of ai j . All the extra Cartan elements
will therefore appear in the exponent of (59). One could then expect that, if a universal R-matrix exists for the AdS-CFT problem at hand, and if it has to be of the
Khoroshkin-Tolstoy type, an extra Cartan element such as B has to come into play.
The question is how to consistently embed this new generator in the (classical and
quantum) Yangian symmetry algebra of the S-matrix.
We notice that the Lie superalgebra gl(2|2) already appeared at one-loop in gauge
theory. When the coupling g goes to zero, in fact, the R-matrix becomes a twisted
version of
R 1 loop ∼ 1 ⊗ 1 +

C2
,
u1 − u2

(60)

(namely, a quantum R-matrix of the so-called Yang’s type, see [185–188] for the
gl(1|1) case), with C2 the quadratic Casimir of gl(2|2) ⊗ gl(2|2) (see, for instance,

[27]). Because of the twist, the difference form is lost even in the one loop limit.

Note. The function defined by the eigenvalue of the universal R-matrix R acting
on the highest weight of a highest weight tensor product irreducible representation ρ
is called the character of R in ρ [84, 182], and it is related to the overall scalar factor
that the universal R-matrix produces when evaluated in that representation (see also
[188]).
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5.3 Universal formulations
In order to gain understanding of the role of the new generator B, one may try a
factorization procedure, analogous to the example of Yang’s classical r-matrix in
section 5.1. In the present case, the expression of r is more complicated than in
Yang’s example, and one has to work harder to find a suitable ‘geometric-like’ series
expansion which factorizes it. A first proposal [189] was later seen to work only for
the fundamental representation, while it fails to reproduce the bound state classical
r-matrix [190]. Nevertheless, this proposal had the merit of showing how the new
generator B could be allocated in an expression not much dissimilar from Yang’s
form.
We report the expression found in [189] with the sole purpose of displaying the new generator (and
its hypothesized higher loop-algebra/Yangian partners). With a proper regularization and resummation,
one has
r=

∑ Gαa,n ⊗ Q̂αa ,−n−1 − Qαa ,n ⊗ Ĝαa,−n−1 + Hn ⊗ B−n−1 + Bn ⊗ Ĥ−n−1

n≥0

β

β

+ (Lab,n ⊗ L̂ba,−n−1 − Lab,−n−1 ⊗ L̂ba,n ) − (Rαβ ,n ⊗ R̂α ,−n−1 − Rαβ ,−n−1 ⊗ R̂α ,n ).
We will not report here the explicit expressions of the generators appearing in this rewriting as functions
of the classical variable x (56).
One useful thing to notice is that the Cartan part of the above expression corresponds to a gl(2|2)
Cartan matrix such that (cf. (59))
i j
2
2
a−1
i j κ κ = 4HB + L − R .

(61)

The new generator B is needed to perform the factorization, and, precisely as in gl(2|2), it couples to the
central charge H (here seen as the magnon energy). Another feature of this proposal is the formula Bn =
1 (xn − x−n ) diag(1, 1, −1, −1)
2

[189]. One notices that B0 vanishes, which in this representation may

be related to the absence of a Lie algebra symmetry of the S-matrix of type B (with trivial coproduct, cf.
section 5.2). However, one can see from this proposal how (higher Yangian) generators B of gl(2|2)type are needed in order to reach a universal formula. This will be a consistent feature of all subsequent
attempts at factorization (including in the so-called near flat space limit, see the Conclusions). The
natural question is whether such symmetries can be found for the quantum S-matrix of [16].

Before answering this question, we present another proposal of factorization of
the classical r-matrix [191], which has been shown to reproduce the classical limit of
the bound state S-matrix as well [61, 192]. One can show that the same r-matrix can
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in fact be rewritten as
T − B̃ ⊗ H − H ⊗ B̃ B̃ ⊗ H H ⊗ B̃ H ⊗ H
−
+
− 2iu1 u2 ,
i(u1 − u2 )
iu2
iu1
u1 −u2


β
b
a
a
α
α
T = 2 Rβ ⊗ Rα − Lb ⊗ La + Ga ⊗ Qα − Qαa ⊗ Gaα ,

r=

B̃ =

1 1
diag(1, 1, −1, −1).
4 εlim (x)

(62)

The variable u appearing in the above formulas is the classical limit of the ‘quantum’
evaluation parameter u in (45), appropriately rescaled by the coupling constant to
make it finite. Also, all generators are taken in their classical limit (cf. section 5.2),
and εlim (x) is the classical limit of the energy eigenvalue ε (p) in (25).
As one can see, one of the main advantages of (62) resides in its being quite close
to Yang’s form. All classical Yangian generators are simply obtained as Jn = un J
after factorizing via the geometric series expansion. In these way, r can be casted
in terms of infinite sums of abstract generators directly as in (53). These generators,
together with the abstract factorized form of r one obtains, can be shown to originate
a consistent Lie bialgebra structure [191]. This structure certainly deserves further
study. In particular, its quantization is a fascinating open problem. A very important
feature is that B̃0 lives in the opposite copy of the classical double with respect to the
copy the level-zero psl(2|2)c generators live in.
We end this section by referring to interesting studies of the classical r-matrix
and of the r, s non-ultralocal structure of the psu(2, 2|4) sigma-model [193–200]. It
is still an open question how to relate these studies to the results for psl(2|2)c which
we have described here. Interesting connections to quantum deformations and the
Hubbard model can be found in [201].

5.4 The ‘secret symmetry’
The answer to the question posed in the previous section, namely, whether there exist
quantum symmetries of type B, turns out to be in the affirmative. One can in fact
prove that the full quantum S-matrix is invariant under the following exact symmetry,
found in [202] and shortly afterwards confirmed in [191]:
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∆(B̂) = B̂ ⊗ 1 + 1 ⊗ B̂ +
Σ(B̂) = −B̂ +
B̂ =

i
(Gα ⊗ Qaα + Qαa ⊗ Gαa ),
2g a

2i
H,
g

1 +
(x + x− − 1/x+ − 1/x− ) diag(1, 1, −1, −1).
4

(63)

There is a similar symmetry for all symmetric bound state representations [192]. The
coproduct above is somehow reminiscent of a level-one Yangian symmetry (cf. (5)),
in particular if one thinks of B as the generator ‘dual’ to H (in the sense of section
4.2). One can also notice the similarity with the coproduct of the analogous generator
in the gl(1|1) Yangian, see [185]. The eigenvalues of B are consistent with (both) the
classical limits B1 , B̃1 described in the previous section, in their respective normalizations. By commuting the secret symmetry with the (level-zero) supersymmetries,
one generates new types of Yangian supercharges [202], which are automatically
exact symmetries of the S-matrix. These new supersymmetries act on bosons and
fermions with two different spectral parameters, respectively, much like the charges
of the classical proposal of [189]. The commutant of all these symmetries turns out
to be quite a wild-looking algebra, and it has been so far rather hard to characterize
this commutant in any more specific way.
We stress that there is no “level zero” analog of the Yangian charge we have discussed in this section. With a trivial coproduct (as expected from a Cartan generator),
a matrix like diag(1, 1, −1, −1) is simply not a symmetry of the S-matrix. The reason

is that there exists a non-zero amplitude for two fermions going into two bosons, and
viceversa [16].
The appearance of a symmetry generator starting from the first Yangian level on,
even if reinterpreted as an “indentation” in the juxtaposition of the two copies of the
Yangian inside the Yangian double (as it seems to emerge from [191] where B0 is attributed to the ‘negative’ copy), remains to date quite a bizarre and new phenomenon.

5.5 Remarks on the difference form
Let us conclude with a few remarks concerning the (absence of) difference form, as
mentioned in section 4.2 (for illuminating insights on this point, we urge the reader
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to consult [173]).
First, the most promising proposal available for the classical r-matrix [191], described in section 5.3, displays an explicit dependence on the spectral parameters
which is almost purely of difference form. The non-difference form is mostly encoded in the classical representation labels x±
lim (u) appearing in the symmetry generators54 .
Moreover, Drinfeld’s second realization (cf. section 2.2) for the psl(2|2)c Yangian discussed in section 4.2 has been obtained in [203], together with the suitable
evaluation representation. This has been done for an all-fermionic Dynkin diagram55 .
As common in Drinfeld’s second realization, different generators come equipped
±
±
with different spectral parameters: κ j,n = (u + c j )n κ j,0 , ξ j,n
. In this
= (u + c j )n ξ j,0

case, the coefficients c j depend on the representation labels x± . The map between
the first and second realization of the psl(2|2)c Yangian has a form very similar to
the standard expression (or, rather, to its natural graded analog), although there are
a few differences. In some sense these differences could be related to the following
fact. In the strict mathematical sense, odd roots of the Lie superalgebra psl(2|2) are
simultaneously positive and negative [205].
The second realization given in [203] indeed possesses a shift-automorphism
u → u + const, which normally guarantees the difference form of the S-matrix. This
corroborates the idea that one may be able to achieve a rewriting of the quantum

S-matrix where the dependence on u1 and u2 is purely of difference form, the rest
being taken care of by suitable combinations of the algebra generators56 . Via this
rewriting, one would expect it to become manifest that the S-matrix is the result of
evaluating a hypothetical Yangian universal R-matrix in this particular representation (see also [188, 207]). This expectation seems to be consistent with independent
54 When

dealing with Lie superalgebras and their representations, let alone with central extensions

thereof, this dependence is ultimately not surprising. We thank P. Sorba for discussions about this point.
55 It would be interesting to do the same for distinguished Dinkyn diagrams, which have in this case
only one fermionic simple root. We thank Fabian Spill for exchanges on this point, see also [204].
56 In the fundamental representation, such a rewriting has been shown to be possible in [206]. The
resulting expression is vaguely reminiscent of what a Khoroshkin-Tolstoy type of formula (59) (or some
natural quantization of the classical r-matrix (62)) would look like in this representation.
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studies concerning the relationship with the exceptional57 Lie superalgebra D(2, 1; ε )
[16, 209, 210]. Furthermore, this idea appears to be corroborated by the explicit form
of the bound state S-matrix, which we discuss in the next section. However, we
will found out later (when dealing with long representations, see section 7) that the
situation is actually more complicated than what is suggested by these expectations.

6 The bound state S-matrix
The discussion of the previous section highlights the importance of investigating the
structure of the S-matrix for generic representations of psl(2|2)c . One motivation
is related to the issue of the existence of a universal R-matrix. Another motivation
is understanding the role the Yangian and the secret symmetry have to play in the
algebraic solution to the spectral problem. There is also a more stringent need of
constructing S-matrices in more complicated representations, which has to do with
computing finite-size corrections to the energies. A guiding criterion to attack the
finite-size problem is suggested by the TBA approach. The TBA maps the model on
a finite circle to a mirror model defined on an infinite line at finite temperature. In the
mirror theory, one can meaningfully speak of asymptotic states and S-matrices, only
one needs to know all the possible bound state S-matrices. This idea goes back to
[211], and, in the context of AdS/CFT, it has been discussed in [212] and developed
in [27] (for a review, see [65]).
According to this philosophy, it becomes crucial to have a concrete realization
of the bound state S-matrices. Usually, these can be bootstrapped once the S-matrix
of fundamental constituents is known [58, 213]. However, the present case is more
complicated. Bound state representations appear in the tensor product of two fundamental representations. Such tensor product is generically irreducible, but at some
special values of the momenta it becomes reducible but still indecomposable. For
such values of the momenta a bound state is exchanged in the direct channel, and its
57 psl(2|2)

c

can be obtained by Inönü-Wigner contraction of D(2, 1; ε ), when one sends ε to −1 and

suitably scales the algebra generators with ε in the limit. For this reason, sometimes in the mathematical
literature psl(2|2)c is indicated with the symbol D(2, 1; −1). For work related to Drinfeld’s second

realization of the quantum affine supergroup associated to D(2, 1; ε ) see also [208].

44

representation fills one of the two blocks in which the indecomposable tensor product
re-organizes itself. As a vector space, its polarizations correspond to the symmetrization of the fundamental states, and the representation is dubbed symmetric in the same
sense as in footnote 21. The other block/representation, as we will discuss at length
in section 7, is the antisymmetrized version, and it actually corresponds to a physical
bound state particle not of the original string theory, but of the mirror model [27].
The fundamental S-matrix does not reduce to a projector on the bound state pole.
In fact, the S-matrix is lower rank on the pole, and the structure would be the correct one for projecting onto the bound state representation, but the residue does not
square to itself. This fact prevents a straightforward application of the so-called fusion procedure to build the bound state S-matrix starting from the fundamental one58 .
58 Roughly

speaking, since the bound state is in the symmetric representation, one may think of ten-

soring two fundamental S-matrices and symmetrizing (see also [91, 214]). Curiously, a quite ‘practical’
fusion procedure is at work in the Bethe equations and transfer matrix eigenvalues for bound states. The
basic mechanism seems to be as follows. One observes the concatenation of objects of the form (say,
for two excitations)
e−ip1

+
x+
1 − y e−ip2 x2 − y .
x−
x−
1 −y
2 −y

−
On the bound state pole x+
1 = x2 , therefore one obtains from the above

e−i(p1 +p2 )

x+
2 −y
.
x−
1 −y

(64)

Notice now that p1 + p2 is the total (bound state) momentum. Also, summing together the fundamental
constraints (see the last formula in (68))
1
1
2i
− x−
1 − − = g,
x+
x
1
1
1
1
2i
−
+
x2 + + − x2 − − = ,
g
x2
x2
x+
1 +

(65)

and using the bound state condition, one obtains
x+
2 +

1
4i
1
− x−
1 − − = g.
x+
x
2
1

(66)

This means that the ‘fused’ block (64) has the same form as the fundamental ones, but with variables
satisfying the bound state constraint. The author thanks M. de Leeuw for explanations. For the case of
the dressing phase (see formula (74) and subsequent text), something similar is going on, although a
careful treatment is needed to properly take into account crossing and the ‘direct versus mirror’ region
of the momenta, see [215]. For S-matrices and Bethe wave functions, as we were pointing out, the
concatenation is not so straightforward. See section 7 for more details.
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The most practical way to construct the S-matrix for bound states seems to be a direct derivation from the invariance under the symmetry algebra in each bound state
representation. This becomes rapidly quite cumbersome [67] (see also [216–218] in
similar contexts). Moreover, the algebra does not uniquely fix the S-matrix (up to
a scalar factor) when the bound state number increases, and one needs to resort to
the YBE, or, as shown in [192], to Yangian invariance. The Yangian ultimately provides the solution to this complicated problem, since it allows to uniquely determine
the S-matrix for arbitrary bound state numbers, as done in [61] and as we will now
discuss.
Notice that the bound state S-matrices now satisfy also mixed Yang-Baxter type
equations as the bound state number increases, corresponding to three-particle scattering involving bound states with different bound state numbers, see e.g. [67].

6.1 Bound state formalism and S-matrix structure
The bound state representations are atypical (short) completely symmetric representations of dimension 4ℓ, ℓ = 1, 2, .... They are all BPS, and indeed their dispersion
relation is the shortening condition for representations of psl(2|2)c . This guarantees
their stability as particles in the asymptotic spectrum, and allows us to develop their
scattering theory.
All these representations extend to evaluation representations of the Yangian,
with an appropriate evaluation parameter u (75) [192]. A convenient realization is
given in terms of differential operators acting on the space of degree ℓ polynomials
(superfields) in two bosonic (wa , a = 1, 2) and two fermionic (θα , α = 1, 2) variables.
This realization is only possible for symmetric representations, where, for instance,
one symmetrizes two fundamentals in the bosonic polarization as
w1 ⊗ w1 ,

1
(w1 ⊗ w2 + w2 ⊗ w1 ),
2

w2 ⊗ w2

(67)

(analogously, one antisymmetrizes the fermionic polarizations). (67) can indeed be
interpreted in terms of the polynomials w21 , w1 w2 , w22 . In the antisymmetric representation, one would for instance have the combination w1 ⊗ w2 − w2 ⊗ w1 , and the

corresponding polynomial would simply be zero. All the details about this formal-
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ism, and on the derivation of the bound state S-matrix that will be sketched in the rest
of this section, can be found in [61].
We report here the algebra action on superfields of degree ℓ (number of bound
state constituents) [67]:
Φℓ = φ a1 ...aℓ wa1 . . . waℓ + φ a1 ...aℓ−1 α wa1 . . . waℓ−1 θα + φ a1 ...aℓ−2 αβ wa1 . . . waℓ−2 θα θβ ,
β

β

Rα = θα ∂ ∂θ − 21 δα θγ ∂∂θγ ,

Lab = wa ∂ ∂wb − 21 δab wc ∂∂wc ,

β

Gaα = d wa ∂ ∂θα + c εab ε αβ θβ ∂ ∂wb ,

Qαa = a θα ∂ ∂wa + b ε ab εαβ wb ∂ ∂θ ,
β



C = ab wa ∂ ∂wa + θα ∂ ∂θα ,



C† = cd wa ∂ ∂wa + θα ∂ ∂θα ,



∂
∂
H = (ad +bc) wa
+ θα
,
(68)
∂ wa
∂ θα
r
r


p √
g
g i x+
η, b =
η = ei 4 ix− − ix+ ,
−1 ,
a=
−
2ℓ
2ℓ η x
r
r


1
2iℓ
1
x−
g η
g x+
c=−
, d=
.
x+ + + − x− − − =
1− + ,
+
2ℓ x
2ℓ iη
x
x
x
g

Intuitively, a bound state composed of a definite number of bosons of type 1 and
2, and a definite number of fermions of type 3 and 4, corresponds to an ordered
monomial made out of those same numbers of bosonic w1 , w2 and fermionic θ3 , θ4
variables, respectively.
We also report the su(2) ⊕ su(2) block-diagonal structure of the S-matrix, ensu-

ing from the fact that the coproduct is trivial on su(2) ⊕ su(2):

Case I (i), (ii): 2 × ℓ1 ℓ2 vectors ∈ V I ((i), (ii) for α = 3, 4 resp.)
|k, liI ≡ θα wℓ11 −k−1 wk2 ϑα v1ℓ2 −l−1 vl2 ,
{z
} |
{z
}
|
Space1

(69)

Space2

Case II (i), (ii): 2 × 4ℓ1 ℓ2 vectors ∈ V II ((i), (ii) for α = 3, 4 resp.)
|k, liII1 ≡ θα wℓ11 −k−1 wk2 v1ℓ2 −l vl2 ,
{z
} | {z }
|

|k, liII2 ≡ w1ℓ1 −k wk2 ϑα v1ℓ2 −l−1 vl2 ,
{z
}
| {z } |

|k, liII3 ≡ θα wℓ11 −k−1 wk2 ϑ3 ϑ4 v1ℓ2 −l−1 v2l−1 ,
{z
} |
{z
}
|
|k, liII4 ≡ θ3 θ4 wℓ11 −k−1 wk−1
ϑα v1ℓ2 −l−1 vl2 ,
2
|
{z
} |
{z
}
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(70)

Case III: 6ℓ1 ℓ2 vectors ∈ V III
|k, liIII
≡ w1ℓ1 −k wk2 v1ℓ2 −l vl2 ,
1
| {z } | {z }

|k, liIII
≡ w1ℓ1 −k wk2 ϑ3 ϑ4 v1ℓ2 −l−1 v2l−1 ,
2
{z
}
| {z } |
vℓ2 −l vl ,
|k, liIII
≡ θ3 θ4 wℓ11 −k−1 wk−1
3
2
{z
} |1 {z }2
|

|k, liIII
≡ θ3 θ4 wℓ11 −k−1 wk−1
ϑ3 ϑ4 v1ℓ2 −l−1 v2l−1 ,
4
2
{z
} |
{z
}
|

|k, liIII
≡ θ3 wℓ11 −k−1 wk2 ϑ4 v1ℓ2 −l v2l−1 ,
5
|
{z
} | {z }

ϑ3 vℓ2 −l−1 vl ,
|k, liIII
≡ θ4 w1ℓ1 −k wk−1
6
|
{z 2 } | 1 {z }2







R=








X

0

Y

Z
0

Y
X

X : V I −→ V I ,






,






(72)

Y : V II −→ V II
k+l

k+l

|k, liI 7→

(71)

∑ Xmk,l |m, k + l − miI,

|k, liIIj 7→

m=0

4

∑ ∑ Ym;ik,l; j |m, k + l − miIIj ,

m=0 j=1

Z : V III −→ V III
k+l

|k, liIII
j 7→

6

∑ ∑ Zm;ik,l; j |m, k + l − miIIIj .

(73)

m=0 j=1

We recall that the full S-matrix consists of two copies of the above matrix times the
square of the following factor59 [67, 219, 220]
S0 (p1 , p2 ) =



x−
1
x+
1

 ℓ22 

 ℓ21
x+
2
σ (x1 , x2 )
x−
2
ℓ1 −1
p
× G(ℓ2 − ℓ1 )G(ℓ2 + ℓ1 ) ∏ G(ℓ2 − ℓ1 + 2q), (74)
q=1

59 As

usual, the overall scalar factor is essential to determine the physical poles of the S-matrix.
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G(ℓ) =

u1 − u2 + 2ℓ
u1 − u2 − 2ℓ

,



1
1
g
−
+
x + + +x + − .
u=
4i
x
x

(75)

σ (x1 , x2 ) is the so-called ‘dressing phase’ [221, 222]. The square of the last factor
in (74) is related to the so-called anomalous thresholds [223]. These are peculiar
double-poles occurring in two-dimensional scattering, corresponding to two intermediate bound states ℓ2 + q and ℓ2 − q, q = 1, ..., ℓ1 − 1, that go on-shell. Instead, the

square-roots clearly produce (after squaring) regular (or, with abuse of terminology,

physical) s- (at bound state number ℓ2 + ℓ1 ) and t- (at bound state number ℓ2 − ℓ1 )
channel poles.
6.1.1

Case I

We present the derivation of the S-matrix only for Case I states, in order to exemplify
how the Yangian is used to uniquely fix the expression for the entries. The other
two cases are obtained from Case I, by using the fact that Case II and III vectors are
bA ), for suitable combinations
related to Case I vectors by application of ∆(JA ), ∆( J
of supersymmetry generators JA and b
JA .

The exact solution for Case I is given as follows. First, one defines a ‘vacuum’
|0i ≡ wℓ11 vℓ12 ∈ V III

such that R|0i = |0i, and then one uses the fundamental relation ∆op R = R ∆ to
determine the action of R on the vector |0, 0iI (69):
p1

+ i 2
R∆(Q13 )∆(G42 )|0i ∆op (Q13 )∆op (G42 )R|0i x−
I
I
1 − x2 e
R|0, 0i =
=
= +
p |0, 0i ≡ D|0, 0i .
i 2
(a2 c1 − a1 c2 )ℓ1 ℓ2
(a2 c1 − a1 c2 )ℓ1 ℓ2
x1 − x−
2 e 2
(76)
I

One can generate the entire Case I from |0, 0iI , using Yangian charges:
|k, liI =
h
i
i
h
ℓ −2u −2i+1
1 −ℓ2
∆(L12 ) ∏lj=1 −∆(L̂12 ) − 1+2 j−2u
∆(L12 )
∏ki=1 ∆(L̂12 ) + 1 22
2


|0, 0iI ,
ℓ1 +ℓ2
k+l
l
k
∏r=1 (ℓ1 − r) ∏ p=1 (ℓ2 − p) ∏q=1 δ u + 2 − q
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from which, using the same argument as in (76), one gets (for δ u = u1 − u2 )
R|k, liI = D ×
i
i
h
h
ℓ −2u −2i+1 op 1
1)
1 −ℓ2 op
∆ (L2 ) ∏lj=1 −∆op(L̂12 ) − 1+2 j−2u
∆
(L
∏ki=1 ∆op (L̂12 ) + 1 22
2
2


|0, 0iI ,
ℓ1 +ℓ2
k+l
k
l
∏r=1 (ℓ1 − r) ∏ p=1 (ℓ2 − p) ∏q=1 δ u + 2 − q

k+l

R|k, liI =

∑ Xnk,l |n, k + l − niI,

n=0

∏ni=1 (ℓ1 − i) ∏k+l−n
i=1 (ℓ2 − i)
×
ℓ1 +ℓ2
l
k
∏r=1 (ℓ1 − r) ∏ p=1 (ℓ2 − p) ∏k+l
q=1 (δ u + 2 − q)
)
(

 m
k
n−m
k−m
l−n
k
l
,
×∑
∏ d̃ k+l−m−p+2
∏ c+p ∏ c−p ∏ d k−p+2
2
2
k
−
m
n
−
m
p=1
p=1
p=1−m
p=1
m=0
Xnk,l = D

ℓ1 − ℓ2
− m + 1,
2
di = ℓ1 + 1 − 2i,

c±
m = δu±

ℓ1 + ℓ2
− m + 1,
2
d̃i = ℓ2 + 1 − 2i.
c̃±
m = δu±

This amplitude60 is the restriction to suitable integer parameters of a hypergeometric
function:
sin[(k − ℓ1 )π ] Γ(l + 1)
Xnk,l = (−1)k+n π D
sin[ℓ1 π ] sin[(k + l − ℓ2 − n)π ] Γ(l − ℓ2 + 1)Γ(n + 1)

 

ℓ1 +ℓ2
2
Γ(n + 1 − ℓ1 )Γ l + ℓ1 −ℓ
δ
u
Γ
1
−
δ
u
−
n
−
−
2
2

 

×
×
(77)
ℓ1 −ℓ2
2
−
−
Γ k + l − ℓ1 +ℓ
δ
u
+
1
Γ
δ
u
2
2


ℓ1 − ℓ2 ℓ2 − ℓ1
,
−
δ
u
+
1
−
δ
u;
1
−
ℓ
,
ℓ
−
k
−
l,
l
−
n
+
1;
1
,
F̃
−k,
−n,
1 2
4 3
2
2
where 4 F̃3 (x, y, z,t; r, v, w; τ ) = 4 F3 (x, y, z,t; r, v, w; τ )/[Γ(r)Γ(v)Γ(w)]. Due to a special relation between the parameters, the above hypergeometric function is actually a
6 j-symbol. In fact, this has a simple explanation. The states in Case I carry a representation of the ‘bosonic’ sl(2)L subalgebra (meaning, generators of type L), and
60 Sometimes

the S-matrix entries, which we occasionally refer to as “amplitudes”, are also called

Boltzmann weights, as a remainder of their role in vertex models of statistical mechanics.
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of the associated restriction of the Yangian. As demonstrated in [187], the amplitude
(77) is precisely obtained by evaluating the universal R-matrix [84] of such sl(2)L
Yangian in the relevant bound state evaluation representation (up to an overall scalar
factor). 6 j-symbols are obviously related to the intertwining of sl(2) (highest weight)
representations.
As one can see from this example and from the study of other subsectors [186,
187], upon restriction to suitable subspaces of states, the difference form of the Rmatrix in each of those specific blocks is restored, when using the appropriate variables. On the complete space, achieving a difference form is not possible. However,
the R-matrix displays an interesting property that we will shortly point out.
We remark that the pole structure of this amplitude, which is studied in detail in
[61], is consistent with the fact that, in this su(1|1) sector, one does not expect any
physical s-channel bound-state poles. The factor D, in fact, cancels the s-channel
pole at bound-state rank ℓ1 + ℓ2 coming from the overall scalar factor (74), and no
physical s-channel poles are left in this amplitude.
6.1.2

Other Cases

As we said, the R-matrix for Case II and III states is uniquely obtained by using the
fact that symmetry generators allow one to reach these states starting from Case I
states. Schematically, one has, on one hand
R ∆(Q) |Case IIii = R Qi |Case Ii = Qi R |Case IiQi X |Case Ii.
On the other hand,
R ∆(Q) |Case IIii = ∆op (Q) R |Case IIii = Rij ∆op (Q) |Case IIi j = Rij Qop
j |Case Ii.
Combining the two one obtains
j
j
Ri = Qi X [Qop ]−1 .

(78)

For the explicit derivation of Case II and III (and a few subtleties thereof, related to
the continuation of the formulas to small bound state numbers), we refer the reader
to [61]. The final result is completely explicit, although immediately not very communicative. Few features, however, are straightforwardly noticed.
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First, this construction automatically provides a factorizing twist [224] (see also,
for instance, [76, 225]) for the R-matrix in the bound state representations (and, therefore, also for the fundamental representation)61 :
R = F21 × F12 −1 .

(79)

However, we remark that the coproduct twisted with F12 is by construction cocommutative, but, as expected, not at all trivial.
Second, apart perhaps from the overall factor, the final result depends only on

δ u, on combinatorial factors involving integer bound-state components, and on specific combination of the algebra labels ai , bi , ci , di , i = 1, 2 labeling the two scattering
bound states. These combinations are the same noticed in [206]. It remains quite
hard to figure out a universal formula reproducing this S-matrix in the various bound
state representations. Nevertheless, it looks like such a universal object would treat
the evaluation parameters of the Yangian as truly independent variables, appearing
only in difference form due to the Yangian shift-automorphism. The rest of the labels
would appear because of the presence in the universal R-matrix of the (super)charges
in the typical ‘positive ⊗ negative’-root combinations (59), breaking the difference

form due to the constraint that links the evaluation parameter to the central charges.
In the next chapter, we will see that even this expectation has to face some challenges.

The bound state S-matrices we have described have been utilized in [63]. There,
by means of the Algebraic Bethe Ansatz technique, the corresponding transfer matrices (taken as ordered products of S-matrices62 ) have been diagonalized for arbitrary bound state numbers, and certain conjectures on the generating functions for
the transfer-matrix eigenvalues [64] have been verified.

7 Long Representations
As far as the AdS/CFT spectral problem is concerned, long representations do not
correspond to particles in the spectrum. However, long (typical) representations nat61 X

in (78) is naturally factorisable in a (79) fashion, being the universal R-matrix of Y (sl(2)).
that transfer matrices built in this way, because of the fact that the S-matrix satisfies the

62 Notice

YBE, automatically obey the RTT relations, and are therefore good transfer matrices for the inverse
scattering problem.
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urally enter in the construction of the large-L asymptotic solution of the TBA equations, via the so-called Y-functions63 [43]. The string hypothesis [228, 229] is related
to finite dimensional representations of the quantum group symmetry of the transfer
matrix [173]. The Y-functions entering the string hypothesis are related to the nodes
of the Dynkin diagram associated to the relevant symmetry algebra, via the auxiliary
roots in the Bethe equations. Furthermore, rectangular representation (in the sense
specified in the discussion following formula (83)) are those for which the bilinear relations (Hirota, fusion) traditionally have the simplest closed form [230, 231]. Rectangular representations form the smallest sector which includes the physical short
representations and for which it is possible to solve the Y-system. After finding such
a solution, one restricts to the physical short representations.
Let us consider highest weight representations of simple Lie superalgebras. A
representation is called atypical if there exists another weight vector, different from
the highest weight one, annihilated by all positive roots. Equivalently, the eigenvalue of a certain Casimir element identically vanishes in that representation. When
this happens, in the process of constructing the multiplet by subsequently applying
positive roots, one encounters a zero and the multiplet truncates. The dimension of
the multiplet remains smaller than what it would be if the special condition on the
Casimir eigenvalue would not be met. These representations are called BPS or short
multiplets in Physics, and the other representations are called long multiplets. In supersymmetric field theories, if a multiplet is BPS, then its anomalous dimension is
protected from receiving quantum corrections64 .
For finite-dimensional simple Lie algebras, irreducible representations have only
two closed invariant subspaces, {0} and the whole module. Indecomposable means

that a representation is not expressible as a direct sum of non-trivial representations.
Not fully reducible means that it is not a direct sum of irreducible representations.

If a representation is indecomposable, it is also not fully reducible. The converse
63 To

give a proper account of the standard literature would be an overwhelming task. We refer to

[65, 226, 227] for reviews.
64 Notice that, in N = 4 SYM, operators that are not protected nevertheless have their anomalous
dimensions encoded in short representations of the centrally-extended algebra psl(2|2)c (we are being
cavalier on issues related to the infinite length of the operators). The magnon dispersion relation is in
fact a shortening condition for the fundamental representation of psl(2|2)c .
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is not true, since a not fully reducible representation could be a direct sum of indecomposables. Irreducible representations are necessarily indecomposable. Finitedimensional indecomposable representations of ordinary simple Lie algebras are irreducible. However, in the case of superalgebras, a representation can be reducible
but indecomposable. Any matrix of such a reducible representation can only be cast
in upper-triangular form. Given a reducible but indecomposable representation, one
calls subrepresentation the one singled out by the block corresponding to the subset
of states that indeed transform among themselves under the action of the algebra. Let
us call this subset J. Then, the set of equivalence classes defined as the elements of
the complement of J modulo elements of J gives another representation, called factor
representation.
The standard situation we will encounter shall be that an irreducible module W
will admit a maximal invariant subspace65 for certain values of the parameters on
which the module depends. This subspace I can be irreducible (as it will be for us)
or indecomposable. The factor module is an atypical representation.
The tensor product of two fundamental representations of psl(2|2)c is generically irreducible (and a long representation), apart from special values of the central
charges, when it becomes reducible but indecomposable [64]. At these values, the
S-matrix has a simple pole, corresponding to a bound state in the spectrum. However,
the residue of the S-matrix at the bound state pole is not a projector. As we already
anticipated, it is of lower rank (equal to 8) and it has non-zero components only in
the subspace corresponding to the bound state representation, but it does not square
to itself. This can be easily seen in the manifest sl(1|2)-invariant frame (see footnote
29). In this frame, the coproduct is trivial for an sl(1|2) subalgebra of psl(2|2)c , and
the S-matrix takes the form

3

R = ∑ ci Pi .
i=1

Pi are orthogonal projectors onto irreducible components in the tensor product of
the two relevant sl(1|2) representations, and ci are coefficients fixed by requiring
invariance under the non-trivial coproduct characterizing, in this frame, the psl(2|2)c
generators outside sl(1|2) (cf. Jimbo equations). At the bound state pole, only P1 and
65 Namely,

a subspace I such that the only invariant subspace that strictly contains I is W itself.
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P3 have a simple pole, but the coefficients are such that the residue takes the form
Res = c(P1 + eiϕ P3 )
for some overall factor c, and phase ϕ related to the central extension via the two
momenta of the scattering magnons. Such residue is lower rank, but (Res/c)2 6=

(Res/c). This prevents the application of the standard fusion procedure. There exists

no (coproduct-)invariant projector on either of the 8-dimensional spaces forming the
indecomposable tensor product of two fundamentals at the bound state pole [67].

7.1 Synopsis
In our discussion we will follow [232].
The long representations we will be interested in can be constructed by applying
an outer sl(2) automorphism (see section 4.1) to the representations of the unextended sl(2|2) superalgebra. The latter representations can in turn be obtained from
those constructed for gl(2|2) by Gould and Zhang [233], see also [234, 235]. They
are parameterized by a continuous parameter q ∈ C, which is the value of the unique

central charge (the Hamiltonian) in a given representation. An outer sl(2) automorphism acting on sl(2|2) can be used to generate two extra central charges, depending

on additional parameters P and g. Here P is identified with the (generically complex)
‘particle momentum’, while g is the coupling constant. We will focus on the lowest
(16-dimensional) long representation. The explicit realization in terms of 16×16 matrices depending on q, P and g can be found in [232]. Special values of q correspond
to the shortening conditions. In particular, q = 1 corresponds to an indecomposable
formed out of two short 8-dimensional representations.
Given an explicit realization of the long 16-dimensional representation, one can
construct the corresponding evaluation representation for the Yangian of section 4.2.
We will refer to this Yangian, exclusively built upon psl(2|2)c , as the minimal Yangian. Whenever the term ‘Yangian’ will be used from now on, it will always be
understood as minimal. This is because we will need to contemplate extensions of
this Yangian structure at the very end. In fact, one finds out that, when one of the representations involved in the scattering is long evaluation, the corresponding R-matrix
does not exist.
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The origin of this problem can clearly be seen in Drinfeld’s second realization
[203]66 , where it can be traced back to non-cocommutativity of the coproduct acting
on higher Yangian central charges Cn , with n ≥ 2, in this representation. Since the
coproducts of the Yangian central charges only involve central elements, cocommu-

tativity of the central charges in a specific representation is a necessary condition for
the existence of an S-matrix in that representation (see section 4.1). If only some representations admit an R-matrix, and not others, this means that there is no universal
R-matrix.
Although the Yangian evaluation representation does not admit an S-matrix, one
can look for psl(2|2)c -invariant solutions of the Yang-Baxter equation. As we said,
the tensor product of two short representations gives an irreducible long representation, i.e.
V4d (p1 ) ⊗V4d (p2 ) ≈ V16d (P, q) .
Here, V4d (p) is a fundamental 4-dimensional representation which depends on the
particle momentum and the coupling constant. Analogously, V16d (P, q) is a long 16dimensional representation described by the momentum P, the coupling constant g
and the parameter q. There is an explicit relation between the pairs (p1 , p2 ) and (P, q)
at fixed g (in particular, as one may intuitively expect, P = p1 + p2 ). For a given p1
and p2 there is a unique corresponding long representation. However, a given long
representation can be written as a tensor product of two short representations in two
different ways (‘double cover’).
The observed relationship between long and short representations suggests that
the S-matrix67 SLS , which scatters a long representation with a short one, can simply
be composed as a product of two S-matrices R13 and R23 describing the scattering of
66 Given

the existence of an invertible map between the generators of Drinfeld’s second [203] and

first [171] realization of the psl(2|2)c Yangian, we will use either realizations according to the needs,
considering them as completely equivalent. A general proof of this fact is however missing, since the
map has always been determined so far in specific representations (although there exists a seemingly
universal form that works for all the representations investigated, see the discussion following formula
(96)).
67 After constantly jumping across the dichotomy between the mathematical and the physical literature by mercilessly switching between R and S (see footnote 21), we now further increase the entropy
and use S for the R-matrix (S-matrix) involving long representations. R is used in ‘universal R-matrix’.
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the corresponding short representations, i.e. (see section 7.2)
SLS (P, q; p3 ) = R13 (p1 , p3 ) R23 (p2 , p3 ) .
In this formula, the tensor product of two short representations in the spaces 1 and
2 with momenta p1 and p2 gives a long representation (P, q), which scatters with a
short representation in the third space with momentum p3 . The two S-matrices, which
one indeed finds by directly solving the Yang-Baxter equation, turn out to precisely
coincide with the product of two “short” S-matrices, according to the double cover.
This also shows that the minimal Yangian symmetry can be induced on long
representation from the one defined on the short ones, and this tensor product representation automatically admits an S-matrix (for both branches of the double cover).
This doubly branched tensor product representation of the Yangian is therefore not
isomorphic to the long evaluation representation, even though the two short representations composing it are short evaluation representations of the type discussed in
section 4.2.
Both S-matrices come with the canonical normalization, therefore they cannot be
related to each other by a multiplicative factor. They are not related by a similarity
transformation either. However, at the special value q = 1 where the long multiplet
becomes reducible, the two matrices SLS become of the form
!
µ A B + µC
,
0
D

(80)

where the block structure refers to the splitting into the 8-dimensional sub- and factor
representations at q = 1, and the scalar coefficient µ distinguishes between the two
solutions. Here, D corresponds to the factor representation (symmetric), and coincides with (the inverse of) the known symmetric bound-state S-matrix SAB [67]. This
is in agreement with the fact that there is a unique bound-state S-matrix.

7.2 Explicit construction of long representations
Note. We will derive the representation theory we will be needing directly from
scratch. In particular, our notation is not immediately related to the one used in [64]
to label representations.
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The paper [233] constructs all finite-dimensional irreducible representations of
gl(2|2) in an oscillator basis. Generators of gl(2|2) are denoted by Ei j , with commutation relations
[Ei j , Ekl ] = δ jk Eil − (−)(deg(i)+deg( j))(deg(k)+deg(l)) δil Ek j .

(81)

Indices i, j, k, l run from 1 to 4, and the fermionic grading is assigned as deg(1) =
deg(2) = 0, deg(3) = deg(4) = 1. The quadratic Casimir of this algebra is C2 =
∑4i, j=1 (−)deg( j) Ei j E ji . Finite dimensional irreducible representations are labeled by
two half-integers j1 , j2 = 0, 21 , ..., and two complex numbers q and y. These numbers
correspond to the values taken by the Cartan generators on the highest weight state
|ω i of the representation, defined by
H1 |ω i = (E11 − E22 )|ω i = 2 j1 |ω i,
4

I|ω i = ∑ Eii |ω i = 2q|ω i,
i=1

H2 |ω i = (E33 − E44 )|ω i = 2 j2 |ω i,
4

N|ω i = ∑ (−)deg(i) Eii |ω i = 2y|ω i,
i=1

Ei< j |ω i = 0.

(82)

The generator N never appears on the right hand side of the commutation relations,
therefore it is defined up to the addition of a central element β I, with β a constant
(we will drop the term β I as inessential). This also means that we can consistently
mod out the generator N, and obtain sl(2|2) as a subalgebra of the original gl(2|2)
algebra68 . In order to construct representations of psl(2|2)c , we then first mod out N,
and subsequently perform a rotation by means of the sl(2) outer automorphism [64].
Typical (long) representations have generic values of the labels j1 , j2 , q, and have
dimension 16(2 j1 + 1)(2 j2 + 1). For atypical (short) representations, some special
relations are satisfied by these labels. Short representations occur here for ±q =
j1 − j2 and ±q = j1 + j2 + 1.

The fundamental 4-dimensional short representation corresponds to j1 = 21 , j2 =

0 (or, equivalently, j1 = 0, j2 = 21 ) and q =
68 Further

1
2

(q = − 12 ). The bound state (symmetric

modding out of the center I produces the simple Lie superalgebra psl(2|2). Its finite-

dimensional representations can be understood as that of sl(2|2) for which q = 0. Correspondingly,
sl(2|2) has long irreducible representations of dimension 16(2 j1 + 1)(2 j2 + 1) with j1 6= j2 and short

irreducible representations with j1 = j = j2 of dimension 16 j( j + 1) + 2. For a discussion of the tensor
product decomposition of psl(2|2), see [236] (see also [237] for the relevant notations).
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short) representations are given by j2 = 0, q = j1 , with j1 = 21 , 1, ... and bound state
number M ≡ s = 2 j1 . In addition, there are the antisymmetric short representations

given by j1 = 0, q = 1 + j2 , with j2 = 0, 12 , ... and bound state number M ≡ a =

2( j2 + 1). Both symmetric and antisymmetric representations have dimension 4M,

but they are are associated with the different shortening conditions ±q = j1 − j2 and
±q = 1 + j1 + j2 .

Let us consider the 16-dimensional long representation characterized by j1 =
j2 = 0, and arbitrary q. We denote as [l1 , l2 ] the subset of states providing a representation of the Lie subalgebra sl(2) ⊕ sl(2) with angular momentum l1 w.r.t the

first sl(2), and l2 w.r.t the second sl(2), respectively. The branching rule for the
16-dimensional long representation is
1 1
(2, 2) → 2 × [0, 0] ⊕ 2 × [ , ] ⊕ [1, 0] ⊕ [0, 1].
2 2

(83)

One can verify that the total dimension adds up to 16, since [l1 , l2 ] has dimension
(2l1 + 1) × (2l2 + 1).

Notice that setting q = 0 in this representations gives an atypical representation

of psl(2|2) [236].
Consider now rectangular Young tableaux, with one side made of 2 boxes, and
the other side made of arbitrarily many boxes. We associate such tableaux with certain long representations, and denote them by (2, s) and (a, 2) according to the length
(in boxes) of the sides of the tableaux. We then associate to short irreducible representations, denoted accordingly as (1, s) (symmetric) and (a, 1) (antisymmetric),
correspondingly shaped tableaux. These Young tableaux fit inside the so-called “fat
hook” [238], which has branches of width equal to two boxes. All representations
(2, s) (respectively, (a, 2)) with s ≥ 2 (respectively, a ≥ 2) have dimension69 equal to

16.

The outer automorphism maps the gl(2|2) non-diagonal generators into new generators as follows:
69 The

formulas which reproduce the dimension of the representations we associate to these Young

tableaux turn out to coincide with the formulas given in [239].
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β

Rα = Eαβ ∀ α 6= β ,

Lba = Eab ∀ a 6= b,

Qaα = a Eα a + b εαβ ε ab Ebβ ,

Gαa = c εab ε αβ Eβ b + d Eaα ,

(84)

subject to the constraint
ad - bc = 1.

(85)

Diagonal generators are obtained. as usual, by commuting positive and negative
roots. In particular, from the explicit matrix realization, one obtains the following
values of the central charges:
H = 2q (ad + bc) 1,

C = 2q ab 1,

C† = 2q cd 1,

(86)

(1 is the 16-dimensional identity matrix), satisfying the condition70
H2
− CC† = q2 1.
4

(87)

When q2 = 1, this becomes a shortening condition. As we anticipated, for q = 1,
the 16-dimensional representation becomes reducible but indecomposable. Its subrepresentation [236] is a short 8-dimensional antisymmetric representation, its factor
representation is a short 8-dimensional symmetric one. Formula (87), however, tells
us that we can conveniently think of q as a generalized bound state number, since for
short representations 2q would be replaced by the bound state number M in the analogous formula for the central charges (68). This is particularly useful, since it allows
us to parameterize the labels a,b,c,d in terms of the familiar bound state variables71
x± , just replacing the bound state number M by 2q. The explicit parameterization is
given by (cf. (68))


g i
x+
b=−
1− − ,
4q η
x


r
+
x−
g x
1− + ,
d=
4q iη
x

r

r

g
a=
η,
4q
r
g η
,
c=−
4q x+
70 We

(88)

notice that the combination of central charges on the l.h.s. of (87) is precisely left invariant

by the sl(2) outer automorphisms previously discussed. Such automorphisms therefore preserve the
(a)typicality of the representations.
71 We use the conventions of [61].
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where
ip

η =e4
and
x+ +

p

i(x− − x+ )

(89)

1
1
4iq
− x− − − =
.
+
x
x
g

(90)

As in the case of short representations [153], there exist a uniformizing torus with
variable z and periods depending on q. The choice (89) for η we carry over from the
bound states is historically preferred in the string theory analysis [27, 61, 67, 152],
and ensures the S-matrix to be a symmetric matrix. Positive and negative values of q
morally correspond to positive and negative ‘energy’ representations, respectively.
We equip the symmetry algebra with the deformed Hopf-algebra coproduct of
section 4.1:
∆(J) = J ⊗ U[[J]] + 1 ⊗ J,
∆(U) = U ⊗ U.

(91)

We have realized the deformation of the coproduct in terms of an abstract central
generator U adjoined to the algebra. J is any generator of psl(2|2)c . We have [[J]] = 0
for the bosonic sl(2) ⊕ sl(2) generators and for the ‘energy’ generator H, [[J]] = 1

(resp., −1) for the Q (resp., G) supercharges, and [[J]] = 2 (resp., −2) for the central
charge C (resp., C† ).

According to the an argument we have repeatedly seen in the previous chapters
(cf. (36) and above), the value of U is determined by the consistency requirement that
the coproduct is cocommutative on the center. This produces the algebraic condition
U2 = κ C + 1

(92)

for some representation-independent constant κ . With our choice of parametrization
(88), κ gets expressed in terms of the coupling constant g as κ =
the familiar relation
U=

r

x+
i 2p
1
=
e
1.
x−
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2
ig ,

and we obtain
(93)

The antiparticle representation J is still defined by
x± →

1
,
x±

(94)

and the explicit charge conjugation matrix can be found in [232].
The next step is to study the Yangian in this representation. One can prove that the
defining commutation relations of Drinfeld’s first realization of the minimal Yangian
are satisfied (by the generators and their coproducts, see [232]) if we assume the
evaluation representation72
b
J = u J,

where the spectral parameter u assumes the familiar form


g +
1
−
u = (x + x ) 1 + + − .
4i
x x

(95)

(96)

The above value of u is once again determined by requiring cocommutativity of the
b C
b †.
Yangian central charges C,
Drinfeld’s second realization is also obtained by applying a similar (Drinfeld’s)

map as in [203]73 . This ensures the fulfillment of the Serre relations (see also [210]).
All defining relations are satisfied. The representation one obtains after Drinfeld’s

map is not any longer of a simple evaluation-type, but it is more complicated. Nevertheless, this representation one gets for Drinfeld’s second realization of the minimal
Yangian is consistent, and the coproducts obtained after Drinfeld’s map respect all
commutation and Serre relations74 .
However, as we already mentioned, the Yangian in this representation, both for
coproducts projected into long ⊗ short and for long ⊗ long representations, does not

admit an S-matrix. This is easily seen by considering the Yangian central charges Cn ,

C†n . After making sure that for n = 0, 1, their coproducts are cocommutative, in all
tested cases for n ≥ 2 their coproducts are central, but not cocommutative.

Only for the special case q2 = 1 the Yangian central charges appear to be co-

commutative also at and for the tested cases beyond n = 2. Nevertheless, even for
72 As

we pointed out after (88), we use the conventions of [61] lifted to long variables as in [232].
used in [232] works equally well for the fundamental representation, and might be related

73 The map

to the one used in [203] by a redefinition of the generators.
74 Antipode and charge conjugation are also perfectly consistent with Drinfeld’s second realization.
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the special case q2 = 1, the Yangian still does not seem to admit an S-matrix in this
representation. One way to see it is by noticing that the equation
∆op ( b
J ) S = S ∆( b
J ),

(97)

when applied to certain combinations of generators and on particular states (for instance, of highest weight w.r.t. to the sl(2) ⊕ sl(2) splitting (83)), leads to a contra-

diction when the explicit matrix realization is used. This means that such an S-matrix
does not exist for this representation of the Yangian, which also implies that a universal R-matrix for the minimal Yangian does not exist75 .
As we already pointed out, a different Yangian representation, for which an Smatrix does indeed exists, can be induced on the space of long representations. This
Yangian representation is obtained via the decomposition of long representations into
short ones, and it is therefore built upon the Yangian representations that have already
been constructed for short representations. This induced representation is quite different from the one described above (cf. (95)), and, in particular, it is not related to
(95) via any similarity transformation combined with a redefinition of the spectral
parameters.
75 Strictly

speaking, we consider the minimal Yangian together with the two abstract constraints that

ensure cocommutativity of the level-zero and -one central charges (see also [162]). In principle, it
should be possible to deduce non-cocommutativity of the higher central charges directly from the corresponding formulas for the coproducts written in terms of the algebra generators, without referring
to a specific representation. These formulas should also imply that the non-cocommutative part must
disappear for representations which satisfy the shortening conditions. We thank R. Janik for the suggestion of adding more constraints to resolve the problem. We also thank N. Beisert for information
about one way to find these constraints. The idea is to adjoin the sl(2) outer automorphisms to the
original algebra, and construct the Yangian of the resulting bigger algebra. The Serre relations for such
a Yangian are then naturally subdivided into the original Serre relations, those with mixed generators
(original, and adjoined automorphisms), and those purely for the adjoined generators. While the first
and third set of Serre relations independently guarantee the consistency of the procedure, the mixed one
apparently produce a set of constraints purely for the original generators, as the adjoined ones would
drop out of the mixed relations. Such extra constraints exactly rule out the representation which does
not admit an R-matrix in our treatment. While this looks extremely comforting and promising, one is
to face the problem that the resulting Yangian is hard to treat (for instance, it is difficult to obtain the
corresponding Drinfeld’s second realization). In any case, it is the personal opinion of the author that
this route is at the moment the most interesting one to pursue in the quest for a universal R-matrix.
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Imposing invariance under the symmetry algebra turns out not to be enough to
completely fix the S-matrix. One coefficient function X (P, p) remains undetermined,
and can be fixed by imposing that the S-matrix solves the Yang-Baxter equation:
S12 (P, p2 )S13 (P, p3 )S23 (p2 , p3 ) = S23 (p2 , p3 )S13 (P, p3 )S12 (P, p2 ).

(98)

By projecting on specific states, one obtains two quadratic equations for X of the
form
A + BX (P, p2 ) +CX (P, p3 ) + DX (P, p2 )X (P, p3 ) = 0,

(99)

where A, B,C, D are functions of P, p2 , p3 . It is easily seen that there are two different
solutions to these equations. This means that we find two S-matrices. These two solutions are not related to each other by a similarity transformation. The solutions for
X appear rather complicated, and we refrain from giving their explicit expressions.
It can be checked that both S-matrices satisfy the following conditions:
Unitarity:

S12 S21 = 1.

Hermiticity:

S12 (zL , z)S12 (z∗L , z∗ )† = 1.

CPT Invariance: S12 = St12 .
Yang-Baxter:

S12 S13 S23 = S23 S13 S12 .

Although the two solutions differ for the value of just one function X , the way this
function appears in the various matrix entries is non-trivial. Different values of X
can determine whether certain entries ultimately vanish or not, resulting in a quite
different form of the matrices for the two solutions.
Consider the tensor product of two short representations labeled by momenta
(p1 , p2 ),
V (p1 ) ⊗V (p2 ).

(100)

This vector space naturally carries a representation of psl(2|2)c via the (opposite)
coproduct. I.e., for any generator J, we can consider
JV (p1 )⊗V (p2 ) = ∆J.
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(101)

By considering the central charges on this space we see that we are dealing with a
long representation. To be precise, we find
(2q)2 = ∆H2 − 4∆C∆C† = [E(p1 ) + E(p2 )]2 − E(p1 + p2 )2 + 1,

(102)

where the energy E(p) is given by
p
E(p)2 = 1 + 4g2 sin2 .
2

(103)

The momentum of the long representation is found to be
P = p1 + p2 .

(104)

V (p1 ) ⊗V (p2 ) ∼
= V (P, q)

(105)

One has therefore

with
P = p1 + p2 ,

E(p1 ) + E(p2 )
q= p
[E(p1 ) + E(p2 )]2

p

[E(p1 ) + E(p2 )]2 − E(p1 + p2 )2 + 1
.
2
(106)

The dispersion relation (103) has two branches, corresponding to particles and antiparticles. Fixing the momentum p and choosing a branch specifies the fundamental
representation completely. The tensor product of two such representations is identified with a unique 16-dimensional long representation with momentum P and the
central charge q specified in (106).
Suppose now that we are given a long representation (P, q) and we want to factorize it into the tensor product of two fundamental representations. It is convenient
to label the representation space corresponding to particles as V+ and the one corresponding to antiparticles as V− . The module of the long representation can be
identified with one of the following four spaces:
L1: V+ ⊗V+ ,
L2: V+ ⊗V− ,
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L3: V− ⊗V+ ,
L4: V− ⊗V− .
Let us order the momenta p1 and p2 such as, say, p1 ≺ p2 76 . Assuming for simplicity

that q is real, we find that, to a given long representation V (P, q), one can associate

two solutions in terms of ‘short’ parameters. For instance, for q positive, the two
solutions are both associated with the space L1, or one of the solutions is from L1
and the second is from L2. Analogous situation takes place for q negative. Thus,
a given long representation can be written as a tensor product of two different short
representations.
One can explicitly find [232] the similarity transformation V∆ that relates the long
algebra generators (constructed along the lines of [233] using the procedure of section
7.2) to the ones that arise from the coproduct (101).
The coproduct on the triple tensor product of short representations is given by
(∆ ⊗ 1)∆ (or, which is the same because of the coassociativity property of Hopf
algebras, by (1 ⊗ ∆)∆). It is easily seen that

R13 R23 (∆ ⊗ 1)∆J = R13 R23 (∆J ⊗ U[[J]] + 1L ⊗ J)

= R13 R23 (J ⊗ U[[J]] ⊗ U[[J]] + 1 ⊗ J ⊗ U[[J]] + 1 ⊗ 1 ⊗ J)
= (J ⊗ U[[J]] ⊗ 1 + 1 ⊗ J ⊗ 1 + U[[J]] ⊗ U[[J]] ⊗ J)R13 R23
= (∆J ⊗ 1 + UL[[J]] ⊗ J)R13 R23 .

(107)

Thus, we see that R13 R23 intertwines the coproduct on the tensor product of a long
and a short representation. By the above similarity transformation, we can interpret
the S-matrix for long ⊗ short representations S as being built out of fundamental
S-matrices:

S = [V∆ ⊗ 1] R13 R23 [V∆−1 ⊗ 1].

(108)

The two different choices of short representations that give rise to the long representation indeed gives two different solutions for S, which exactly coincide with the ones
that are found from the Yang-Baxter equation (cf. (99)).
76 The

details of the ordering are irrelevant, since the sole scope of the ordering is to choose a unique

representative between the couple (p1 , p2 ) and its permuted couple (p2 , p1 ).
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As we announced, the fact that the S-matrix in short representations possesses
Yangian symmetries (in evaluation representations) automatically induces, via the
above mentioned tensor product procedure, a Yangian representation associated to
the long representation. The generators are simply given by
b
JV (p1 )⊗V (p2 ) = ∆( b
J ).

(109)

∆ is projected into short ⊗ short Yangian representations, the latter being character-

ized by the known (‘short’) spectral parameters u1 and u2 (on the first and second factor of the tensor product, respectively). These ‘short’ spectral parameters are linked
to the parameters of the two corresponding short representations as in (45).

8 Yangian in spacetime n-point functions
Recently, Yangian symmetry has emerged in AdS/CFT from yet a quite different
angle, i.e. in the study of spacetime n-point functions77 and their symmetries [51].
There exist by now a few reviews on this rapidly developing subject [69, 70, 240,
241], and we are by no means trying to provide here an account of such developments. We would only like to draw attention to the remarkable fact that Yangian
symmetry seems to permeate a wide variety of aspects of N = 4 SYM, and it is
reasonable to wonder whether there exists a unified origin and description of such
diverse manifestations. One striking example is the recent discovery of the secret
symmetry of section 5.4, mutatis mutandis, in spacetime n-point amplitudes [68].
The way Yangian shows up in this new context is through the observation that
tree-level spacetime n-point functions are annihilated by level-zero and -one generators of a psu(2, 2|4) Yangian algebra, obtained by commuting the so-called original
and dual superconformal symmetries. This Yangian algebra acts on the external legs
of spacetime n-point functions as if they were periodic spin chains, much like the
action we described in section 3.1. This is possible because the spacetime n-point
77 We

specify the attribute spacetime in order to avoid confusion with the worldsheet n-point func-

tions. The spacetime in question is the four-dimensional Minkowski spacetime where the N = 4 SYM
theory lives, as opposed to the two-dimensional world-sheet sigma model field theory characterizing
the string side of the correspondence.
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functions are reduced to their cyclically-invariant core before the symmetry can act.
The well-definiteness of the Yangian charges on the cyclic-invariant “chains” is ensured by the vanishing of the dual Coxeter number of the level-zero Lie superalgebra.
One is likely to be dealing with a highly reducible singlet representation of the Yangian, and the natural question would be to investigate if non-singlet representations
have a role to play in this analysis. On the other hand, a similar Yangian in nonsinglet representations is intimately connected with the tree-level spectral problem,
as we saw in section 3.1.
The realization which looks most reminiscent of the spectral problem is given
in terms of super-variables Z A , with A = 1, ..., 8. These variables are bosonic for
A = 1, ..., 4, and fermionic otherwise. One has, for N external legs,

(1)

∂
,
∂ Zm,a

n

∑

(0)

xba =

Zm,b

m=1
N

8

∂

∂

∑ ∑ Zm,b ∂ Zm,c Zn,c ∂ Zn,a ,

xba =

(110)

m<n=1 c=1

and the Y (gl(4|4))-type of relations
(0)

(0)

(0)

(0)

(0)

(1)

(1)

(1)

[xba , xdc ] = δad xbc − (−)(deg(a)+deg(b))(deg(c)+deg(d)) δbc xda ,
[xba , xdc ] = δad xbc − (−)(deg(a)+deg(b))(deg(c)+deg(d)) δbc xda ,

(111)

where the supercommutator is defined as
(0)

(0)

(0) (0)

(0) (0)

(0)

(1)

(0) (1)

(1) (0)

[xba , xdc ] ≡ xba xdc − (−)(deg(a)+deg(b))(deg(c)+deg(d)) xdc xba ,

[xba , xdc ] ≡ xba xdc − (−)(deg(a)+deg(b))(deg(c)+deg(d)) xdc xba .

(112)

As always, we have used the rules
[A ⊗ B][C ⊗ D] = (−)deg(B)deg(C) AC ⊗ BD,
Ei j Ekl = δ jk Eil .

(113)

One has deg(Ei j ) = deg(i) + deg( j) (modulo 2), with deg(i) = 0 or 1 if i is a bosonic
or fermionic index, respectively.

68

9 Conclusions
We have tried to give an account of the quantum group symmetry underlying the
integrability of the AdS/CFT spectral problem. The main theme is the aim of finding all the hidden (local and non-local) symmetries of the problem, and unite them
into a consistent algebraic framework78 . One of the main lessons learned is that the
infinite-dimensional algebra emerging from this analysis is apparently very close to
the standard Yangian, at least in atypical representations, but the few crucial differences manage to be a serious challenge to the complete characterization of its mathematical structure. What we have been calling Yangian all the time, for historical
reasons and for its closeness to the true Yangian as understood by mathematicians
and mathematical physicists, may well be a completely different and new beast.
We would like to list some future directions of investigation, which may eventually lead to overcome these difficulties.
The first thing that is necessary to obtain is a character formula for typical representations, and derive from first principles the T-system for the corresponding transfer
matrices. In the case of Lie superalgebras, a uniform character formula does not exist
even for the finite-dimensional simple case, and also for gl(m|n) no general expression is available79 . Understanding how to deal with the two solutions for the ‘longshort’ S-matrix we have described in section 7.2 should be instrumental to progress
in this direction.
It should be quite instructive to study further the so called near-flat space limit
[245, 246], which simplifies the R-matrix and the algebra generators while maintaining the central extension. Preliminary results point towards the persistence of the
secret symmetry, and actually of a whole Yangian tower of generators with the same
signature diag(1, 1, −1, −1) and in the suitable evaluation representation [247]. Together with the recent discovery of [68] that the secret symmetry is present in space-

time n-point functions, it has become highly relevant to understand the deep nature
of this generator and if and how it is realized in the original string and gauge theory
78 It would be very interesting to explore the question of how far this unifying program can be pushed,

see for instance [242, 243], and also [244].
79 P. Papi, Denominator identities for Lie superalgebras, Algebra Seminar, University of York, UK,
September 2010.
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pictures. We would like to notice that the secret symmetry generator seems to play
a special role in the q-deformed quantum algebra of [166] (particularly with respect
to its Yangian limit). Moreover [248], the secret symmetry is found in the twisted
boundary Yangian relevant to D5-branes, where one obtains supercharges of the new
type discussed below (63) also and directly via a coideal subalgebra construction
[249]80 . We remind that these new supercharges have a different spectral parameter
in the ‘boson-fermion’ with respect to the ‘fermion-boson’ block.
Another idea, relevant to the quantization of the classical r-matrix discussed in
sections 5.2, 5.3, would be to use the notion of ‘closure’ of a universal enveloping
algebra. Inside such a closure, denominators of central elements, like those appearing
in (62), can be given an abstract meaning. Unfortunately, it is very hard to equip such
closures with a Hopf algebra structure in general81 .
A possible scenario is that the quantum universal R-matrix simply does not exist.
It is perhaps not a surprise that one can write down seemingly universal formulas
valid for atypical representations, since atypical representations are in some sense
special. Typical representations are indeed traditionally more complicated82 , and a
formula that encompasses both the typical and the atypical case may not exist. We
would also like to notice that the results for long representations we presented in
section 7 set quite rigid constraints on the possible extensions of the minimal Yangian that might admit a universal R-matrix. Basically, any extension of the minimal
Yangian has to produce some Serre-type relations that rule out the evaluation representation. On the other hand, this fact may turn into a virtue, precisely because it
severely restricts the allowed extensions83 . Considering alternative physical setups,
and/or restrictions of the algebra, for example of the type contained in [250], may
also turn out to be very fruitful.
Finally, non-planar corrections may organize themselves into powerful algebraic
structures which might directly connect with and generalize the ones we have been
80 Interestingly,

in the so-called Y = 0 system for D3-branes, only these type of supercharges are

found via the coideal procedure, and not the secret symmetry directly.
81 We thank E. Ragoucy for suggesting the idea and for discussions about this point.
82 We thank P. Sorba for a discussion about this point.
83 We thank N. Beisert for explanations about this point, see also footnote 75.
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describing in this review for the planar case, still providing a way of describing the
spectrum exactly (see for instance [251] and the recent [252]).

“Before I came here I was confused about this subject.
Having listened to your lecture I am still confused. But on a higher level.”
(E. Fermi)

10 Acknowledgments
First, I would like to thank my collaborators on this topic, for the most enjoyable and
fruitful time, and the endless list of things they have taught me: G. Arutyunov, M. de
Leeuw, I. Heckenberger, T. Matsumoto, S. Moriyama, J. Plefka, C. Sieg, F. Spill, R.
Suzuki and H. Yamane.
I then would like to thank N. Beisert, for numerous discussions, crucial questions,
and critical reading of several preprints; C. Ahn, Z. Bajnok, J. Balog, L. Palla and
R. Nepomechie, for sharing their expertise in the theory of integrable systems (with
infinite and finite size) and R-matrices, and for suggestions; F. Alday, C. Kristjansen,
S. de Haro, D. Diaz, H. Dorn, N. Drukker, G. Jorjadze, P. Koroteev, S. Ramgoolam,
M. Salizzoni, H. S. Yang and S. Zieme, for insightful discussions on wrapping diagrams and on integrability; I. Aniceto, M. Abbott, A. Jevicky, C. Kalousios, G.
Papathanasiou, M. Spradlin and A. Volovich, for their interest in my work and for
nice discussions; D.-S. Bak, N. Dorey, M. Magro, S.-J. Rey, S. Schäfer-Nameki, B.
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