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Abstract—High-power continuous-wave Nd3+ -Yb3+ codoped
fiber lasers (NYDFL) are analyzed, based on a rate-propagation
equations model. The model takes into account energy transfer
between Nd3+ and Yb3+ , as well as cross relaxation between
Nd3+ ions, and contributions from high-order modes to the amplified spontaneous emission (ASE). Examples of cladding-pumped
NYDFLs with distributed Bragg reflector (DBR) at either end are
presented. We demonstrate the optimal laser design by considering the effects of the Nd3+ and Yb3+ concentrations, pump
wavelengths multiplexing, output mirror reflectivity, and the laser
wavelength. Approximate quasi-analytical solutions are shown to
be in good agreement with the exact numerical solutions of the rate
equations for practical conditions.
Index Terms—Distributed Bragg reflector (DBR) lasers,
Neodymium (Nd), optical fiber lasers, optical fiber theory,
Ytterbium (Yb).

I. I NTRODUCTION

R

ARE-EARTH-DOPED fiber lasers demonstrate an excellent combination of high efficiency and high spatial beam
quality, which makes them attractive compared to conventional solid-state lasers. For high-power fiber laser applications
(e.g., printing, free-space communication), Ytterbium-doping
results in a very efficient lasing transition with broad emission
and absorption bands, allowing various pumping schemes and
a wide tuning range of the laser wavelength. Furthermore, the
simple two-level energy manifold structure of the Yb3+ ion
makes it relatively free of concentration quenching, allowing
shorter fiber lasers with reduced nonlinearities. These excellent
features have led to the realization of high-power claddingpumped Yb3+ -doped fiber lasers (YDFL) [1]–[3].
It is possible to increase further the output power, and extend
the pumping schemes of YDFLs by using several wavelength
multiplexed diode lasers as the pump source. To this end,
Nd3+ -Yb3+ glass is doped with both the Nd3+ and Yb3+
ions, which allows pumping the Yb3+ ions indirectly through
a nonradiative energy transfer from the Nd3+ ions [4], [5].
Furthermore, both Nd3+ and Yb3+ emit in the wavelength
range of ∼ 1 µm, and thus the output power from claddingpumped Nd3+ -Yb3+ codoped fiber lasers (NYDFL) can be
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scaled to hundreds of watts [6], [7]. In order to achieve such
high output powers without reaching the threshold of nonlinear
effects, the dimensions of the fiber core must be increased and
the fiber becomes intrinsically multimode [8]. Bending losses
can be applied to discriminate the fundamental LP01 mode from
higher order modes so that the laser output becomes practically
single mode [9].
Previous works that model high-power rare-earth-doped fiber
lasers have been limited to single-ion systems, such as Nd3+ or
Yb3+ [10] or other codoped systems, e.g., Er3+ -Yb3+ [11]. Our
goal here is to extend these works and to demonstrate models of
NYDFLs based on numerical calculations of detailed coupled
rate-propagation equations. Our model takes into account the
energy transfer between Nd3+ and Yb3+ ions, cross relaxation
among Nd3+ ions, Nd3+ clustering effects, spectrally resolved
amplified spontaneous emission (ASE) of Nd3+ and Yb3+ ions,
and scattering losses. Our model also accounts approximately
for contribution of high-order modes to the ASE. We also
present a quasi-analytical model to approximate the exact equations. Nonlinear effects (e.g., stimulated Brillouin scattering,
self-phase modulation), however, are disregarded in the present
calculations.
The structure of this contribution is the following. In
Section II, we describe the set of coupled rate-propagation
equations for the Nd3+ -Yb3+ system. The approximate quasianalytical solutions are described in Section III. In Section IV,
we consider some numerical examples for cladding-pumped
high-power NYDFLs. In particular, we discuss the effects of
several key design parameters (e.g., the pump power, fiber
length, pump configuration, pump wavelengths, output mirror reflectivity, laser wavelength, and the Nd3+ and Yb3+
concentrations) on the laser output power and efficiency. We
also demonstrate the effect of Nd3+ clustering on the laser
performance, and compare the approximate solutions of the
quasi-analytical model to the exact numerical solutions. Finally,
conclusions are given in Section V. The main derivation steps
of the approximate solution are described in the Appendix.
II. T HEORETICAL M ODEL
We assume a double-clad fiber laser of length L with distributed Bragg reflector (DBR) mirrors at either side. The
wavelength-dependent power reflectivities of the DBR mirrors
are R1 (λ) and R2 (λ) at z = 0 and z = L, respectively. The
pump power Pp± (z, t) at the wavelength λp is injected into the
first cladding either at z = 0 or at z = L, where the positive
or negative superscripts denote propagation in the forward or
backward z-direction, respectively. It is assumed that due to
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fiber bending and special double-clad fiber geometries, the
pump-power absorption along the fiber length is essentially
uniform, and it can be associated with an effective power filling
factor Γp . The value of Γp can be higher than the ratio of the
core area (Acore ) to the combined area of the core and the first
cladding (Aclad ), due to the increased pump absorption in a
bent fiber [12], [13]. The spectral power density of the light
that propagates in the laser cavity is denoted P ± (z, t, λ), with
a wavelength-dependent power filling factor Γ(λ). We assume
that Γ(λ) is given by the ratio of the multimode power that is
guided and amplified in the core to the total power propagating
in the fiber. We also assume that unguided radiation modes can
be neglected, and that the contribution to the amplified power
in the core from interference of guided modes is insignificantly
small for practical values of the fiber V-number [14]. Under
these assumptions, an approximate expression for the power
filling factor Γ(λ) can be derived based on [15], namely

2
η |uη (λ)| Γη (λ)Iη gη
.
(1)
Γ(λ) 

2
η |uη (λ)| Iη gη
Here, Γη (λ) is the modal power filling factor, uη (λ) is the
modal coefficient in the expansion of the total field in terms
of the guided transverse modes, and η is the modal index
(i.e., η = 1 corresponds to the fundamental LP01 mode). Thus,
|uη (λ)|2 is proportional to the power carried by the mode η,
and can in principle also depend on the spatial coordinate z
(due to, e.g., mode coupling). Other parameters in (1) are the
modal degeneracy value gη [16] and the modal normalization
Iη that is proportional to an integral of the modal envelope over
an infinite cross section [15]. An approximate expression for
Γη (λ) of the fundamental and higher order LP modes is given
in [15]. In what follows, we assume that due to specialized
fiber coiling techniques most of the higher order modes are
practically suppressed [7]. It is therefore sufficient to include
only the first two guided modes in (1), i.e., the LP01 and
LP11 modes.
We assume that the Nd3+ and Yb3+ ions are uniformly
doped over the core cross section with concentrations NNd and
NYb , respectively. Our model includes forward and backward
energy transfer between Nd3+ and Yb3+ ions, cross relaxation of Nd3+ ions, and Nd3+ and Yb3+ single-ion transitions
(cf. Fig. 1). We note that unlike the Er3+ -Yb3+ codoped system, where the main energy-transfer channel is from the Yb3+
ions to the Er3+ acceptors [17], here, the Yb3+ ions are the
energy acceptors from the Nd3+ donors. It is assumed that the
Yb3+ ions are coupled with Nd3+ ions through a dipole–dipole
type interaction process [4]. However, some of the Nd3+ ions
can form clusters, in particular in high Nd3+ concentration
fibers [18], [19], and these clustered Nd3+ are not coupled to
the Yb3+ ions. In a Nd3+ cluster, the cross-relaxation interaction of the Nd3+ ions is accelerated since the average distance
between Nd3+ ions is relatively short [19]. We also assume that
the populations of the manifolds 4 I15/2 , 4 I13/2 , and 4 I11/2 are
virtually empty, due to the fast nonradiative transition times
of these levels. Therefore, we impose N3 = N2 = N1  0
(and equivalently N̄3 = N̄2 = N̄1  0 for the clustered populations; cf. Fig. 1). The pump photons are absorbed by the Nd3+

Fig. 1. Energy-level diagram for the Nd3+ -Yb3+ codoped system. (a) Homogeneous Nd3+ -Yb3+ system. (b) Clustered Nd3+ system.

ions in the ground manifold 4 I9/2 , exciting them to the manifold 4 F5/2 , from where they instantly decay to the manifold
4
F3/2 . Pump photons are also absorbed by the Yb3+ ions in the
ground manifold 2 F7/2 , exciting them to the manifold 2 F5/2 .
Losses to the 4 F3/2 state by excited state absorption (ESA) of
pump photons or by upconversion to higher level manifolds are
neglected due to the small population of this manifold. With
these assumptions, the populations of the homogeneous and the
clustered ions satisfy the following rate equations:
∂
N4 (z, t)
∂t



= −N4 (z, t)

1
τNd


+ W04 (z, t) + W40 (z, t) + W41 (z, t)

+ W04 (z, t)(1 − k)NNd −R45 N4 (z, t)[NYb − N6 (z, t)]
+ R60 N6 (z, t) [(1 − k)NNd − N4 (z, t)]
− R40 N4 (z, t) [(1 − k)NNd − N4 (z, t)]
∂
N6 (z, t)
∂t



= −N6 (z, t)

1
τYb

(2)


+ W56 (z, t) + W65 (z, t)

+ W56 (z, t)NYb +R45 N4 (z, t) [NYb −N6 (z, t)]
− R60 N6 (z, t) [(1 − k)NNd − N4 (z, t)]
∂
N̄4 (z, t)
∂t
= −N̄4 (z, t)



1
τNd

(3)


+ W04 (z, t) + W40 (z, t) + W41 (z, t)



+ W04 (z, t)kNNd − R̄40 N̄4 (z, t) kNNd − N̄4 (z, t) .
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Here, τNd and τYb are the spontaneous emission lifetimes of the
4
F3/2 and 2 F5/2 manifold states, respectively, and k is the fraction of Nd3+ ions in clusters. Note that the conservation relations (1 − k)NNd = N0 (z, t) + N4 (z, t), kNNd = N̄0 (z, t) +
N̄4 (z, t), and NYb = N5 (z, t) + N6 (z, t) were used to eliminate N0 (z, t), N̄0 (z, t), and N5 (z, t) from (2)–(4). The forward and backward cross-relaxation coefficients are given by
R45 and R60 , respectively. We employ the Forster–Dexter
model [20] for dipole–dipole interactions in order to estimate
the value of these coefficients in Nd3+ -Yb3+ codoped glass
(see, e.g., [5]). Assuming nearest neighbor interactions, R45 is
estimated from [21]

R45 

4π
3

2

1
(NNd + NYb )r06
τNd

where r0 is a critical interaction distance for Nd3+ -Yb3+
energy transfer. This parameter is calculated from the spectral
overlap of the Nd3+ emission and Yb3+ absorption cross
sections [20]. In a similar manner, an expression for R60 can be
derived. Other cross-relaxation coefficients in (2)–(4) include
the homogeneous and intra-cluster rates R40 and R̄40 , respectively. These rates cannot be derived from the Forster–Dexter
model, due to the poor information on the 4 I9/2 -4 I15/2
absorption cross section. We thus assume that the critical interaction distance r0 for cross relaxation among homogeneous
Nd3+ ions is of the same order of magnitude as the corresponding parameter for the Nd3+ -Yb3+ cross relaxation.
The terms W04 and W40 stand for the Nd3+ pump absorption
and stimulated emission rates, respectively, while the terms
W56 and W65 are the Yb3+ absorption and stimulated emission
rates, respectively. These terms depend on the pump power
Pp± (z, t), and on the ASE power densities P ± (z, t, λ), and are
given by
Wij (z, t)
=



Γp 
σij (λp ) Pp+ (z, t) + Pp− (z, t) λp
hcAcore


1
Γ(λ)σij (λ) P + (z, t, λ) + P −(z, t, λ) λdλ.
+
hcAcore
(6)

±

In (6), σij is the wavelength-dependent cross section for radiative transition between levels i and j, h is the Planck constant,
and c is the speed of light in a vacuum. The summation in
(6) is over the multiplexed pump powers, while the limits of
the integral are defined by the cross section of the 4 F3/2 -4 I9/2
transitions of Nd3+ ions, and the cross section of the 2 F5/2 2
F7/2 transitions of Yb3+ ions. The stimulated transition rate
W41 accounts for the ASE power emitted by the Nd3+ ions and
is given by
W41 (z, t)
=

(5)
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1
hcAcore



Γ(λ)σ41 (λ) P + (z, t, λ) + P − (z, t, λ) λ dλ
(7)

where the limits of the integral in (7) are determined by the
cross section of the 4 F3/2 -4 I11/2 transitions of the Nd3+ ions.
In these calculations, we assume that the ASE bandwidth is in
the wavelength range from 840 to 1160 nm. We note that the
Nd3+ transitions 4 F3/2 -4 I13/2 at ∼ 1300 nm can also contribute
to the ASE power, but we found that this contribution is small
for the range of parameters assumed in this work, and therefore,
it was neglected. The rate of change of the ASE spectral power
densities and the pump power along the fiber length are given
below by (8) and (9). Here, dP ± (z, t, λ)/dz ≡ ∂P ± /∂z ±
(n/c)∂P ± /∂t, and n is the refractive index of the core. The
term P0 (λ) in (8) denotes the contribution of the spontaneous emission to the power density of a single mode, and is
given by P0 (λ) = hc2 /λ3 [22]. Here, we assume that spontaneous emission events are equally likely for all propagating
modes [23]. Thus, the fraction of spontaneous emission power
that
 is coupled into all guiding modes is given by Γse (λ) ≡
η gη Γη (λ)Iη [15], [23]. The scattering loss α(λ) at wavelength λ also includes losses that are due to fiber coiling [24].
For simplicity, we assume that the scattering losses are constant.
Nonlinear effects are not included in (8) and (9), shown at the
bottom of the page, as recent experiments have shown that they
are relatively weak for the range of pumping powers and fiber
geometries that are assumed in this work [7]. In this work,
we focus only on the steady-state solutions (i.e., ∂/∂t ≡ 0)
to the coupled rate-propagation equations (2)–(4), (8), and (9).




dP ± (z, t, λ)
= Γ(λ) [σ40 (λ) + σ41 (λ) + σ04 (λ)] N4 (z, t) + N̄4 (z, t) − σ04 (λ)NNd
dz

+ [σ56 (λ) + σ65 (λ)] N6 (z, t) − σ56 (λ)NYb − α(λ) P ± (z, t, λ)


+ Γse (λ)P0 (λ) [σ41 (λ) + σ40 (λ)] N4 (z, t) + N̄4 (z, t) + σ65 (λ)N6 (z, t)
±




dPp± (z, t)
= Γp [σ40 (λp ) + σ04 (λp )] N4 (z, t) + N̄4 (z, t) − σ04 (λp )NNd
dz

+ [σ56 (λp ) + σ65 (λp )] N6 (z, t) − σ56 (λp )NYb − α(λp ) Pp± (z, t)
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We find that it is sufficient to assume reflectivity boundary conditions only for a single central wavelength λs of the DBR
gratings [10], so that the power Ps± (z) = P ± (z, λs )∆λs at
the lasing wavelength λs represents an average over the
many resonances within a bandwidth ∆λs . The integration
of the rate-propagation equations is carried iteratively along
the forward and backward propagation direction, until all
the ASE power densities converge to a steady-state value
[10]. On each integration step, the populations of homogeneous and clustered ions are found analytically by reducing (2) and (3) to a cubic equation and by reducing (4) to
a quadratic equation for the unknowns N4 (z) and N̄4 (z),
respectively.

TABLE I
PARAMETERS USED IN THE NUMERICAL CALCULATIONS

III. A PPROXIMATE S OLUTION
We extend the approximate quasi-analytical solutions for
single-doped Nd3+ - or Yb3+ -doped fiber lasers [10] to the
Nd3+ -Yb3+ codoped system. We assume that Nd3+ ion–ion
interactions can be neglected, so that all the Nd3+ ions are coupled to Yb3+ ions (k  0), and the cross-relaxation rates satisfy
R40 = R̄40  0. Because of the smaller overlap of the Yb3+
emission band with the Nd3+ absorption band, the calculated
backward energy transfer from Yb3+ to Nd3+ is considerably
weaker than the forward energy transfer, and can safely be
neglected. Therefore, we assume R60  0. Furthermore, we
assume strong pumping conditions, such that the oscillating
laser power Ps± (z) is strong enough to allow neglecting the
effect of the ASE on the gain. In this case, the gain of Nd3+ and
Yb3+ ions is strongly saturated, and we have N4 (z)  NNd
and N6 (z)  NYb . Under these assumptions, the integration
of (2), (3), (8), and (9) is considerably simplified, as described
in the Appendix. In particular, we obtain a closed-form solution
for the laser power, namely
Ps± (z) =

1 
Ψ(z)2 + B 2 ± Ψ(z)
2

(10)

where Ψ(z) and the parameter B are defined in (A9) and
(A10) in the Appendix, respectively. The function Ψ(z) is
derived from the numerical integration of (A12) (e.g., using the
Runge–Kutta method) and is found by subsequently iterating
the boundary condition (A13) (e.g., using bisection method),
until convergence is achieved. This procedure is significantly
faster and simpler to employ than the numerical solution of the
exact (2), (3), (8), and (9).
IV. E XAMPLES
In what follows, we present a set of examples of highpower NYDFLs, where we demonstrate the laser design optimization. The laser parameters that we consider are the pump
power, pump configuration, fiber length, scattering loss, pump
wavelengths, output mirror reflectivity, laser wavelength, and
the Nd3+ and Yb3+ concentrations. We also compare the
accuracy of the quasi-analytical solutions of the model to the
exact numerical solution of the rate-propagation equations. It is
assumed that the pump power is wavelength multiplexed, e.g.,
at λp = 808 nm, λp = 940 nm, and λp = 976 nm, so it pumps

both the Nd3+ and the Yb3+ ions. Furthermore, we assume that
the Bragg reflectors are centered at 1100 nm where both Nd3+
and Yb3+ ions have efficient optical transitions, and therefore
the laser oscillates at this wavelength. The out-coupling mirror
with the lower reflectivity is at z = L. Unless otherwise stated,
the parameters used for the numerical calculations correspond
closely to these of the experimental NYDFL described in [7],
and are summarized in Table I.
+
= Ps+ (L)[1 −
In Fig. 2, we show the laser output power Pout
R2 (λs )], emitted from the output mirror at z = L, as a function
of the total injected pump power Pp (0). The lasing threshold is
near Pp = 890 mW (see inset), and we note the linear increase
of the output power without any sign of output power saturation
at high pump power. This behavior is in contrast to other
codoped laser systems, e.g., Er3+ -Yb3+ fibers [11], where the
so-called energy-transfer “bottleneck” limits the efficiency of
+
/∆Pp ) of the
the system. The slope efficiency (ηD ≡ ∆Pout
laser is about 0.71, which is in good agreement with the 0.72
efficiency reported in recent experiments [7]. Similar results are
obtained with respect to the absorbed pump power, which indicate a very efficient pump-power absorption in the fiber. The
calculated threshold of the quasi-analytical solution is about
920 mW, which is in good agreement with the exact numerical
value. We note that the approximate quasi-analytical solution
becomes less accurate as the pump power is increased, and
that the slope obtained from the approximate solution is lower
than that of the exact solution. This deviation is a result of the
contribution of the λp = 976 nm wavelength to Pp+ (z), which
is not exactly exponential, as predicted by (A11). In particular,
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Fig. 2. Output power as a function of the input pump power Pp (0). The pump
power is divided among three different pump wavelengths at λp = 976 nm,
λp = 940 nm, and λp = 808 nm, with power of Pp (0)/2, Pp (0)/4, and
Pp (0)/4, respectively. The solid lines represent the exact solution of (2), (3),
(8), and (9), whereas the circles represent the approximate quasi-analytical
solution obtained from (10) and (A12). The rectangulars represent experimental
results obtained from [7]. The inset shows the output power near the lasing
threshold.

under strong pumping conditions, the population N6 (z) builds
up significantly near the injected pump end at z = 0, and the
condition N6 (z)  NYb leading to the approximate (A11) is
not satisfied.
In Fig. 3, we show the laser slope efficiency (ηD ) and the
laser threshold power as a function of the laser length (L). We
note that there is a good agreement between the quasi-analytical
solution and the exact solution over the entire range of fiber
lengths and scattering loss (α). The dependence of the slope
efficiency on the fiber length is in qualitative agreement with
+
/Pp )
results obtained for the conversion efficiency (ηc ≡ Pout
of typical strongly pumped fiber lasers [10]. That is, the slope
efficiency increases with the fiber length until it saturates.
This increase strongly depends on the scattering loss, and is
achieved in shorter fiber lengths for higher scattering loss, but
with lower efficiency. The slope efficiency also depends on
the pumping configuration and higher slope efficiencies can be
obtained by pumping at z = L. For example, for scattering loss
αs = 5 × 10−3 m−1 the fiber lengths where the slope efficiency
is maximized are approximately 24 m for pumping at z = 0
and 33 m for pumping at z = L. If the scattering loss is larger,
i.e., αs = 5 × 10−2 m−1 , the corresponding figures are 9 m for
pumping at z = 0 and 13 m for pumping at z = L. On the
other hand, the laser threshold shows only weak dependence on
the pumping configuration, as expected, and it is more strongly
affected by the scattering losses.
Next, we consider a few examples of a laser design optimization, in which we select the optimal laser length for maximizing the laser output power and hence the laser conversion
efficiency. Fig. 4 shows the effect of multiplexing two pump
sources with different wavelengths on the laser efficiency. The
figure depicts contour lines of (a) the optimal laser length
and (b) the corresponding output power, as a function of a
pump wavelength in the Nd3+ absorption band (in the range
700–850 nm) and a pump wavelength in the Yb3+ absorption
band (in the range 850–1050 nm). We note the existence of

Fig. 3. (a) Laser slope efficiency and (b) laser threshold pump power, as a
function of the fiber length (L), for two values of the scattering loss (α), and
for an input pump power of Pp = 500 W divided equally among λp = 940 nm
and λp = 808 nm. The solid and dashed lines represent the exact solution
of (2), (3), (8), and (9), for pumping at z = 0 or at z = L, respectively. The
circles represent the approximate quasi-analytical solution obtained from (10)
and (A12).

two Nd3+ pump wavelengths around λp = 745 nm and λp =
808 nm, where the optimal laser length is not sensitive to
the choice of the Yb3+ pump wavelength for a wide range
of wavelengths between λp = 880 nm to λp = 940 nm. The
highest efficiency is achieved at pump wavelengths where both
the Nd3+ and Yb3+ pump absorptions are maximized, e.g., on
pumping the Yb3+ at λp = 976 nm and Nd3+ at λp = 808 nm.
We note that the efficiency decreases on changing the Yb3+
pump wavelength from λp = 976 nm to λp = 940 nm by less
than 10%. Thus, the Yb3+ pump wavelength selection is more
limited by the optimal laser length, which should be kept short
enough to reduce the effect of fiber nonlinearities.
In Fig. 5, we show a contour plot of (a) the optimal laser
length and (b) the corresponding output power, as a function
of the laser wavelength and the output mirror reflectivity at
z = L. It is found that for sufficiently high output mirror
reflectivities (R2 > 5 × 10−3 ), the optimal laser length is not
sensitive to the choice of the laser wavelength λs , as long as
λs  1045 nm. For example, the optimal laser length in the
spectral range 1050 nm  λs  1130 nm is about 24 m, for
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Fig. 4. Calculated contour plots of the (a) optimal laser length (in meters)
and (b) corresponding output power (in watts), as a function of Nd3+ and
Yb3+ pump wavelengths, for an input pump power of Pp (0) = 500 W divided
equally.

an output mirror reflectivity of R2  8 × 10−2 . This spectral
width of constant optimal length becomes broader as the output
mirror reflectivity becomes higher. We conclude that an optimum use of the same laser cavity can be realized for a range
of laser wavelengths, which can be important for tunable laser
applications. There exists an optimum laser wavelength for
obtaining the highest efficiency, i.e., λs  1050 nm; however,
it is at an extremely small optimum output mirror reflectivity
(R2  10−5 ). For shorter wavelengths (λs < 1050 nm), the
output power is limited by a strongly competing ASE due to
the transitions at λ  1060 nm, and the output mirror reflectivity should be increased in order to suppress this ASE and
reach threshold. For longer wavelengths (λs > 1050 nm), the
decrease in the laser output power is due to the smaller Nd3+
and Yb3+ emission cross sections, and the long wavelength
limit of the laser tuning is eventually fixed by the laser cutoff
conditions. In relation to these results, we note that the laser
output power can be tuned across a somewhat larger spectral
bandwidth compared with pure Nd3+ - or Yb3+ -doped fiber
lasers [13]. Furthermore, some control over the gain spectrum
can be achieved via selection of the relative dopant concentrations, which might offer more tuning flexibility compared with

Fig. 5. Calculated contour plots of the (a) optimal laser length (in meters) and
(b) corresponding output power (in watts), as a function of the laser wavelength
(λs ) and the output mirror reflectivity at z = L (R2 ), for an input pump power
of Pp (0) = 500 W divided equally among λp = 940 nm and λp = 808 nm.

pure lasers. It is also worth to mention that the laser output
power tuning depends on the choice of the glass host, which
modifies the cross sections of both Nd3+ and Yb3+ ions.
Other important design parameters that we consider are the
Nd3+ and Yb3+ concentrations. In Fig. 6, we plot the contour
lines of the optimal laser length and the corresponding output
power versus the Yb3+ concentration and the Nd3+ -Yb3+
ratio. The optimal laser length is found to be strongly dependent on the Yb3+ concentration and much less on the Nd3+
concentration, in particular in the limit of high Nd3+ -Yb3+
ratios. We note that the optimal length generally decreases
with increasing Yb3+ concentration. The highest efficiency
that can be obtained from the laser on variation of the Yb3+
and Nd3+ concentrations is approximately 0.77. Further increase is ultimately limited by concentration quenching effects,
e.g., the formation of Yb3+ ion clusters that inhibit the Nd3+ Yb3+ energy transfer and can self-absorb the emitted light. On
increasing the Nd3+ -Yb3+ ratio, the efficiency first increases
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Fig. 7. Calculated output power at the optimal laser length as a function of the
Nd3+ concentration (NNd ), for different fraction of Nd3+ in clusters (k). The
input pump power Pp (0) = 500 W is divided equally among λp = 940 nm
and λp = 808 nm.

level Er3+ clusters absorb the signal that is emitted and amplified by the homogeneous ions. Therefore, the decrease of the
NYDFL efficiency due to an increase in the number of clustered
ions is less significant than in three-level systems (e.g., see
[17]). For example, the maximum efficiency of a system with
full clustering (k = 1) is 0.56, for a Nd3+ concentration of
NNd  1 × 1025 m−3 , whereas the corresponding figures for
a system with no clustering (k = 0) are 0.73 and NNd  8.5 ×
1026 m−3 , respectively.

Fig. 6. Calculated contour plots of the (a) optimal laser length (in meters)
and (b) corresponding output power (in watts), as a function of the Yb3+
concentration (NYb ) and the Nd3+ -Yb3+ ratio, for an input pump power of
Pp (0) = 500 W divided equally among λp = 940 nm and λp = 808 nm.

due to the improved pump absorption, then reaches an optimum
value and decreases. This saturation effect is a consequence
of the cross-relaxation losses of Nd3+ ions, which are more
significant in higher Nd3+ concentrations where the average
distance between two Nd3+ ions is smaller.
The importance of Nd3+ ion–ion interactions for the laser
efficiency is further illustrated in Fig. 7. Here, we present the
output power of an optimal length NYDFL versus the Nd3+
concentration, with the fraction of clustered Nd3+ ions (k) as a
parameter. The corresponding dependence of the optimal laser
length is similar to that of Fig. 6, i.e., it decreases with the
Nd3+ concentration, more strongly in the limit of small Nd3+
concentrations. The highest efficiency that can be obtained by
the variation of the Nd3+ concentration depends on the amount
of Nd3+ clusters in the system. In particular, as the fraction
of Nd3+ ions in the clusters is increased, the efficiency of
the NYDFL decreases, and the optimal Nd3+ concentration
becomes smaller. We note the difference between the effect of
Nd3+ clusters in this system, to the effect of Er3+ clusters in
Er3+ -doped systems. While in the four-level system of Nd3+ ,
the clusters lower the population density of the 4 F3/2 manifold
due to an increase in the cross-relaxation rate, as well as reduce
the number of Nd3+ ions that interact with Yb3+ , the three-

V. C ONCLUSION
We presented a theoretical analysis of high-power NYDFLs,
based on a detailed rate-propagation equation model that takes
into account the energy transfer between Nd3+ and Yb3+ ,
cross relaxation in the Nd3+ ion system, and the propagation
of higher order modes. We considered examples of claddingpumped NYDFLs operating at spectral bandwidth in the vicinity of 1100 nm, where both the Nd3+ and Yb3+ have efficient
optical transitions. Our results demonstrate the high slope efficiency of NYDFLs, about 0.71, in agreement with recent experimental results [7]. It has been shown, that pumping at z = L
leads to higher slope efficiencies, particularly in the limit of
longer fibers. On the other hand, the pumping configuration has
been shown to have only a small effect on the laser threshold.
The optimal fiber length for achieving the maximum output
power can be found by tuning the Nd3+ and Yb3+ pump
wavelengths and is not sensitive to the pump wavelength selection within a large bandwidth of the Yb3+ absorption band.
Pumping at z = 0 with pump wavelengths of λp = 940 nm and
λp = 808 nm, the optimal fiber length is ∼ 24 m, the slope
efficiency is ∼ 0.66, and the laser threshold is ∼ 0.91 W. In
practice, however, the choice of the fiber length and hence the
achievable output power are limited due to fiber nonlinearities.
On increasing the Yb3+ concentration, the laser becomes more
efficient, whereas the optimal Nd3+ concentration is limited
by concentration quenching. In particular, Nd3+ clustering
effects can reduce the maximum output power of the NYDFL.
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Assuming a typical value of 18% of the Nd3+ ions in clusters
[28], we find that the optimum Nd3+ concentration is ∼ 4 ×
1025 m−3 . We have shown that the laser wavelength can be
tuned in wide range, e.g., from about 1050 to 1120 nm (and
beyond), with only small variation in the optimal laser length,
provided the mirror reflectivity is high enough.
An approximate quasi-analytical solution to the model equations was derived and compared with the exact numerical
calculations. It was shown that the approximate solutions are
in good agreement with the exact solutions for a range of
fiber lengths and pumping configurations. The approximate
solutions become less accurate when pumping at λp = 976 nm,
particularly in the limit of high pump power.

where the summation is over the multiplexed pump powers. The
Yb
are related to the gain due
parameters fYb (z), g0Yb (z), and Psat
3+
to the Yb ions and are defined by
fYb (z) ≡ 1 +

(A6)
g0Yb (z) ≡

− σ56 (λs )NYb Γs fYb (z)

Ψ2 (z) + B 2
[σ56 (λs )]2
+ Γs
NYb
Yb
σ65 (λs )
Psat

The mathematical description of the optical power spectrum
propagating in the laser cavity can be significantly simplified
by assuming that the oscillating laser power is strong enough to
neglect the influence of the ASE on the population inversion
of Nd3+ and Yb3+ ions. That is, we assume P ± (z, λ) =
Ps± (z)δ(λ − λs ). We also ignore the effect of cross relaxation
among Nd3+ ions, i.e., we assume k  0 and R40 = R̄40  0.
In this case, (8) reduces to

g0Nd (z)
fNd (z) +

Ps+ (z)+Ps− (z)
Nd
Psat

+

g0Yb (z)
fYb (z) +

Ps+ (z)+Ps− (z)
Yb
Psat

fNd (z) ≡ 1 + τNd R45 [NYb − N6 (z)]


Γp τNd 
σ40 (λp )λp Pp+ (z) + Pp− (z) (A3)
+
hcAcore


NNd Γp 
σ04 (λp )λp Pp+ (z) + Pp− (z)
g0Nd (z) ≡
(A4)
Nd
λs Psat
hcAcore
Γs σ41 (λs )λs τNd

hcAcore
.
Γs σ65 (λs )λs τYb

(A5)

(A7)
(A8)

Note that for improved computational stability, particularly at
lasing wavelengths where σ56 (λs )  σ65 (λs ), the last term in
the RHS of (A7) can be omitted. The dimensionless function
Ψ(z) and the constant parameter B are defined as follows:
Ψ(z) ≡ Ps+ (z) − Ps− (z)

B ≡ 2 Ps+ (z)Ps− (z).

(A9)
(A10)

From (A9) and (A10), we obtain (10) in the text for the
propagating signal power Ps± (z) in terms of Ψ(z) and B. Also,
by further assuming that σ65 (λp )  σ56 (λp ) and σ40 (λp ) 
σ04 (λp ), (9) is analytically integrable to yield the forward and
backward propagating pump power at wavelength λ = λp
Pp+ (z) = Pp+ (0) exp

− Γp (σ56 (λp )NYb
+ σ04 (λp )NNd ) + α(λp ) z

Pp− (z) = Pp− (L) exp − Γp (σ56 (λp )NYb +σ04 (λp )NNd )
+ α(λp ) (L − z) .

(A2)

Nd
where fNd (z), g0Nd (z), and Psat
are parameters related to the
3+
gain due to the Nd ions and are defined by

Nd
Psat
≡

Yb
Psat
≡

(A1)

where gs (z) is the differential signal gain per unit length
at λ = λs . We consider only lasing transitions in the Nd3+
ions around the 1060-nm emission band. Therefore, gs (z) ≡
Γs (σ41 (λs )N4 (z) + [σ65 (λs ) + σ56 (λs )]N6 (z) − σ56 (λs )NYb ),
where Γs ≡ Γ(λs ). We further limit ourselves to high laser
power circulating the cavity, such that the constituent ion gain
is saturated, i.e., we assume N4 (z)  NNd and N6 (z)  NYb .
Employing these assumptions to (2) and (3), one obtains for
the differential signal gain
gs (z) 

NYb Γp Γs [σ65 (λs ) + σ56 (λs )] τYb
hcAcore



×
σ56 (λp )λp Pp+ (z) + Pp− (z)
+ Γs [σ65 (λs ) + σ56 (λs )] NYb R45 τYb N4 (z)

A PPENDIX
Q UASI -A NALYTICAL S OLUTION OF
(2), (3), (8), AND (9)

1 dPs± (z)
= gs (z) − α(λs )
± ±
Ps (z) dz



Γp τYb 
σ65 (λp )λp Pp+ (z) + Pp− (z)
hcAcore

(A11)

Substituting (A2) in (A1) for Ps± (z) and employing (A9) and
(A10), we obtain the following differential equation for Ψ(z):

dΨ(z) 
=
dz

g0Nd (z)
√ 2
Ψ (z)+B 2
fNd (z) +
P Nd
sat

+

g0Yb (z)
fYb (z) +

√

Ψ2 (z)+B 2
Yb
Psat




− α(λs ) Ψ2 (z) + B 2
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where the boundary conditions for (A12) are given by [10]
Ψ(L) = −

[1 − R2 (λs )]
[1 − R1 (λs )]




R1 (λs )
R2 (λs )

Ψ(0).

(A13)

The numerical integration of the approximate (A12) is referred
to as the quasi-analytical solution. To this end, the parameter B
can be expressed in terms of the boundary conditions Ψ(0) and
Ψ(L) [10]. Furthermore, it is straightforward to obtain closedform analytical solutions for the population inversions of the
Nd3+ and Yb3+ ions, namely, N4 (z) and N6 (z), using (2) and
(3). The quasi-analytical solution is significantly faster than the
iterative numerical solution of the exact (2), (3), (8), and (9).
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